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in  the  THEORY. 
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Interefting,  Problems  in  different  Branches  of 
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T  O     T  H  E 

Right  Honourable 

George  Earl  of  Macclesfield. 


MY   LORD, 

AS  I  efteem  it  a  very  great  Honour  to 
be  permitted  to  place  the  following 
Sheets  under  your  Lordfhip's  Pro- 
tection, who  are  not  only  an  Encourager  of, 
but  an  Ornament  to,  Mathematical  Learn- 
ing ;  I  have  taken  more  than  ordinary  Pains, 
that,  What  is  here  umer"d  into  the  World, 
with  fuch  Advantage,  may  not  be  found  al- 
together unworthy  of  fo  difHngutfhed  a 
Patron. 

I  am  not  vain  enough  to  imagine,  that,  to 
One  (6  deeply  read  in  thefe  abflrufe  and  cu- 
rious Speculations,  as  your  Lordfhip  is  uni- 
A  2  verfaUy 

418907     ;  *- 


DEDICATION. 
.  wtfitlly  allow'd  to  be,  this  Work  will  appear 
without  Faults  :  But  then,  I  have  the  Satif- 
,fa<£tion  to  think,  on  the  other  hand,  that, 
whatever  is  Here  to  be  met  with  capable  of 
bearing  the  Teft  of  an  exaft  and  folid  Judg- 
ment, will  alfo  have  its  due  Weight,  and  not 
fail  of  receiving  your  Lordfliip's  Approba- 
tion :  And  if,  upon  the  Whole,  there  is  Merit 
-.enough  found  to  intitle  me  to  a  favourable 
Reception,  it  will  gratify  the  higheft  Am- 
bition of, 


My  Lord, 

Tour  Lordship's 
Mojl  Obedient  Humble  Servant, 


Tho.  Simpfon. 
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PREFACE. 


HAVING,  in  the  Year  1737,  publifhed 
2  Piece,  on  this  fame  Subject,  under  the 
Title  of  A  Treatife  of  Fluxions  (whereof 
the  whole  Impreflion  hath  been  long  fince  fold) 
it  may  be  proper  here,  firft  of  all,  to  affign  the 
Reafons  why  this  Work  is  fent  abroad  into  the 
World  as  a  New  Book,  rather  than  a  Second 
Edition  of  the  faid  Treatife.  Which,  in  ihortr, 
are  thefe  two :  Firft,  becaufe  the  prefent  Work 
is  vaftly  more  full  and  comprehenfive  %  and,  fe- 
condly,  becaufe  the  principal  Matters  in  it  which 
aft  alfo  to  be  met  with  in  that  Treatife,  are 
handled  in  a  different  Manner. . 

Besides  the  Prefs- Errors  with  which  the 
faid  Treatife  abounds,  there  are  feveral  Obfcu- 
rities  and  Defects  (which  the  Author's  Want  of 
Experience,  and  the  many  Difadvantages  he  then 
labour'd  under,  in  his  firft  Sally,  may,  it  is 
hoped,  in  fome  meafure  excufe.)  But  what  is 
A  3  now 

#        Google 


PREFACE. 

now  offtr'd  to  the  Publick,  being  a  Performance 
of'more  mature  Confideratioti  and  Judgment, 

.  it  will,  1  flatter  myfelf,  be  found  much  more 
correct,  and  claim  a  favourable  Reception  j  ef- 
pecially,  as  particular  Care  and  Pains  have  been 
'taken  to  put  every  Thing  in  a  clear  Light,  and 
to  oblige  the  lower,  as  well  as  the  more  expe- 

.  ticnc'd,  Clafi  of  Readers. 

The  Notion  and  Explication  Here  given  of 
the  firft  Principles  of  Fluxions,  are  not  efien- 
tially  different  from  what  they  are  in  the  above. 
mentioned  Treatife,  tho*  exprefled  in  other  Terms. 
The  Confideration  of  Time,  which  I  have  in- 
troduced into  the  General  Definition,  will,  per- 
liapj,  be  difliked  by  Theft  who  would  have  Flux- 
ions to  be  meer  Velocities ;  But  the  Advantage  of 
Confideiing  them  othenvife  (not  as  the  Velocities 
Themfelves,  but  the  Magnitudes  They  would, 
Uniformly,  generate  in  a  given  finite  Time)  ap. 
pear  to  me  fufEciept  to  obviate  any  Objection  on 
that  Head, 

By  taking  Fluxions  as  mm  Vtlotities,  the 
Imagination  is  confin'd,  as  it  were,  to  a  Point, 
■and,  without  proper  Care,  infenfibly  involv'd  in 
metaphyucal  Difficulties  :  But  according  to  our 
Method  of  conceiving  and  explaining  dip  Mat- 
ter, left  Caution  in  the  Learner  is  neceflary,  and 
the  higher  Orders  of  Fluxions  are  render' d  much 
more  eafy  and  intelligible-*— -Befules,  tho'  Sir 
Ifaac 
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Jfaac  Newton  defines  Fluxions,  to  be  the  Velocities 
$f  Motions.,  yet  He  hath  Recourse  to  the  Incre- 
ments, or  Moments,  generated  in  equal  Particles 
of  Time,  in  order  to  determine  thofe  Velocities  \ 
which  he  afterwards  teaches  us  to  expound  by- 
finite  Magnitudes  of  other  Kinds :  Without 
which  (as  is  already  hinted  above)  we  could  have 
but  very  obfeure  Ideas  of  the  higher  Orders  of 
Fluxions :  For  if  Motion  in  (or  at)  a  Point  be 
fo  difficult  to  conceive,  that,  Some  have,  even, 
gone  fo  far  as  to  difpute  the  very  Exiftence  of 
Motion,  how  much  more  perplexing  mull  it  be 
to  form  a  Conception,  not  only,  of  the  Velocity 
of  a  Motion,  but  alio  infinite  Changes  and  Af- 
fections of  ii,  in  one  and  the  fame  Point,  where 
all  the  Orders  of  Fluxions  are  to  be  confidered. 

Seeing  the  Notion  of  a  Fluxion,  according 
to  our  Manner  of  defining  It,  fuppofes  an  uni- 
form Motion,  it  may,  perhaps,  feem  a  Matter 
of  Difficulty,  at  firft  View,  how  the  Fluxions 
of  Quantities,  generated  by  Means  of  accelerated 
and  retarded  Motions,  can  be  rightly  affigned  ; 
fince  not  any,  the  leaft,  Time  can  be  taken  during 
which  the  generating  Celerity  continues  the  fame : 
Here,  indeed,  we  cannot  exprefs  the  Fluxion  by 
any  Increment  or  Space,  eUiuallyy  generated  in  a 
given  Time  (as  in  uniform  Motions.)  But, 
then,  we  can  eafily  determine,  what  the  contem- 
porary Increment,  or  generated  Space  would  be, 
if  the  Acceleration,  or  Retardation,  was  to  ceafe 
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at  the  propofed  Pofition  in  which  the  Fluxion  is  to 
be  found :  Whence  the  true  Fluxion,  itfelf,  will  be 
obtained,  without  the  Afliftance  of  infinitely  fmall 
Quantities,  or  any  metaphyfical  Confiderations. 

Thus,  for  Example,  the  Motion  of  a  Ball,  de- 
fcending  by  the  Force  of  its  own  Gravity,  is  con- 
tinually accelerated  j  but  to  have  the  Fluxion  of  the 
Diftance  fall'n  thro'  at  any  given  Pofition  of  the 
Bail, we  muft  find  how  far  theBall  would,  uniformly, 
defcend,  from  that  Point,  in  a  given  Time,  if  the 
Gravity,orthe  Earth's  Attrai5tion,from  thence,  was 
to  ceafe  acting.  By  which  Means  we  (hall  have  as 
clear  an  Idea  of  the  Fluxion  and  the  trueMeafure  of 
the  Velocity  of  the  Ball,  at  any  Point  afligned,  as  in 
thofe  Cafes  where  the  Motion  is,  actually,  uniform. 

Again,  if  a  Right-line  be  fuppofed  to  move 
parallel  to  itfelf  with  an  equable  Motion,  and  to 
increafe  in  Length,  at  the  fame  Time  ;  the  Area 
generated  thereby,  will  increafe  with  an  accele- 
rated Velocity  :  But  the  Fluxion  thereof,  at  any 
given  Pofition  of  the  Line,  will  be  had  by  taking 
that  Part  of  the  Increment  which  would,  uni- 
formly, arife,  was  the  Length  (as  well  as  the 
Velocity)  of  the  Line  to  continue  invariable  from 
the  propofed  Pofition.  For,  if  the  Length  be 
fuppofed  to  increafe,  from  the  faid  Pofition,  the 
Area  generated,  from  thence,  will  be,  evidently, 
greater  than  That  which  would  uniformly  arife 
in  the  fame  Time  ;  fince  the  new  Parts,  produced 
each 
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each  fucceeding  Moment,  are  greater  and  greater. 
Therefore  the  Fluxion  mult  be  lels  than  any  Space 
that  can  be  defcribed,  in  the  given  Time,  when 
the  Line  increafes.  And,  in  the  fame  Manner, 
the  Fluxion  will  appear  to  be  greater  than  any 
Space  that  can  be  defcribed,  in  the  fame  Time, 
when  the  Line  decreafes.  //  muft,  therefore, 
be  equal  to  that  Space,  which  will  arife,  when 
the  Length  of  the  generating  Line,  from  the  gi  ■ 
ven  Pofition,  is  fuppofed  neither  to  increafe  nor 
decrcafe :  Agreeable  to  Art.  4. 

Thus  much  it  feetn'd  proper  to  offer  Here 
with  regard  to  the  Firft  Principles— I  /hall  now 
proceed  to  fay  fomething  concerning  the  Order 
obfcrv'd  in  treating,  and  putting  together,  the 
fcveral  Parts  of  the  Work ;  wherein  the  Eafe 
and  Benefit  of  the  young  Beginner  have  been  par- 
ticularly confulted :  To  load  fuch  an  One  with  a 
Multitude  of  Rules  and  Precepts,  before  giving 
him  any  Tafte  of  their  Ufe  and  Application^ 
would,  certainly,  be  very  difcouraging ;  and  like 
obliging  a  Traveller  to  afcend  an  high  Mountain, 
without  allowing  him  to  ftop  by  the  Way,  to  take 
Breath,  and  refrelh  his  Spirits  with  a  Profpect  of 
the  agreeable  and  cxtenfive  View  he  has  to  expect. 
When  he  arrives  at  the  Summit :  r  have  there- 
fore, after  demonftrating  the  Firft  Principles, 
proceeded  immediately  to  exemplify  their  Utility 
in  feveral  entertaining  Enquiries,  before  touching 
at  all  upon  the  Inverfe  Method,  or  the  more  dif- 
ficult 

•□.gil  zed  by  GOOglt' 


'  PRE  PA  C  E. 

rfcult  Bra  of  the  Direct.  And,  fince  that  Branch 
er  the  Inverfe  Method  which  treats  of  the  Com- 
panion of  Fluents  is,  naturally,  fomewhat  difficult, 
it  is  referred  to  the  Second  Part  of  the  Work,  to- 
gether with  fuch  other  Matters  in  the  Theory  as 
alight  appear,  either,  too  tedious  or  hard  to  a 
Learner  at  firft  fitting  out.  The  like  Care  has 
been  taken  in  the  Difpofal  of  the  reft  of  the 

Work As  to  the  feveral  Particulars  whereof 

//  is  compofed,  1  mutt  refer  to  the  Book  itfelf, 
They  being  too  many  to  be  here  enumerated .- 
One  Thing,  however;  I  muft  not  omit  to  take 
notice  of,  relating  to  that  Part  which  treats  of 
the  aforefaid  Bufinefs  of  Fluents :  To  which  it 
may,  perhaps,  be  objected,  That,  riotwithftand- 
ing  my  having  infilled  fo  largely  on  the  Subject, 
there  are  a  Number  of  Forms  of  Fluxions 
and  Fluents  to  be  met  with  in  Authors,  that  1 
have  not  fo  much  as  touch'd  upon.  This  is 
granted  i  but  then  they  are  moft  of  them  fuch 
as,  I  dare  pronounce,  can  never  arifc  in  any  In- 
quiry into  Nature :  And  it  would,  doubtlefs,  be-' 
Time  and  Labour  mifapply'd,  to  fwell  the  Work, 
and  embarrafs  the  Learner  with  a  Number  of  un- 
neceuary  Difficulties,  and  empty  Speculations ; 
when  what  is,  really,  proper  and  ufeful,  in  the 
Subject,  is  fufficient  (it  is  well  known;  to  exer- 
cife  his  utmoft  Attention  and  Refolution. 

I  Caknot  put  an  End  to  this  Preface  without 
acknowledging  my  Obligations  to  a  fmall  Tract, 
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iatitled,  An  Explanation  of  Fluxions  in  a  Short  EJfay 
en  the  Theory  j  printed  for  W.  hogs ;  Wrote  by  a 
worthy  Friend  of  mine  (who  was  too  modeft  to 
put  his  Name  to  that,  his  firft,  Attempt)  whofe 
Manner  of  determining  theFlraion  of  aReftangle, 
and  illuftrating  the  higher  Orders  of  Fluxions,  I 
have,  in  particular,  followed*  with  little  or  ho 
yariarjou 
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Page  10.  L  15.  for-*1/**  read  *y« ;  p.  34V  l.-i.  r.1 

uniformly  i  p.  49. 1. 10.  let  the  Comma  before  the  Word 
which  be  put  after  it ;  p.  71.  1, 13.  for  Iiwaiutt,  r  £W- 
luu  j  p.  95. 1.  31.  for  X^,  r.  +£  ;  p.  104.  L  3.  for 
O.OI»  r.  o>°UI|  t3"(.    p.  109.  1.  3.  for  a*,  r.  ao;    p. 

128.  L  laft  but  one,  r.  — ^^ —  j  p.  137. 1. 14.  for 

AN,  r.  AN  drawn  intt  AB  j  p.  148.  I.  14.  for  z  and 

ax 
&,  I.  x  and  *;  p.  150.  1. 3.  before  —\  ==ac   r.  =  j 


p.  153. 1. 4.  for  *,  r.  * ;  p.  T?7-  the  Letter  m,  in  the 
Cut  ihould  ft  and  lower,  at  the  Interfc&on  of  the  Curve ; 

p.  160.  l.y.  for  «**"*»  r.  «**"""*;  p.-r?2. 1. 21.  for#j*x, 
r.fcVl  p.  215.  L  4.  and&  for  00,  r.  OPXOG  ; 
p.  2  5  3.  1.  5.  and  6.  for  CQ,  r.  Cq;  p.  24.  inftead  of 
I.  27.  read,  which  Equation  hang  no  longer  pojfiblt  than 
till,  &c. 
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THE 

Doctrine  and  Application 
o  F 

FLUXIONS. 

PART  the  Firft. 

SECTION     I. 

Of  the  Nature,   and  Invejiigation,  of 
Fluxions. 

I.  "W"N  Order  to  form  a  proper  Idea  of  the  Nature  of 

I     Fluxions,  all  Kinds  of  Magnitudes  are  to  be 

I      confidercd  as  generated  by  the  continual  Motion 

I     of  fome  of  their  Bounds   or  Extremes ;    as  a 

*^^   Line  by  the  Motion  of  a  Point ;  a  Surface  by 

the  Motion  of  a  Line ;  and  a  Solid  by  the  Motion  of  a 

Surface. 

2.  Every  Quantity  fo  generated  is  called  a  variable,  or 
flowing  Quantity  :  Ana  the  Magnitude  by  which  any 
firwhtg  Quantity  would  be  uniformly  increafed  in  a 
given  Portion  of  Time,  with  the  generating  Celerity  at  any 
propofed  Ptfition,  tr  Inftant  (was  it  from  thence  to  con- 
tinue invariable)  h  the  Fluxion  ef  the  faid  £{uar.tity  at 
that  Pofilim,  er  Iijlant. 

B  Thus, 
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the  Nature- and  Xnveftigation 

Thus,  let  tho  Point  m  be  conceived  to  move  from  A, 
and  generate  the 


■m.  to  r       variable    Right- 

A"    '    '     '  ' l — ■"*"        Ii*K  A"1!    *>y  a 

R.  Motion  any  how 

regulated ;  and 
let  the  Celerity  thereof,  when  it  arrive*  at  any  propofed 
Pofition  R,  be  fuch  as  would,  was  it  to  continue  uni- 
form from  that  Point,  be  diffident  to  defcribe  the  Dis- 
tance, or  Line  Rr,  in  the  given  Time  allotted  for  the 
Fluxion :  Then  will  Rr  be  the  Fluxion  of  the  variable 
Line  Am,  in  that  Pofition. 

3.  The  Fluxion  of  a  plane  Surface  is  conceived  in 
like  Manner, 

B S      s         G 


and  immoveable  Lines  AF  and  BG  :  For,  if  (as  above) 
Rr  be  taken  to  cxprefs  the  Fluxion  of  the  Line  Am, 
and  the  Rectangle  RrsS  be  completed ;  then  that  Red- 
angle,  being  the  Space  which  would  it  uniformly  de- 
scribed by  the  generating  Line  mit,  in  the  Time  that 
Ant  would  be  uniformly  increased  by  mr,  is  therefore 
the  Fluxion  of  the  generated  Rectangle  Bm,,  in  that 
Pofition,  according  to  the  true  Meaning  of  the  Defi- 
nition. 

4.  If  the  Length  of  the  generating  Line  mn  con- 
tinually varies,  the  Fluxion  of  the  Area  will  JIM  be 
expounded  by  a  Reft  angle  under  that  Line  and  the 
Fluxion  of  the  AblcuTa,  or  Bafc :  For  let  the  cur- 
vilineal  Space  Ami  be  generated  by  the  continual,  and 
parallel,  Motion  of  the  (now)  variable  Line  mn,  and 
let  Rr  be  the  Fluxion  of  the  Bafe,  or  Abfciffa,  Am  (as 
before)  ;  then  the  Rectangle  RrsS  will,  here  alio,  be  the 
Fluxion  of  the  generated  Space  hmn :  Becaufa,  if  the 
Length  and  Velocity  of  the-  generating  Line  mn  were 
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to  continue  invari- 
able from  the  Pod- 
ium RS,  the  Redt- 
angle  R«S  would 
then  be  uniformly 
generated,  with  the 
veryCelerity  where- 
with it  begins  to  be 
generated,  or  with 
which  the  Space 
Aim  is  increafed  in 
that  Pofition. 

5.  From  what  has  been  hitherto  faid  it  will  appear, 
that  tht  Fluxions  if  Quantities  are,  always,  as  tht 
Celerities  by  which  the  Quantities  them/elves  incrtafe  in 
Magnitude :  Whence  it  will  not  be  difficult  to  form  a  - 
Notion  of  iheFluxions  of  Quantities  otherwife  generated ; 
■s  wcB  fuch  as  arife  from  the  Revolution  of  Right-lines 
and  Planes,  asthofe  by  parallel  Motion  :  But  of  this  here- 
after. I  come  now  to  (hew  the  Manner  of  determin- 
ing the  Fluxions  of  algebraic  Quantities  ;  by  which  all 
others,  of  what  Kind  foever,  are  explicable.  But  fir  ft 
of  all  it  will  be  rcqaifite  to  premife  the  following  Ob- 
fer  vat  ions. 

I.  That  the  final  Letters  u,  w,  x,  y,  1  «/  tht  Alpha- 
bet art  commonly  put  for  variable  Quantities  ;  and  the  ini- 
tial Letters  a,  b,  €,  d,  &C.  for  invariable  ones  :  Thus 
the  Diameter  of  a  given  Circle  may  be  denoted  by  *, 
and  the  Sine  of  any  Arch  thereof  (confidered  as  varia- 
ble) by*. 

II.  That  the  Fluxion  ef  a  Quantity  reprefentei  by  « 
Jingle  Letter,  jit  ufualty  expreffei  by  the/am*  Letter  with 
a  Dot  er  Full-point  ever  it :  Thus  the  Fluxion  of  x  it 
represented  by  x,  and  that  of  y  by  y. 

III.  That  tht  Fluxion  of  a  Quantity  which  dtcrsufts, 
injlead  of  iiureefing,  is  to  be  confidtred  as  negative. 
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The  Nature  and  hroefiigatim 
.PROPOSITION     I. 

6.  Tbt  Fluxion  of  a  Quantity  bting  given,  'tis  profofrd 
to  find  tbt  Fluxion  if  any  Pewtr  tf  that  Quantity, 

As  a  clear  undcrftanding  of  this  Problem  will  be  of 
great  Importance  throughout  the  whole  Work,  it  may 
not  be  improper  to  confider  it  firil  in  one  or  two  of  its 
moft  fimple  Cafes. 

Caft  I.  Let  x  excrete  the  Fluxion  of  *,  (according 
to  the  foregoing  Notation)  and  let  the  Fluxion  of  x1 
be  required. 

Conceive  two  Points  m  and  n  to  proceed,  at  the  fame 
time)  from  two  other  Points  A  and  C,  along  the 
Right-lines  AB  and  CD,  in  fuch  fort,  that  the  Mea- 
fure  of  the  Diftance  CS  (y),  defcribed  by  the  latter, 
may  be,  always,  equal  to  the  Square  of  that  AR  (*), 
defcribed  by  the  former  moving  uniformly. 

A CK B 


Furthermore,  let  ry  f,  and  R,  S,  be  any  contem- 
porary Portions  of  the  generating  Point!',  and  let  the 
Lines  x  and  j  repretent  the  refpeQive  Distances  that 
•would  bt  uniformly  defcribed,  in  the  lame  time,  with 
the  Celerities  of  thofe  Points  at  R  and  S,  then  thofe 
Lines  will  exprefs  the  Fluxionj  of  Am  and  Cm  in  this 
Pofitkm,  (by  tbt  Definition,   Art.  i  and  5). 

Moreover,"  fince  Cs  =  Arl  and  CS=AR*  (fy 
Hypatbefis),  if  Rr  be  denoted  by  v,  we  fhall  have  CS, 
(y)  =  x\  and  C  t  (=  *— t;1*)  =  **  —  zxv  +  vl,  and 
confequently  Si  (r=  CS  — Ci)  =  %xv — w*;  from 
whence  we  gather,  that,  while  the  Point  m  moves  over 
the  Diftance  w,  the  Point  n  "moves  over  the  Diflanct 

2*V 
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ixv — v\  But  this  lafl  Diftance  (fince  the  Square  of 
any  Quantity  is  known  to  increafe  farter,  in  Propor- 
tion, than  the  Root)  is  not  defcribed  with  an  uniform 
Motion  (like  the  former),  but  an  accelerated  one ;  and 
therefore  is  equal  to,  and  may  be  taken  to  exprcfs,  the 
uniform  Space  that  might  be  defcribed  with  the  mean 
Celerity  at  fome  intermediate  Point  /,  in  the  fame  time. 
Therefore*  feeing  the  Diflances  that  might  be  defcribed, 
in  equal  times,  with  the  uniform  Celerity  of  m,  and 
the  mean  Celerity  at  e,  are  to  each  other  as  v  to  ixv 
—vl,  or  as  i  to  2* — w,  or,  iaftly,  as  *  to  ixx  —  vx, 
(all  which  are  in  the  fame  Proportion)  it  is  evident, 
that,  in  the  time  the  Point  m  would  move  uniformly 
over  the  Diftance  *»  the  other  Point  n,  with  its  Cele- 
rity at  e,  would  move  uniformly  over  the  Diftance  ixic 
—vx.  This  being  the  Cafe,  let  r,  R,  and  t,  S,  be 
now  fuppofed  to  coincide,  by  the  Arrival  of  the  gene- 
rating Points  at  R  and  S,  then  e  (being  always  between 
1  and  S}  will  like  wife  coincide  with  S ;  and  the  Diftance, 
2xx — vx,  which  might  be  uniformly  defcribed  in  the 
aforefaid  time,  with  the  Velocity  at  /,  (now  at  S),  will 
become  barely  equal  to  2xx ;  which  (by  the  Dtfin.")  is 
equal  to  (y),  the  true  Fluxion  of  G>  or  x1  \ 

*  It  may,  perhaps,  feem  inateurate,  that  the  Fluxion*  of  x 
and  x%  are  compared  together,  and  expreffid  bath  by  Lines, 
tube*  the  flowing  Quantities   tbem/elvei,  conftdered  ai  a  Right 

Lint  and  a  Square,  admit  of  tie  Cemparifon.. This  Objection 

•would,  indeed,  bt  of  force,  were  the  Expreffiom  retrained  tt  a 
geometrical  Signification  ;  but  here  our  Notions  are  more  ab- 
fradtd  and uniiiirfal,  mt  obliging  tii. to  regard tuhat  Kind of 
Extenfiem,  may  be  defined  by  this  or  that  ExfrtJJion,  but  only 
the  Values  of  the  algebraic  Quantities  thereby  fignified ;  to 
nvbith  the  Meafures  of  all  other  Quantities  whatever  are  utti- 

mutely  referred. And,  though  Qnantities  of  different  Kinds 

cannot  be  compared  'with  each  other,  their  Meafures,  in  Num- 
bers, may.—  Tims,  for  Inftante,  though  it  would  be  wrong 
to  affirns,  that  u  Square  •whofe  Area  is  9  Inches  it  equal  to  a 
Jjite  ef  9  Inihei  long,  yet  it  is  no  Impropriety  at  alt  to  /.if  the 
Nuxberi  expreffm&  their  Meafurei,  in  Inches,  art  equal. 
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The  Nature  and  Invtjligation 

•j.  Cafi  2.  Let  the  Fluxion  of  v*  be  required. 

Suppofe  every  Thing  to  remain  at  in  the  preceding 
Cafe ;  only  let  C*  be  here  equal  to  the  Cube  of  Am 
(inftead  of  the  Square). 

Then,  in  the  very  fame  manner,  we  have  St  (=^CS 
— Cj=*j — * — jP)  —  3**11— 3jr»*-f.«' :  From  whence 
it  appears,  that  the  Diftances  which  might  be  defcribed, 
in  the  fame  time,  with  the  uniform  Celerity  of  ir,  and 
the  mean  Celerity  at  *,  will,  in  thia  Cafe,  be  to  each 
other  as  «  to  3*'«  —  yetfl  4.  v\  or  as  x  to  3*-**-  — 
3«w+«*x:  Which  laft  Expreffion,  when  t,  e,  and  S 
coincide  (as  before)  will  become  3***,  the  true  Fluxion 
of  x>  required. 

8.  Vntverfailj.  Let  Ot  be,  always^  equal  to  AmV"  i 
alTo  let  * — »l"  (or  *— v  raifed  to  the  Power  whofe  Ex- 
ponent is  »)  be  reprefented  by  *  —  ax     v+bx      w* 

—  tx~*vit  He.  and  let  every  Thing  elfe  be  fuppofed 
as  above. 

Then,  fince  Sr  (*"—  *— tr  )  «=  ex  t»~***""*o* 
■+-  e**"***,  £?f.  it  is  plain  that  the  Spaces  which  might 
be  defcribed,  in  the  fame  time,  with  the  uniform  Ce- 
lerity of  ib,  and  the  mean  Celerity  at  e,  will,  here,  be 

to  each  other  as  v  to  ax      v — bx      v  -^.cx      v3,  He. 
or  as  x  to  ox      x — bx      vx-\-cx      v  x,  He. 

Therefore,  all  thcTerms,  wherein  v  is  found,  vanifh- 
ing,  when  1,  *,  and  S  coincide,  we  have  ax  x  for 
the  required  Fluxion  of  Cn,  or  *";  which  Fluxion, 
becaufe  the  numeral  Co-efficient  of  the  fecond  Term  of 
a  Binomial  involved  is  known  to  be,  umverfalljy  equal 
to  the  Exponent  of  the  Power,   will  alfo  be  truly  ex- 

preflcd  by  nx"~"x.       CvE.  t. 

9.  If  the  Quantity  Am  for  *)  be  gencrted  with  an 
accelerated,  or  a  retarded  Motion,  inflead  of  an  uni- 
form 
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form  one,  the  Fluxion  of  *  (or  Co)  will  come  out , 
exactly  the  fame : 

Foi  the  Spaces  rR  and  s$,  actually  ddcribed  in  the 
June  time,    being   always,  to  each  other,  in  the  Ratio 

of  if  to  ax  x — bx  vx,  &c.  the  mean  Celerities, 
at  certain  intermediate  Points  between  r,  R  and  s,  S 
muft,  aUb,  be  in  that  Ratio ;  Which,  when  v  vanifces 


(as  above)  will  become  mat  of  > 
the  very  lame  as  before. 


to  ax       x,(arnx       x) 


PROPOSITION    n. 

lo.  7i  jmd  th  Fluxion  of  the  Predua  «r  RtSangU  «f 
two  variable  S^uantitits, 

Conceive  two  Right-lines  D£  and  FG,    perpendi- 
cular   to   each 

A  E 

/ 

P 


other,  to  move, 
from  two  other 
Right  -  line*, 
EA  and  BC, 
continually  pa- 
raBel  to  them- 
fdves,  and 
thereby  gene- 
rate the  Keel-  >-„  __ —■ 

angle  DF.  Let        B  D  <£  C 

thcPath  of  their 

Inteifeclion,  or  the  Loci  of  the  Angle  H,  be  the  Line 
BHR  i  alio  let  Dd  (i)  and  F/  (?)  be  the  Fluxion* 
of  the  Sides  BD  (*)  and  BF  (y),  and  let  dm  and  /», 
paralk'  to  DH  and  FH,  be  drawn.  Therefore,  be- 
caufe  the  Fluxion  of  the  Space  or  Area  BDH  is  truly 
exprefied  by  the  ReSangle  Dm  (— >*  *)  and  that*  An. 4. 
of  the  Area,  or  Space  BFH,  by  the  Rectangle  Fa,  and 
equal  Quantities  have  equal  Fluxions,  it  follows  that  the 
Fluxion  of  the  Rectangle  *7=DF  (=*BDH+BFH)  U 
tm'y  exprefled  by  /i+«>.     Q.  E.  I. 
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The  famt  atbtnvift. 

11.  Let  xf  be  the  given  ReSangle  (as  before)  j  and 
put  *=x+y,  then  zl  being  =**  +  ixj  +yl,  we  have 
f— ***— i/=*y.  But  the  Fluxion  of  >*—■}** 
*^»  J"  >  (and  confidently  that  of  its  Equal  *»1  is  xi 
~-xx—yj  (by  /rt.  6) :  Which,  becaufc  *=*+»  and 

*=*+/•  »  alfo  equal  to*+/X#+j— **'— J7— ^+*j. 
QiE-  L..  ■  - 

Corollary   i. 

12.  Hence  the  Fluxion  of  the  Produft  of  three  va- 
riable Quantities  fyxu)  may  be  derived  :  For,  if  *  be 
put==wji  then  jxu  will  become  =  yr,  and  its  Fluxion 
=y*+jry  f>*  aiottf .-)  But  x  being  =  zw,  and*  there- 
fore, i=ai+ia,  if  theTe  Values.be  fubllituted  in  yx 
+xy,  it  will  become  y  X  xu+ik-\-zv'y=jzli+  yia-\- 
xuy  the  Fluxion  of  yxu  required.  In  like  Manner  the 
Firtion  of  xyzit  will  appear  to  be  xyzu+  xyzu^- 
ryzu  +'fzu,  and  that  of  xyxmo  =  xyzaw-^-xytmt+ 
xyzittu + xj&Ut  +  xy&no. 

Corollary  a. 

13.  Hence,  alfo,  the  Fluxion  of  a  Fraction  —.  may 

be  determined.    For,  putting  x^~ ,  we  have  *z~«, 

and  therefore ■jrsj+aw  —  u  (as  abevt)  j     whence,    by 

Tranfpofinon  and  Djvifion,  i=JL  — | *5r=JL-l£?  (by 
»       *       s      *'     ' 

writing  ^t  for  *}  =^1 —  j  which  is  the  true  Fluxi- 

en  of  x,  or  its  Equal  — ,  the  Fraction  propofed, 

14.  Now,  fi.-m  the  foregoing  Piopcfitions,  snd  their 
JUbf-q  ent  Corollaries,   the  following  praclicd  Rule*. 
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for  determining  the  Fluxions  of  algebraic  Quantities, 
ore  obtained. 

. RULE      t 
To  find  the  Fluxion  of  any  given  Power  of  a  vari- 
able Quantity. 

Multiply  the  Fluxion  of  the  Raot  hy  the  Exponent  of  the    ' 
Power,  and  the  ProduEt  by  that  Power  of  the  fame  Rout 
wbofi  Exponent  it  left  by  Unity  than  the  given  Exponent. 

This  Rule  is  investigated  in  Prop,  i,    and  is  nothing 

rnnre  than  nx*~'x    (the  Fluxion  of  x"  )  ■  expreficd  in 
Words. 
Hence  the  Fluxion  of  **  is  3*** ;  that  of  xi  is  5***  j 

. .7  .        ,6 

and  that  of  e+) '  is  yy  Xa+y'  >  (  becaufe,  a  being 
conftant,  i  is  the  true  Fluxion  of  the  Root  *+?i  in  this 
Cafe). 


=:«*+**,  wehave  *  =2asz,  and  therefore  ■}*' 

Fluxion  of  **'  (or  tf'+s1!  /  is  =3zzi/"*+*%  as 
above). 

RULE     II. 

15.  To  find  the  Fluxion  of  the  ProduS  of  feveral 
variable  Quantities  multiplied  together. 

Multiply  the  Fluxion  of  each,  by  the  ProduS  of  the  reft 
of  the  Quantities,  and  the  Sum  of  the  ProduEls  thui  art- 
Jing  will  he  the  Fluxion  fought  *.  «  j^  , 

Thus  the  Fluxion  of  xj,  is  xy  -f-y*  j  that  of  xy%>  is 
xyz+xzy  j-yzx ;  and  that  of  ttyxu,  h  xyzst-{-xyuz-{-xzuy 
+  yz*x. 

RULE 
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RULE    m. 

16.  To  find  the  Fluxion  of  a  Fraction. 

From  tht  Fluxion  of  the  Numerator  drawn  into  the  De- 
nominator, Jitbfirait    tht   Fluxion   of   tht  Denominator 
drawn  into  tht  Numerator,  and  divide  tht  Remainder  by 
•  Art.  1  j.  the  Stuart  of  the  Denominator  *. 

Thus,  the  Fluxion  of—  Uf*—*? ;  ihat  of  -3— ,  is 
JxHJ-'+JX*  -yx-xy  .  and  that  of   1±2±5 

er  1  +  —,  >****+y— *+y*x  ;  and  fo  of  others. 
*+>  *+^ 

17.  In  the  Examples  hitherto  gi»en,  each  is  refolved 
by  its  own  particular  Rule ;  but  in  thofc  that  follow,  the 
Ufe  of  two,  and  fometimes  of  all  the  three,  Rules  is 
requifite. 

Thu*  (  by  Rule  1.  and  2.)  the  Fluxion  of  **/*  is 

U*jf  +*/**  i  that  of  -  is  2J  **~~?*  n  .  (by  Rule 


,.  «W  3.)  and  that  of  ^iii+^Z^j 

where  all  the  three  Rules  are  neceflary. 

When  the  propofed  Quantity  is  aftcfted  by  a  Co-effi- 
cient, or  conftant  Multiplicator,  the  Fluxion  found  as 
above,  mull  be  multiplied  by  that  Co-efficient  or  Mul- 
tiplicator. 

Thus,  the  Fluxion  of  5*'  is  15*1*.  For,  the  Flu- 
xion of  #'  being  3***>  that  of  5**,  which  is  5  times 
as  great,  muft  consequently  be  5x3***,  or  15***. 

And,  in  the  very  fame  Manner  the  Fluxion  of  ax  will 

appear  to  be  nax      *.      Moreover,    the  Fluxion  of 

a  ,.,,  1 

~&L _»>ii  or  «X**+^*'    *,   will    be  expreffed   by 
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-r-: :■   ■  .  ,  -a— I  ****+# 

«X-"iX«*T  2j?X*  +y  I       ,  or  —  r- .;! 


that  of  v^+7*.  or  *+-y?  ,    by  i*+iX*$*~ *X 
,-fc  (Kufc  i.)  or  ^-K^~j-  or  iajjg, 


_t*yX**— «*— jrjrx*+tf  _S,rX*— flX*+fl—  reX*+g 

*+tfx*vr — 2a* 

Having  explained  the  Minner  of  conlidering  and  de- 
termining the  firft  Fluxions  of  variable  or  flowing  Quan- 
tities, it  will  be  proper  to  lay  fometbing,  now,  con- 
Mining  the  higher  Orders,  at  Second,  Third,  Fourth, 
bfi.  Fluxion*. 

18.  The  Second  Fluxien  if  a  Quantity  it  the  Fktirii* 
tf  tbt  variable  or  algebraic  Quantity  txfrejjing  the  Firjf 
Fluxion   already    defined  *.      By   the   Third  Ftturion  if  j^  % 


i  tbt  Fluxion  ef  the  variable  Quantity  exprejfmg  the 
betmd:  And  by  the  Fourth,  the  Fh/xitH  of AM  Vat  '  " 
Quntity  exfrtjfmg  the  Third  Fluxion :  And  ft  m. 


Tims,  for  Example,  let  the  Line  AB  reprefent  a  va- 
riable Quantity,  generated  by  the  Motion  of  the  Point 
B,  and  let  the  (firft)  Fluxion  thereof  (or  the  Space 
that  might  be  uniformly  defcribed  in  a  given  Time,  with 
the  Celerity  of  B)  be  always  exprefled  by  the  Diftancc 

of 
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of  the  Point  D  from  a  given,  or  fixed  Point C :  Then, 
if  the  Celerity  of  B 
ft  be  not  every  where 

the  fame ;  the  Dif- 
ttnee  CD,  expref- 
fing  the  Meafurc  of 
that  Celerity,  ntuft 
alio  vary,  by  the 
Motion  of  D,  from,  , 
or  towards  C,  ac- 
cording as  the  Cele- 
rity of  B  is  an  increafing  or  a  decreafing  one  :  And  the 
Fluxion  of  the  Line  CD,  fo  varying  (or  the  Space 
(EF)  that  might  be  uniformly  defcribed  in  the  aforefaid 
given  Time,  with  the  Celerity  of  D)  is  the  fecond 
Fluxion  of  AB.  Again,  if  the  Motion  of  B  be  fuch 
that  neither  it,  nor  that  of  D,  (which  depends  upon  it) 
he  equable,  then  EF,  expreffing  the  Celerity  of  D,  will 
alfo  have  its  Fluxion  GH  ;  which  is  the  third  Fluxion 
of  AB,  and  the  fecond  Fluxion  of  CD. 

And  thus  are  the  Fluxions  of  every  other  Order  to  be 
considered,  being  the  Metifures  ef  the  Velocities  by  which 
their  rtfpeSive  flowing  Quantities,  the  Fluxions  tf  the 
f receding  Order,  are  generated  •. 

10.  Hence  it  appear;,  that  a  fecond  Fluxion  always 
fttews  the  Rate  of  the  Increafe,  or  Dccreafe,  of  the  firft 
Fluxion ;  and  that  Third,  Fourth,  i3e-  Fluxions,  dif- 
fer in  Nothing  (except  their  Order  and  Notation)  from 
Firft  Fluxions,  being  actually  fuch  to  the  Quantities 
from  whence  they  are  immediately  derived;  and  there- 
fore are  alfo  determinable,  in  the  very  fame  Manner,  by 
the  general  Rules  already  delivered. 

Thus,  by  Rule  3.  the  (firft)  Fluxion  of  *'  is  3***  .• 
And,  if  *  be  fuppofed  conflant,  that  is,  if  the  Root  x 
be  generated  with  an  equable  Celerity,  the  Fluxion  of 
3*1*  (or  3*x**)  again  taken,  by  the  lame  Rule,  will 
be  $*xlx*,  or  6***;  which  therefore  is  the  fecond 
Fluxion  of  *i;  Whofe  Fluxion,  found  io  like  Sort, 
will  be  6xs,  the  third  Fluxion  of  *'.  Further  than 
which 
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which  we  cannot  go  in  this  Cafe,   bccaufe  the  laffi 
Fluxion  6*'  \s  here  a  conftant  Quantity. 

20.  In  the  preceding  Example  the  Root  x  is  fuppofaf 
to  be  generated  with  an  equable  Celerity  :  But,  if  the 
Celerity  be  an  increafing  or  a  decreasing  one,  then  x, 
expreffing  the  Meafure  thereof,  being  variable,  will  alb 
have  its  Fluxion ;  which  ia  ufually  denoted  by  x : 
Whofe  Fluxion,  according  to  the  fame  Method  of  No- 
tation, is  again  aeligned  by  x  ;  and  fo  on,  with  jefpeft 
to  the  higher  Orders. 

21.  Here  follow  a  few  Examples,  wherein  the  Root 
*i  (or  y)  is  fuppofed  to  be  generated  with  a  variable 
Celerity. 

Thus,  the  firft  Fluxion  of  *'  is  3***  (or  3**x*).' 
And,  if  the  Fluxion  of  $x*xi  (conlidered  as  a  Rect- 
angle) be,  again,  found  {by  Rule  2.}  we  {hall  have 
6xixjH"3*1**  =  &**1+3;,*-i;>  for  the  fecond  Fluxion 
of  *». 

Moreover,  from  the  Fluxion  laft  found  we  (hall  in 
like  manner  get  6*X*,+6*Xi**+6jr*X-»i  +  3*lX-* 
{or  6*1  + 1  Zxxii  +3*1*)  for  the  third  Fluxion  of  x3. 

Thus  alfo,  if  ;=«*""*,  then  will  j—nXn—  IX 
*  *■■+«**  ;  and  if  xzzij,  then  will  ii&— 
£y-\-jx:  And  lb  of  others.  But,  in  the  Solution  of 
I'roblems,  it  will  be  convenient  10  make  the  £rft 
Fluxion  of  fome  one  of  the  fimple  Quantities  (■*  or  y) 
invariable,  not  only  to  avoid  Trouble,  but  that  it  may 
ferve  as  a  Standard  to  which  the  variable  Fluxions  of  the 
other  Quantities,  depending  thereon,  may  be  always 
referred.  The  Reader  is  aha  defired  here  (once  for  all) 
to  take  particular  Notice,  that  the  Fluxitnt  ef  all  Kindt 
and  Orders,  uibatevery  art  contemporaneous,  or  faeb  at 
may  be  generated  together,  witb  their  refftflfoe  Celtr's- 
tieit  sit  ant  and  thejamt  time. 


*         Google 
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SECTION     II. 

Of  the  Application  of  Fluxions  to  the  Solu- 
tion of  Problems  db  Maximis  et  Mi- 
nimis. 

22.  TF  a  Quantity,  conceived  to  be  generated  by  Mo- 

_J  tion,  increafcs,  or  decreafes,  'till  it  arrives  at  a 
certain  Magnitude  or  Pofitiorv,  and  then,  on  the  con- 
trary, grows  lefler  or  ereaier,  and  it  be  required  to  de- 
termine the  fa!d  Magnitude  or  Pofition,  the  Quefiion  i» 
called  a  Problem  dt  Maximis  rjf  Minimis. 

General  Illustration. 

Let  a  Point  m  move  uniformly  in  a  Right  Line,  from 
A  towards  B,  and  let  another  Point  n  move  after  it, 
with  a  Velocity  cither  increafing,  or  decreafmg,  but  fa 
that  it  may,  at  a  certain  Pofition,  D,  become  equal  to 
that  of  the  former  Point  m,  moving  uniformly: 

This  being  premifed,   let  the  Motion  of  n  be  firil 

confidered  as  an  in- 

A  T\  O  *n      creafing   one  ;      in 

•£ £ V  ■*?     which  Cafe  the  Di- 

"ft*  "*•  ftance  of  «  behind 


m  will  continually 
incrtaje,  'oil  the  two  Points  arrive  at  the  cotanporary 
Volitions  C  aad  O ;  but  afterwards  it  will,  again,  de- 
cieafe;  nr  the  Motion  of  a,  'till  then,  being  Dower  than 
atD,  it  is  alio  flower  than  ttut  of  the  preceding  Point 
m  (by  Hypotheus)  but  becoming  quicker,  afterwards, 
than  that  of  at,  the  Diflance  not  (as  has  been  already 
(aid)  will  again  decreafe  :  And  therefore  is  a  Maximum, 
or  the  greateit  of  all,  when  the  Celerities  of  the  two 
Points  are  equal  to  each  other. 

But,  if  n  arrives  at  D  with  a  decreafing  Celerity  j 
then  its  Motion  being  firft  fwifter,  and  afterwards  flower, 
than  that  of  m,  the  DiAancc  rnn  will  Aril  decreafe  and 
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then  increafe ;  and  therefore  is  a  Minimum,  or  the  leaft 
of  all,  in  die  forementioned  Circomftaiicc. 

Since  then  the  Diftance  mn  is  a  Maximum  or  a  Mi- 
nimum, when  the  Velocities  of.  m  and  n  are  equal,  or 
when  that  Diftance  increafea  as  fall  through  the  Mo- 
tion of  m,  as  it  decreafes  by  that  of  n,  its  Fluxion  at 
that  Infant  is  evidently  equal  to  Nothing  *  .  •  Art.  ■ 
Therefore,  as  the  Motion  of  the  Points  m  and  *  may  and  s- 
he  conceived  fucb  that  their  Diftance  mn  may  exprefs 
die  Meafure  of  any  variable  Quantity  whatever,  il  fol- 
lows, that  the  Fluxion  of  any  variable  Quantity  what- 
ever, when  a  Maximum  or  Minimum,  is  equal  to  No- 
thing. 

EXAMPLE    h 

23.  Tt  divide  a  given  Right-line  AB  into  tws  fucb 
Parti,  AC,  BC,  that  tbtir  Produff,  tr  RtEtangley 
may  he  the  grtaleft  pajfiiie. 

Put  the  gi- 
ven Line   AB       .  „  C  _ 

=  *,    and  let     A' ' >B 

the  Part   AC, 

confidered  as  variable  (by  the  Motion  of  C  from  A  to- 
wards B)  be  denoted  by  x :  ThenBC  being  =:  a—x, 
we  have  ACXBC=tf*— *» :  Wnofe  Fluxion  ax—ixx 
being  put  =  o,  according  to  the  prefcript,  wo  get  ** 
mixx,  and  confequcntly  x  as  \a.  Therefore  AC  and 
BC,  in  the  required  Circumftance,  are  equal  to  each 
other :  Which  we  alfo  know  from  other  Principles. 

EXAMPLE      II. 

24.  To  find  the  FraiJitn  which  Jhall  exceed  its  Cube  hj 

tin  greutefi  Quantity  pofftble. 

Let  x  denote  a  variable  Quantity,  expreffing  Number 
in  general ;  then  the  Excefs  of  x  above  *'  being  uni- 
vertally  reprefented  by  x — **,  if  the  Fluxion  thereof  be 
taken,  fit.  we  Oiall  have  x — yc%irz&  ;  and  therefore 
*irv'f~  the  Fraction  required. 

EX- 

D*«dhyGoo^k' 


i6 


Solution  of  'Probkmt 


EXAMPLE      III. 

25.  7*0  determine  the  greatefi  Reflangle  that  1, 
feribtd  in  a  given  Triangle, 


Then,    becaufc  of  the  parallel  Lines  AC,   and  at,  it 
will  be  as  BD  C*)  :  AC  (J)  ::  DS  (a-x)  ;   *"~ ~** 
~.ac :  Whence  (he  Area  of  the  F 
box — bxx 


will  be  = 


:  Whofe  Flaxion  - 


(as. before)  put  =0,  we  fhall  get  *=f  tf.  Whence  the 
greateft  infcribed  Reftangle  is  that  whofe  Altitude  is  juft 
half  the  Altitude  of  the  Triangle. 

26.  It  will  be  proper  to  obfcrve  here,  that  the  Value 
of  a  Quantity,  when  a  Maximum  or  Minimum,  may 
oftentimes  be  determined  with  more  Facility  by  tatting ' 
the  Fluxion  of  fume  given  Part,  Multiple,  or  Power, 
thereof,  than  from  the  Fluxion  of  the  Quantity  itfclf. 
Thus,  in  the  preceding  Example,   where  the  general 

Expreffion  is  fa*~fcf*  =_*.*«— *S  if  the  conftant 
a  a 

Multiplicator  —  be  rcjtdted,  we  fliall  have  ex — x* ; 

whofe  Fluxiin  ai — 2**  being  put  =0,  we  get  *'=£<*» 
the  \:ry  fame  ai  itfsie. 
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The  Reafon  of  which  is  obvious  j  becaufe  when  the 
Quantity  itfelf  (be  it  of  what  Kind  it  will)  is  the  greatcft, 
or  leaft  poffible,  any  given  Part,  Power,  or  Multiple  of 
it  is  alfo  the  greatest  or  leaft  poffible. 

EXAMPLE      IV. 

27.  Of  eU  right  angled  plain  Triangles  having  the  /ami 
given  Hypotheiwft,  to  find  that  (ABC)  whoft  Arta  it 
the  great  eft. 


V 


Let  AC=«,  AB=*, 
and   BC  =  /.-    Then, 
*,+J'1  being  =3  «*,  we 

C 

and  confequently  -Z  = 

, 

i-V^=?    =    the         / 

Area  of  the  Triangle ;       A. 

B 

whofe  Square  flfl  —•■—  being, 

* 

a  Maximum  *,  *  Art.  stf. 

the    Fluxion    thereof     "***  - 

-*'* 

mtift    therefore 

be  =  o»  +       Whence  *  is   found 

=  ^V'Ti  and /f  *•*•■«* 

Tbt  foot  ttbenmf*. 

Since  f*jp  is  a  Maximuini  arid  #*+J*=*'x,  let  the 
Fluxions  of  both  be  taken,  and  you  will  have  zxj+fyi 
r=o,  and  2*i+5ty=oj  from  the  former  of  which  j 
will  be= — iZ  j  ud  from  the  latter,  it  will  be  = — ff 

*      xi  7  ' 

Therefore  Z—  and  —  are  equal  to  each  other,  and  cori- 

*  3> 

fequently  «=j,  (the  fame  as  before. ) 

C  EX- 


* 
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EXAMPLE       V. 

28.  Of  all  right  angled  plant  Triangles  containing  iht 
fame  givin  Area,  to  find  that  whereof  the  Sum  of  the 
two  Leg*  AB+BC  u  the  Uaji  pjfxble.  (See  the  pre- 
ceding Figure.) 

Let  one  Leg,  AB,  be  denoted  by  x,  and  the  Area 
of  the  Triangle  by  a ;  then  the  other  Leg  will  be  de- 
noted by  — ,  and  the  Sum  of  the  two  Legs  wilt  be  #-f- 


* ;  whereof  the  Fluxion  is  * 


i  which,  put  =o» 


gives  *  (AB)  =  Vm  .-  Whence  BC  (~\  is  alfo  = 

V"2«.    Therefore  the  two  Legs  are  equal  to  each 
other. 


EXAMPLE      VL 

j,  To  determine  the  Dtnunfum  of  the  Uaji  Iftfcela  Tri- 
angle ACD  that  tan  ciriursjtribe  a  given  Circle. 

Let  the  Diftance 
(OD)  of  the  Vertex 
of  the  Triangle  from 
the  Center  ofthe  Cir- 
cle, be  denoted  by  *, 
and  let  the  remaining 
Part  of  the  Perpendi- 
cular, which  is  the 
Radius  of  the  Circle* 
be  reprefen  ted  by  a  .' 
Then,  if  OS,  peiyea- 
dicular  to  DC,  be  drawn,  we  (hall  have  DS=vV — «*; 
and  therefore,  fines  DS  :  OS  ::  DB  :  BC,  we  likxwife 

'        „       aXx+a  

have  Bd=-^7==f=-i  which  multiplied  by  x+e  (BD) 
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give*  -p^===-  for  the  Area  of  the  Triangle :  Which 
"icing  a  Minimum,  its  Square  mtft  be  a  Minimum,  and 
codfcquently  ■  *—•-  ,  or  its  "Equal  *"_  ■ ,  a  Mini- 
mum   alio  *.      Whofe  Fluxion,    therefore,    which  is  •  Art.  at, 

■■■■■i.J i — I ,  being  put  =o,  and 

x — a' 

the  Whole  divided  by  ■  •■■■ . .  .^-    -we  aHb  get  iX< — a 

— I+7=o ;  whence  «=2«:  Therefore,  OD  being 
=20S,  and  the  Triangles  ODS  and  BDC  equiangular, 
it  is  evident  that  DC  is  Hkewife  ==2BC=AC  j  and  to  * 

-the  Triangle  ACt>,  when  the  lead  fofible,  is  equila- 
teral. 

EXAMPLE     VTI. 

30.   To  dttermine  th*  greatejl  Cylihfar,  ig,  that  tan  be 
imfaibtd  in  a  gtvtn  Cortc  ADB. 

Let  «±=BC,  the  Altitude  of  the  Cone; 
£=AD,  the  Diameter  of  its  Bale; 
xzzfg  (dh)  the  Diameter  of  the  Cylinder,  con- 
fidered  as  variable  j 

/=^         2* J  the  Area  of  the  Circle 

whofe  Diameter  is  Unity. 

Then,  the  Areas  of  Circles  being  to  one  another  is 
the  Squares  of  their  Diameters,  we  have,  i*  :  a-1 :: 
p  I  (p»%)  ttit  Area  of  the  Cirdey>^r;  Moreover,  from 
the  Similarity  of  the  Triangles  ABC  and  Ad/,  we  have 

It  (AC)  :  a  fBC)  ::  ib~k*  (Ad)  :   df  =  ^~x 

winch  multiplied  by  the  Area  px1  (found  above)  gives 
C  a  fabx* 


*,gii  zed  by  GOOglC 


Solution  of  Problems 


pabx%-pax* 


whence  it  appears,  that  the  infcribed  Cylinder  will  be 
the  greatest  poffible,  when  the  Altitude  thereof  is  juft 
T'  of  the  Altitude  of  the  whole  Cone. 


EXAMPLE     VIII. 

31.  To  determine  the  Dimenfiem  ef  a  eySndric  Meefure 
A8CD,  open  at  the  Top,  which  Jball  contain  a  given 

1  Quantity  (of  Liquor,  Grain,  Stc.)  under  tht  leafl  in- 
ternal Superficies  pvjftbh. 

Let    the    Diameter 

-...^  AB— x,   and  the  Aid- 

DfC^  ^C       tudeAD=jr;  moreover 

let  p  (3,i4'59»  ®c) 
denote  the  Periphery  of 
the  Circle  whofe  Dia- 
meter is  Unity,  and  let 
t  be  the  given  Content 
of  the  Cylinder.  Then 
it  will  be  1 :  p ::  x ;  (p*) 
the  Circumference  of  the 
Bafc;  which,  multiplied 
by 


<= 
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by  the  Altitude  y,  gives  pxy  for  the  concave  Superficies 
of 'die  Cylinder.  In  like  Manner,  the  Area  of  the  B^fe, 
by  multiply  in  g  the  lame  Expreffion  into  i  of  the  Dia- 
meter x3  will  be  found  =  — — ;  which  drawn  into  the 


Under  ;  which  being  made  =  c,    the  concave  Surface 
pxy  will  be  found  =;  — ,  and  confequently  the  whole 

Surface  =  — +—  :  Whereof  the  Fluxion,  which  is, 


=w>;  and  therefore  #=2    /  -  ;  Further,  becaufe  p. 


,=*JL:Y»* 


—%c,  and  p.**)'—.^,  it  follows,  thatx=2ji;  whence  y 
is  alfo  known,  and  from  which  it  appears,  that  the  Dia- 
meter of  the  Bale  mult  be  juft  the  Double  of  the  Alti- 
tude. 

EXAMPLE     IX. 

32.  Of  all  Cents  under  the  fame  given  Superfinei  (s)  to 
find  that  (ABD)  wb*Ji  Solidity  is  the  greateft. 

Let  the  Semi-  j* 

diameter  of  the 
B.fe,  AC=*,»nd 

the  Length  of  the 
flam  Side  AB=jr; 
and  let  p  (as  in 
the  preceding  Ex- 
amples) denote  the 
Periphery  of  the 
Circle  whofe  Dia- 
meter is  Unity.         A 


C3  The* 
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Then  the  Circumference,  of  the  Ba(e  will  be  sga£xs 
the  Area  of  the  Bafe  =#*%  and  the  convex  Superficies 
of  the  Cone,  =p*y,  (which  laft  is  found  by  multiplying^ 
half  the  Periphery  of  the  Bafe  by  the  Length  of  the 
flint  Side)  ■-  Wherefore,  fmee  the  whole  Superficies  is 

■zzpx*-\-f*y=zs,  we  hayeji^r- — x;  whence  thcAIti- 


_  I    r        %s 

titudeCB  fVAB1  — AC1)=y'  ^~~ ~f  i    which; 

IfWltplicd  by  ( — 1  -J-  of  the  Area  of  tbeBafe,  give? 


*        /  _i il  far  the  folid  Content  of  the.Cone.. 

3  V  pw      p 

stxt     2psx+ 
Which  being  a  Maximifmjiis  Square jj—  nuift: 

1l1xx      8^»*'i 

alfobe  a  Maximum-,  and  therefore     ■ — — o; 

•9  9  * 

whence  s — 4^=0,  and  confequently*-=^  — :  From 

which  y  f=r-*  ~^~7r-  =???=  3*)  "i"  ■** 
'  V      p*  px  px         *  J 

wife  be  known  ;  and  from  whence  it  will  appear  that 

the  greatcft  Cone  under  a- given  Surface*  (or  a  given 

Cone  under  the  teaft  Surface)  wilt  be  when  the  Length 

of  the  flam  Side  is  to  the  Semi-diameter  of  the  Bafe  in. 

the  Ratio  of  3  to  I,  or,  'which  comes  to  the  fame) 

when  the  Square  of  the  Altitude  is  to  the  Square  of  the 

whole  Diameter,  in  the -Ratio  of  2  to  1. 


EX- 
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EXAMPLE     X. 

33.  Tf  determine  the  Pefitisn  efa  Right-lint  DE,  tohicb, 
faffing  tbrtugb  a  given  Point  P,  fiatt  cut  two  Right- 
Una  AR  and  AS,  given  by  Pofition,  in  fuck  fort  that 
tbt  Sum  if  tbt  StgmtnUy  AD  and  AE,  made  thereby, 
may  br  tbt  haftpsffibit. 


H 


Make  PB,  parallel  to  AS,  —a,  and  PC,  parallel  to 
AR.  =t;  and  let  BD=*.-    Then,  by  reafon  of  the 

parallel  Lines,   it  will  be,    *  :  «  ::  b  :  CE  =  —  ; 


Therefore  AD4-AE=£+*+j+—  ,  and  its  Fluxion, 

x- 7-,  which,  jn  the  required  Circumftance,  being 

=0,  wc^iave  #* — ab  alio  =0,  and  ConfcqueBtly  x^r. 
♦/ '  ab ;  whence  the  Pofition  of  DE  is  known.  But  the 
fame  Thing  may  be  otherwife  determined,  independent 
oi  Fluxions,  from  the  general  Solution  of  the  Problem 
for  finding  the  Pofition  of  DE,  when  the  Sum  of  the 
Segments  AD  and  AE  (inftead  of  being  a  Minimum) 
ihall  be  equal  to  a  given  Quantity.  Of  which  Problem, 
the  geometrical  Conftru&ion  may  be  at  follows. 

C  4  Complett 


Solution  of  Problems 

Compleat  the  Parallelogram  ABPC  (as  before)  and, 
in  RA  produced,  take  Ar=AC,  and  let  e?  be  equal 
to  the  given  Sum  of  the  two  Segment!; :  Alfo  let  two 
Semi  circles  be  dtferibed  upon  Br  and  BF,  and  let  AH, 
perpendicular  to  dV,  interfeft  the  former  in  H  ;  like- 
wife  let  HK,  parallel  to  Ft,  interna  the  ratter  in  I  s 
draw  ID  perpendicular  to  Fc,  and,  through  P  and  E> 
draw  DE  ;  which  will  be  the  Pofiti  m  required.  For 
ABXAf  being  =AH*=Dh=BDXDF,  we  have  BD 
:  «B  ; :  At  (AC) :  DF ;  alfo,  becaufe  of  the  parallel 
Lines,  we  have  BD  :  AB ::  AC  :  CE  j  whence  DF= 
CE,  and  confequently  AD+AE  (AD+AC+FD)  is 
equal  to  cF,  which  Conftruciion  is  more  neat  than  ihat 
inp.  155.  of  my  Gumttry.  But  to  (hew  how  far  this 
may  conduce  to  the  Matter  firft  propofed  ;  we  are  to 
obferve,  that,  as  the  Problem  here  conftrafled  appears 
to  be  impoffible,  i*  hen  the  Right  line  HK  (inftead'of 
cutting  or  touching)  falls  wholly  below  the  Circle  BWF, 
the  fuft  poffible  Value  of  BF  (and  confequently  of  AD 
-j-AE)  muft,  therefore,  be  when  that  Right-line  touches 
the  Circle;  that  is,  when'BD=DI=AH=v'ABxACi 
which  Value  U  the  very  fame  with  that  found  above. 

The  fame  Conclufion  may  alfo  he  deduced  from  the 
algebraic  Solution  of  the  forefaid  Problem :  For,  put- 

ab 
(ing  £+*+«+—•  (AD+AE )  =  tt   and  folving  the 


Equation,  x  will  be  found  = i 

Which  Equation  becoming  impoflible  when  - 

—  ab  is  =  0,    we  have  x,  in  that  Circum fiance,  = 

=  ^ab  ;  JRU  at  btfort.     In  like  Manner  the 

Maxima  and  Minima  may  be  determined  in  other  Cafes, 
by  finding  the  Pofition  or  Circumftance  wherein  the 
genera!  Problem  begins  to  be  impoifible,  (Tuppofing  the 
Quantity  fought  to  be  given).     But  the  Operation  by 

~"  Fluxions, 
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fluxions  is,  for  the  general  Part,  much  more  wort  and 
expeditious. 

EXAMPLE.  XI. 

34.  The  fame  being  given  as  in  the  preceding  Example,  ta 
determine  the  Portion,  when  the  Line  DE,  *tj*lft  " 
the  Uajl  pojftbU. 

Upon  AF  let  fall  the  perpendicular  PQ_t  make  BQ. 
=t,  and,  the  reft,  as  before :  Then  DP*  being  (= 
DBM-BP1— 2BQX  DB)  =  *H-«l— 2<-*\  and  OB*: 
DP*  ::  DA*  :  DE*,  we  hive*1 :  *•+«*—«*  ■-.  »  1-J' 

,  pE.  ^"^ztp,^ 


Whofe  Fluxion,   which  is  iiXi+»Xi- 


g^7»X— —la  *,    heing  put  =  0,  and  the  whole 

Equation  divided  by  2iXi-j-x,  there  will  come  out  i  — 

it  ,  ■a1    .  ~c       a* 

y*~^Z  + 1>+*  X  — — -^  =  0 ;  whence  *'— ?«*+«** 

+*+*X«— tf*  —  0  *,  that  is,  (by  Redu&ion)  x* — ex* 
-\-6cx — a'b~Q-\  From  the  Refolution  of  which  Equa- 
tion, the  Pofition  of  DE  is  determined. 

Lemma. 

35.  If  a  Body  ar  Point  (n)  be  fufpofed  ta  move  in  a 
Rigbt-hne  AB,  its  ab/o'ute  Celerity,  in  the  Direfiien  of 
thdt  Line,  will  be  ta  the  relative  Celerity,  whereby  it  tends 
ta,  or  from,  a  given  Paint  C,  any  whe-  e  cut  if  the  Line, 
ta  the  Diftanee  Cw,  it  to  the  Diftanee  V>n,  intercepted  by 
n  and  the  Perpendicular  CD ;  or,  as  Radius  to  the  Co- 
Jen*  of  the  Angle  of  Inclination  DnC. 

For,    putting   CD  =  a,    Dn  23  x,    and  Co  =:  y, 
we  have  **+**  =  y*,  and  confequently  ixx  =  21V  •  ,■•  Art-  » 
Whence'™1  * 
4 
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Whence  *  : 
jr.  y  (C.)  :  * 
(D»)  ::  Radius: 
Co  fineDnC :  But, 
the  Fluxions  of 
Quantities  are'  ai 
the  Celerities  of 
their  Increafc  *, 
therefore  the 

Truth  of  the  Pro- 
pofition  is  mani* 
fell. 


Corollary. 

It  follows  from  hence,  that  the  relative  Celerities  in 
any  two  different  Directions  »E  and  nC,  are  directly  as 
the  Co-fines  of  the  correfponding  Angles  Dn£  and 
DiC,  Therefore,  when  «E  is  perpendicular  to  Oi, 
(and  the  Angle  D*E  therefore  equal  to  CJ  the  Celerity 
in  the  Direction  »E,  will  be  to  that  in  the  Direction 
»C,  as  the  Sine  of  DnC  is  to  its  Co- fine.  From  whence 
it  appears,  that  the  Celerities  in  the  Directions  Dm,  C«, 
and  En  (perpendicular  to  «C)  are  to  each  other  as  Cnt 
Dn,  and  CD  refpeflively. 

EXAMPLE     XII. 

36.  To  determine  the  Pefitim  of  a  Paint,  from  whence, 
if  three  Rigbt-Iinu  be  drawn  tefo  many  given  Punts 
A,  B,  C,  their  Sum  /ball  be  the  teaft  pfftble. 

Let  HPG  be  the  Periphery  of  a  Grcle  defcribed 
about  the  Point  A,  as  a  Center,  at  any  Diftance  AG  ; 
in  which  let  the  Point  P  be  conceived  to  move  with  an 
uniform  Celerity,  from  G  towards  H.  Then,  becaufe 
the  relative  Celerity  thereof,  in  the  Direction  PC,  is  to 
that  in  the  Direction  BP  produced,  as  the  Co-line  of 
the  Angle  CPH  to  the  Co-fine  of  the  Angle  BPG,  (by 
{be  preceding  Lemma)  j  and,  fmcc  thefe  Celerities,  when 
the 
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fhe  Sum  of  CP  and  BP  ia  a  Mmmtm>  mult  be  equal  *',  »  Art.  = 
it  follows,  therefore,  put  %%, 

(hat  the  <aid  Angle}  a 

CPH  and  BPG,  as 
well  as  their  Co-fines, 
will  in  that  Ciicumr 
fiance  became  equal 
to  each  other ;  and 
confequendy  A  P  C 
alfe  equal  to  APB. 
From  whence  it  ap- 
pear*, that  (take. AG 
what  you  will  )  the 
Sum  of  the  three 
Lines,  At,  BP,  and 
CP,  cannot  be  the 
leaft  poffible  when  the 
Angles  APB  and 
.  A,PC  are  unequal. 
And,     by   the   lame 

Argument,  it  alfo  appears  that  their  Sum  cannot 
be  the  lead  poflibte,  when  the  Angles  BPA  and 
BPC  are  unequal  :  Therefore,  their  Sum  muft  be 
(he  lead  poffible,  when  all  the  three  Angles  about  the 
Point  P  are  equal  to  one  another  ;  provided  the  Caje 
will  admit  of  luch  an  Equality,  or  that  no  one  of  the 
Angles  of  the  Triangle  ABC  is  equal  to,  or  greater  than 
i  of  4  Right  Angles  (for  otherwife,  the  Point  P  will 
fall  in  the  obtufe  Angle) :  Hence  this 

Construction. 
Defcribe,  upon  BC,  a  Segment  of  a  Circle,  to  ton- 
tain  an  Angle  of  1200,  and  let  the  whole  Circle  BCQ, 
be  compleated  ;  and  from  A,  te  the  Middle  (Q_)  of  the 
ArchBOC.  draw  ACi,  interfering  the  Circumference 
of  the  Circle  in  P ;  which  will  be  the  Point  required. 
For,  the  Angles  BPQ_nnd  CPQ.,  Handing  upon  the 
equal  Arches  BQ,  and  CQ,  have  their  Complements 
APB  and  APC  equal  to  each  other ;  and  therefore,  the 
Angle  BPC  being  1200  (  by  Coottruclion  )  each  of  the 
laid 
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fatd  Angles  APB,  APC,  willy  likewife  be  120  De- 
gree*. 

After  the  lame 
Manner,   it  will 
appear  that  the' 
Sum  of  all  the 
Lines  AP,  BP, 
CPj  WV.  drawn 
from  any  Num- 
ber    of     given 
Points  A,  B»  C, 
isV.    to  meet  in 
another  Point  P, 
will  be  the  leaft 
poffible,  when  the 
Co-fines  of  the  Angles  RPA,  RPB,  RPC,  &t.  that 
the  fairi*  Lines  make  with  any  other  Line  RS,  parting 
through  the  Point  of  Concourfe,  deftroy  each  other: 
1  Which  will  be  when  all  the  Angles  APB,  BPC,  CPD, 
cSV.   are  equal,    in  all  Cafes  where  the  Pofitton  of  the 
given  Points  will  admit  of  fuch  an  Equality.  But,  if  the 
Number  of  given  Points  be  four,  the  required  Point  will 
be  in  the  Interfeflion  of  the  two  Right-lines  joining  the 
oppofite  Points :   For,  fuppofing  APC  and  BPD  to  be 
continued  Right-lines,  the  Co-fine  of  RPA  will  be  equal 
and  contrary  to  that  of  RPC,  and  that  of  RPB  equal 
and  contrary  to  that  of  RPD. 

EXAMPLE      XIII. 

37.  If two  Bodies  move  at  the  fame  Time,  from  two  given 
Places  A  and  Hi)  end  proceed  uniformly  from  thence  in 
given  DireSians,  AP  and  BO  ,  with  Celerities  in  a 
given  Ratio  ;  it  is  prapefed  to  find  their  Pofition,  and 
how  far  each  has  gone3  when  they  are  (he  ntarefl  ptf- 
fible  to  each  other. 

Let  M  and  N  be  any  two  cotemporary  Pofitions  of 
the  Bodies,  and  upon  AP  let  fall  the  Perpendiculars 
Ni£  and  BD;   alfo  let  QB  be  produced  to  meet  AP 
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inC,  and  let  MN  be  drawn:  Moreover,  let  the  given 
Celerity  in  BQ_be  to  that  in  AP,  as.x  to  m,  and  let 
AC,  BC,  and  CD,  (whic^i  are  alfo  given)  be  denoted 
by  a,  b,  and  c  refpe&ively,  and  nuke  the  variable  Dif- 
tancc  CN=;#  ;  Then,  by  reafen  of  the  parallel  Lines 
NE  and  BD,  we  fliall  have  *  (CB) :  x  (CN)  ::  c  (CD) 

:  CE— y.     Alfo,   becaufe  the  Diftances,    BN  and 

AM,  gone  over  in  the  fame  Time,  are  as  the  CeJe- 
ritiei,  we  likewife  have,  n  :  Mi:  x  —  b  (BN)  :  AM 

=  — — ,  andconfcquentlyCM(AC— AM)=a+ 

mb      mx  mx  mb\ 

=d — — ,  (by  writing tf=fl+—l.    whence 

MN*  (rsCMM-CN*— CMXzCE)  will  alfo  be  found 
mx*  mx  %ex  idmx       m*** 

2ft&  .   2CMX*  .  adm*      2«Vi 

+*" r+~STi  "no&FlBxion —  +  -^~ 

2/rf*     4m** 
-t-2** — —7 — r1  Lt1    being  made  =0  (becaufe  MN  is 

to  be  a  Minimum)  we  get  — hdmn-\-m'tbx-\-ri'hx — nHd 

mnbd+  ri>cd 
+2m*ex=0j  and  confequently  *=  m,i+aH+2mnc= 

ndXmb+Mt 

i  from  whence  BN,  AM,  and  MN 

are  alfo  given. 
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The  famt  othenuife. 

Bccaufe  the  relative  Celerities  of  the  two  Bodies,  at 

M  and  N,   in  the  Direction  of  the  Line  MN  (pro^ 

i    .  _-  &>M  ChCM 

duced)  are  Iruly  exprefled  by  ~]ggg  Xw,  and  ~^- 

•  Art.  35.   Xa,  rcipedivcty  *-j  and  as  tbefe  Celerities,  -when  the 

Diftance  MN  is  a  Minimum,  do  become  equal  to  each 

+  Ait  si   otner  +>  it  follows  that,  in  this  Circum fiance,  m  '.  n  :.: 

T      "     '  Co-f.  N. :  Cc-f.  M  : :  Secant  of  M  :  Secant  of  N  ( fy 

J*«  Trig.) 

Whence  (his  Conftruftion.     Take  CH  to  CB  in  the 
gtMn  Ratio  iff  m  to  «,  -and  draw  HB  ;   upon  Which 


produced  (if  necefliry)  let  fall  the  Perpendicular  AR ; 
draw  RN  parallel  to  AH,  meeting  CQJn  N  ;  laftly, 
draw  NM  parallel  to  AR,  and  it  will  give  the  Pofitioh 
required.  For,  firft,  it  is  plain,  bccaufe  AM  (RN)  : 
BN  (: :  CH  :  CB) : :  ffl  :  n>  that  M  and  N  are  cotem- 
porary  Politiom:  It  is  likewife  plain,  that  RN  and  BN 
will  be  Secants  of  the  Angles  KNR  (CMM)  and  KNB 
(CNM)  to  the  Radius  NK  j  becaufe  the  Angle  NKR 
(=ARK)  is  a  Rieht  one.  Which  Lints  or  Secants 
are  in  the  propofed  Ratio  of  m  to  n,  as  has  been  already 
fhewn.  4 

But 
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But  the  time  .Solution  may  be,  yet,  otherwife  de- 
rived, independent  of  fluxions,  from  Principles  mtirely 
geometrical.  For,  Ictm  and  n  be. any  two  cotempon- 
ry  Pofitions  at  Pleafure,  and  let  CH  (as  before)  be  to 
<}B,  as  the  Celerity  in  AP  to  that  in  GQj  moreover, 
let  nr,  parallel  to  AP,  be  drawn,  meeting  IIB'  pro- 
duced in  r,  and  let  A,  r  be  Joined.  Then,  fince  CB : 
CH:;Bn:nr(byjim.  Trumglts)  and  CB  :  CH  : :  B* 
:  Am,  {by  Hyp.)  it  follows,  that  nr  and  A*,  (.which 
are  parallel)  will  alfo  be  equal  to  each  other ;  and  there- 
fore  Ar  and  mn,  likewjfe  equal  and  parallel.  But  Ar  is 
the  leaft  poffiblc  when  perpendicular  to  Br.  Whence 
tite  Solution  is  manifeft. 

EXAMPLE     XIV. 

38.  Let  tbt  Body  M  ww,  uniformly,  from  A  towards 
Q,,  with  tbt  Color ity  m,  ami  Jot  anotber  Body  N  pro- 
took  from  B,  at  tbt  Jamt  timt,  with  tbt  Celerity  n. 
Nowitispropoftdtofiodtht  Direction  (BD)  of  the 
latter,  ft  that  the  Dtfiamt  MN  */  the  twt  Bodies, 
when  tbt  latter  arrives  in  tbt  Way  tr  Dirt&ion  AQ_ 
of  tbefornur,  may  be  the  grttttejl  pcffibU. 


Let  BC  be  perpendicular  to  AQ_,  and  make  AC  =s 
a,  BC=£*»  and  BN:=*.  Therefore,  if  the  Position 
M  be  fuppoTed  coterntwrvy  with  N,  we  Hull  have  n  : 

mux'.  AM  = —  i  whence  CM— — — «,  and  con- 
fequently 
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lequently  MN  (CN— CM)  =•*•  —  *•——+»# 
whereof  the  Fluxion  being  taken,  and  made  =  0,  we 

x  m  mb 

get  —  .'■■      — =■=—  j  therefore  xji'y-^=i=,  and  CN 

:  Whence,  m  \  n  (:-.  BN  : 

CN)  ::  Radius  :  Co-fine  N.     The  lame  Condulion  is 
otherwife  derived,  thus, 

Let  the  Right  line  BD  be  fuppofcd  to  revolve  about 
the  Point  B,  as  a  Center,  with  a  Motion  lb  regulated, 
that  the  intercepted  Part  thereof  BN  may  increase  with 
the  uniform  Celerity  n  :  Then,  the  Celerity  with  which 

*X  Radius* 
CN  is  increafed  being  =   Q^fa^f't  this  Expreffion, 

when  MN  is  a  Maximum,  mad,  confequently,  be  equal 
.  to  (m)  the  Velocity  of  the  other  Body  -f  M  ;  and  there- 
fore m  '.  n  : :  Radius  :  Co-fine  N,  as  before. 

EXAMPLE    XV. 

39.  Suppofutg  a  Ship  to  fail  from  a  given  Place  A,  in  a 
given  DirtSim  AQ.»  **  the  fame  time  that  a  Bentt 
from  another  givtn  Plate  B,  fits  out  in  order  (if  pej* 
fible)  to  come  up  with  her,  andfupfoftng  the  Rate  at 
which  each  Veffel  runs  to  he  given  ;  it  it  required  to  find 
in  what  Direction  the  latter  muft  proceed,  fa  that,  if 
it  cannot  come  up  with  the  former ,  it  may,  however, 
approach  it  as  near  as  pojjible. 

Let  the  Celerity  of  the  Ship  be  to  that  of  the  Boat 
in  the  given  Ratio  of  m  to  n  ;  alio  let  D  and  F  be  the 
Places  of  the  two  Veflels  when  ncarefr  poffible  to  each 
other,  and,  from  the  Center  B,  through  F,  fuppofe  ihe 
Circumference  of  a  Circle  to  be  deCcribcd.  Then  (the 
Difiance  OF  being  the  leaf!  poflible),  the  Point  F  mult 
be  in  the  Right-line  (OB)  joining  the  Point  D  and  the 
Center 
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Cvitfsr  B  j  be- 
caufe  oo  other 
Point  in  the 
whole  Periphe- 
ry, at  which 
the  Boat  front 
B  might  ar- 
rive in  the  fame 
tune,  isfonear 
to  D  as  that 
wherein  the  "T~ 
LineDB  inter-  A 
fcch    the    raid 
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Periphery.— Bat  now*  to  get  an  Expreffion  for  DF,  in 
algebraic  Terms,  let  BC  be  perpendicular  to  AQ  ,  and 
make  AC  ~»,  BC  =*,  and  CD  =*  ;  and  then  BD 
(v'BC+CD*)  will  be  =v^l+**  i  moreover,  be- 
caufc«:»::AD(«+*):BF,youwfflhaveBF^±^ 

and  confcqucntly,  DF: 

Fluxion,  "  > ■.— 'OL   being  made  =  0,   wc  find 

nb 
*="  . — -=r  \  whence  the  Direction  BD  is  known  : 


And,  if  the  Value  of  *,  thus  found,  be  fubflituted  in 
that  of  DF,    (  found  above)  we  fha.ll  have  DF  = 


■       ;  whence  the  Pofition  of  F  is  known. 
m 

And  from  which  it  is  obfervable,  that,  as  DF  mud  be  a 

rtal,    fifitivt  Quantity  (by  the  Quertiou)  this  Method 

of  Solution  can  only  obtain  when  m  is  greater  than  n, 

and  ly/m* — »%*  alfo  greater  than  na ;  For  in  all  otheri 

Cafes  the  Boat  will  be  able  to  come  up  with  the  Ship. 

Tbl  fame  atbenoifi. 
Let  the  Radius  of  the  Circle  EFH  be  conceived  to  ' 
increafc  uniformly,  with  the  Celerity  »,  whilft  the  Point 
D  D  moves 
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D  moves  uniform  along  AQ_,  with  the  Celerity  m: 
Then,  the  Celerity  at  D,  in  the  Direction  of  BD  pro- 

mXCe-fme  D      .        , 
duced,  beings — 3gBSi —  » ™e  relative  Celcnty  with 
which  the  Point  D  recedes  from  the  Periphery  of  the 
{aid  variable  Circle,  will  be  universally  expreffed  by 

mXCt-fint  D  __ . 

— jr—. n ;  which  being  =  o,  when  D¥  is  ft 

Minimum,  we  have  in  this  Cafe  mXCo-ftne  D^mXRa- 
dius,  and  confequenily  m  '.  n  '.'.  Radius  '.  Ce-fme  D. 
Therefore,  if,  at  C,  a  right-angled  Triangle  Cid  be 
conflituted,  whofe  Bafe  Cd=n,  and  its  Hypothermic 
db'—m,  and  parallel  to  the  latter  you  draw  BI),  it  will 
be  the  Direction  required :  In  which,  if  there  be  taken 
BF,  a  fourth-proportional  to  m,  n,  and  AD,  you  will 
alio  have  the  Pofition  required. 

EXAMPLE     XVL 

40.  To  determine  the  grtettft  Parabola  that  tan  btfirmd 
by  cutting  a  given  Cau  ACD. 


Let  to,  parallel  to  CA,  be  the  Axis  of  the  Parabola 
rvm,  and  rm.theBafe  (or  Ordinate)  thereof;  putting 
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DC=3tf,  CA=£,  and  Dn=^r;  then,  becaufe  of  the 

bx 
parallel  Lines,  it  will  be,  a  '.  b  '.'  x  1  —=ttv:  More- 
over,   by  the  Property  of  the   Circle,    we  have  ra* 
(z^jwi1  =:  DnXCsj  =  <w — **,  and  conJequentljr  tm 

2\/** — *a  j  which  multiplied  by  -X  —  (becaufe  eve- 
ry Parabola  is  \  of  a  Parallelogram  of  the  fame  Bafe  and 
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Parabola :  Whofe  Fluxion,  or  that  of  ax* — x*  *  being  •  An. a«, 
put  equal  to  Nothing;  we  find  *= —  .-  Whence  nv= 
i  XAC,  rrar=CDXv'i.  and  the  Area  of  the  greateft, 
or  required,  Parabola  =ACXCDX—. 

EXAMPLE    XVIT. 

41.  To  determine  tbt  griattfi  EUipfis  BTES  thet  tan  be 
formed  by  cutting  a  given  Cone  ABD. 


Let  BE  he  th<! 
greater,  and  TS  tbt 
leffer,  Axis  of  the  El- 
lipsis BTES,  confider- 
ed  as  variable  by  the 
Motion  of  (the  End 
of  the  Tranfverfe)  E, 
along  the  Line  AD; 
moreover  let  Ev  bo 
parallel  to  AC  the  Axis 
of  the  Cone,  meeting 
the  Diameter  BD  in  v , 
and  let  the  Diameters 
EF  atid"  np  be  parallel 
to  BD ;  whereof  the 
latter  np  a  fuppofed  to 
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pafs  through  O  the  Center  of  the  Ellipfis :  Then,  put- 
ting AC=tf,  CD=£,  and  Cvr= x,  we  (hall  have  Bv= 
b+x  ;  alfo,  Jjecaufe  of  the  parallel  Liiiet  wc  have  CP 

(b)  :  CA  (a)  ::  Dv  (b—x)  :  aXi~*=Zv;  whence 


BE    (v^+M  =  vWp'+^xCT?. 

Furthermorei  fince  the  Triangles  EO»,  EBD,  and 
BOp,  BEF  are  equiangular,  and  EO  (=60)  eiJBE, 
weliltewife  have  0*=£BD=*,  and  0/.=|EF  =  Cw 
=* ;  and  consequently  O*X0p  (=OT*.  by  the  Prv- 
ftrtj  tf  tbt  Circle)  =J* ;  wherxe  ST  =  i>/bx,  arid 

■torfbrcBEXSTzr.y  »H?VxO'x<fc, 

Now  the  Area  of  any  Ellipfta  being  in  a  confhuit 
Ratio  to  the  Rectangle  of  its  greater  and  lefTer  Axes 
(namely  as  ^,14159,  &c.  to  4)  the  laft  general  Ex- 
preffion  muft  therefore  be  a  Maximum,  when  the 
Area  is  To ;  and  therefore  its  Fluxion,  or  that  of  i**X 

££?*+«»*x£^3*  (  =  b*x  +  2*»a*+****+«»*«* 

1.  — la^-hx*  +  «**»)   equal  to  Nothing  *j  that- is,  b*x 

+  4i'*x  +  3i***x  +  a1*** —  4**bxx  +  3*1***  :=  o  : 

4* ~ 

y*+3**  3' 

g*X£— **  rfcty^4—  t4^»*;+** 

Ellipfis  is  known. 

But  it  is  obfervable,  that,  when  ** — i4«*ia-f-4*  is 
negative,  this  Solution  fails,  becaufc  the  Square  Root  of 
a  negative  Quantity  is  to  be  extracted.  Therefore,  to 
determine  the  Limit,  put  a* — i^alb*-^-li*  =  o  j  ihen, 
by  ordering  the  Equation,  you  will  get  a*  =  b*  X 
7+^48,  and  6=.bXi+i/3  ;  and  therefore  #  :  b  ::  2 
+v^3  :  1.  Hence,  if  the  Ratio  of  AC  to  CD  be  not 
4  greater 
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greater  than  that  of  4+^3  t°  it  or  (which  comes  to 
the  fame  thing)  if  the  Angle  DAC  be  tint  lefs  than  15 
Degrees,  the  Fluxion  of  the  Ellipfis  can  never  become 
equal  10  Nething ;  but  the*  Ellipfis  itfrlf  will  increase 
continually,  from  the  Vertex  till  it  coincides  with  the 
BaTe  of  the  Cone ;  and  therefore  is  greater  at  the  Bate 
than  in  any  other  Pofition. 

But  it  is  further  to  be  obferved,  that  this  Problem  is 
confined  to,  yet,  narrower  Limits.  For,  either  the 
Ellipfis  will  increafe,  continually,  from  the  Vertex,  to 
the  Bate,  of  the  Cone,  (which  is  fhewn  to  be  the  Cafe 
when  the  Angle  DAC  is  greater  than  15°)  or  elfe  it 
will  increafe  till  the  Point  E  arrives  at  a  certain  Politic* 
H,  and  afterwards  decreafe  to  another  certain  Pofition  b, 
and  then  increafe  again  till  it  coincides  with  the  Bafe  of 
the  Cone,  (for  it  mufi  always  increafe  again  before  it 
coincides  with  the  Bafe,  becaufe,  after  the  Point  E  is 
got  below  the  Perpendicular  BQ_,  both  the  Axes  of  the 
Ellipfis  increafe  at  the  fame  time). 

The  fame  thing  aho  appears  from  the  foregoing  Equa- 

non  *=•  y — i — t-2-- — 2- — i  whofetwo 

Roots  expreft  the  two  Values  of  *  (or  Cv)  at  the  Times 
of  the  Maximum  (at  H)  and  its  fucceeding  Minimum 
(at  h).  Hence  it  is  manifeft,  that  the  Ellipfis  may  ad- 
mit of  a  Maximum  between  the  Vertex  of  the  Cine 
and  the  Perpendicular  B  Q_ ,  and  yet,  that  Max't-  • 
tmm  be  lefs  than  the  Bafe  of  the  Cone,  unlefs  the 
torefdid  Angle  DAC  be  fo  much  lefs  than  15°  (  above 
found  )  that  the  Increafe  from  h  to  D,  be  lefs  than 
the  Decreafe  from  H  to  b.  Now  therefore,*  to  de- 
termine the  exaft  Lirhit,  let  the*  fofefaid  Increment 
and  Decrement  be  fuppofed  .equal  to  each  other,  or, 
which  is  the  fame  in  Effect,  let  the  Ellipfis  BTESB 
=  the  Circle  BfDm,  or  BEXST=BF>,  that  is,  let 


J 


WfV  +a*Xb=-?  Xjfa 


=4i* :  From  which 


D  3  Fqua- 
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Equation  you  will-  get  a»=— X  J^/T 

l_  :  Moreover,  from  the  Equation 

t*i+4b*xx+zb'-x'-i+fi1b*x—4all>**+y**'xZ=0*(V~ 

,       »  .,,-..     »'X»H-4*"+3»» 

ven  above)  you  wil),  again,  get  o  ^'Z^^j^Z^T 

**gM*4*"4ff.fc   Whence,  by  comparing  thefe 
A— i *X3*^-* 

equal  Values,  there  arifcs — = ^ — ' 

which,  ordered,  gives  jf+afo1 — f'=0,  and  therefore 
x=-b^2—6. 

Moreover,   rrbeing  ™ — . . — ■   if  ** — 2&x  be 

fubftituted  herein  for,   its  Equal,  **,   it  will  become 
■n'_5*'+fcr      5*+*_  5HV'- *__    4+V* 
t1  ~  A*—**  ~3»— *~*  3W2— 3*"^*      —4+3*^* 
4+7^"x,  4+3^/2  _M+i6^a_it  +  p^, 

^—4+3^2^4+3^2 » 

Hence  we  have,  1  :  v/ii+oV2  ::  *  (DC)  :  "  CAC) 
t:  Radius  to  the  Tangent  of  the  Angle  ADC  =  78°  3' : 
Whole  Complement  DAC  =  1 1°  57',  is  the  lead  Li- 
mit poffible.  Therefore,  unlets  the  Angle  which  the 
flsnt  Side  makes  with  the  A*i*  be  lefs  than  1  Is  57',  the 
greateft  Ellipus  will  be  lefs  than  the  Safe  of  the.  Cone. 

EXAMPLE    XVIII. 

42.  Of  all  Triangles,  having  the  fame  given  Perimeter, 
and  infer ibed  in  the  fame  given  Circle  ;  to  determine  the 
greateft. 

Let  the  Diameter  DA  bifccit  the  Bafe  BC  of  the  re- 

q  lired  Triangle  BEC   in  H,  draw  AE,  AB  and  BD  j 

aifo  draw  AF  perpendicular  to  BE,  and  CiE,  parallel  to 

BCt 
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BC,  meeting  AD  in  G : 
Then,  putting  AD  —  er, 
half  the  given  Perimeter 
of  the  Triangle  =4,  and 
DH=;j  we  have  BH  = 

%/*/ — *'»  and  therefore 
"EF—b~~i/ay~if1^,  More- 
over DH  (y)  :  AD  (a) 
::  DB'  :  DA'  ::  EF- 

(k-^/^=p  )  :  EA» 
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(AG — AH=) •,  whence  the  Area  of 

the  Triangle  BEC  (BHXHG)  =  *!^25E  _  aia 

y 

+2ij>,  whofc  Fluxion  ihj~- — -■    — i-  being  put  ?=  o, 

, yvay—yy 

gives  js/ay-—jy  =  i&»  ;    whence;,   and  from  thence 
the  Sides  of  the  Triangle  may  be  determined. 

EXAMPLE     XIX. 

43.  TV  determine  the  greattjl  Area  that  can  he  contained 
under  four  given  Right-lines. 

Though  it  is  dcmonftrable  from  common  Geometry 
that  the  Area  will  be  a  Maximum,  when  the  Trape- 
zium ABCD,  formed  by  the  given  Lines,  may  be  in- 
fcribed  in  a  Circle  ",  yet  I  fhall  here  give  the  Solution 
from  the  Principles  of  Fluxions,  (whofc  Ufes  I  am  now 

•  By  Prop.  13.  Page  61.  Elm.  Trig, 

*  SCC  Page  1 1 7  of  Elem.  Geometry,    . 


illuftratingj. 
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illuftrating).  In  order  to  which,  let  the  Diagonal  AC 
be  drawn,  and  upon  CB  and  AD  let  tall  the  Perpendi- 
culars AE  and  CF  j  putting  AB=v,  BC=£,  CD=r, 
DA=rf,BE=*, 
E    . .£ ^G- 


•  Art.  u.  and    its  Fluxion 


and  therefore 


Moreover, 


fince  ^-J-a'+aix  (=AC*)  =  d1+ct— idyt  by  taking 
the  Fluxion  thereof,  we  have  ibx  = — %dy\  or  —dj  =: 
bx ;  which,  fuhftitutcd  tor  •— dj  in  the  foregoing  Equi 

tion,  gives— -=^=— -=— ,  and —   " 

%/(*■— y1        %/a1— ** 


"vV- 


— ^====-;  and  confcquently,  s/?—f    (CF)   :   y 

(DF)  "  \/V— x*  (AE)  :  WBE):  From  which  it 
Appears  that  the  Triangles  DCF  and  ABE  are  fimilar, 
and  that  (D+ABC  being=  2RightAngIes)  the  Trape- 
zium may  be  inicribed  in  a  Circle  ;  but  this  by  the  Bye. 
We  are  now  to  get  an  Lxpreflion  for  the  A  rea  in  known 
Terms,  and  in  Order  thereto  we  have  P+a^ibx  — 

id+c*—idy,  y~~,  and  CF=i5LflZfI  (becaufe  AB 

;  BE ::  DC :  DF,  &c .) :  Therefore,  by  Subftitution,  £»+ 

f*+^^=^+(^-^,   and    the  Area  (£BC  X  AE 

+IAP 


D^zedby  Google 


di  Maximis  &  Minimis. 


+  f  AD  X  CF)  sc  f1-  S^^Z    '     "*- 


;  and  therefore  the  S 


ifl     _ 
Xi+lxi— —     But   fincc  4t4*t"M"~*-H'w 


— - — —-———}  and  I —,.'.,         i  | L— ...mm 

2ab+2cd  a  2ai+2ca 

C2 tt — j — J  an^  conlequently,  the  Square  of  the 


— ■—- which   (becaufe 

the  Difference  of 'the  Squares  of  any  two  Quantities  is 
equal  to  a  Refiangle  under  their  Sum  and  Difference) 

wiUJfobe=5S^*5E3i^±EHx 

Xfrf+|r+i*+ifl— ,x£rf-Hf+i*+i«— 4  Whence 
it  appears,  that,  if  from  |  the  Sum  of  nil  the  four  Sides 
each  particular  Side  be  fubitracied,  the  continual  Pro- 
dud  of  the  Remainders  will  be  the  Square,  or  fecond 
Power,  of  the  Area. 

.  From  this  Theorem,  the  Rule  in  common  Practice, 
for  finding  the  Area  of  a  Triangle,  having  the  throo 
Sides  given,  is  deduced,  as  a  Corollary  :    For,  making 


j 
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aszo,  the  Trapesium  becomes  a  Triangle,  and  the  fe- 
cond  Power  of  its  Area=H+fr+£*XJ<H-£H-l*— * 
Xy+ic +1  *— *X  i^+iH-i*— «/  ■  Which,  inWords, 
is  the  common  Rule. 

EXAMPLE    XX. 

44.  To  fni  tht  grtattft  Valm  of  y  ix  tbt  Eptatittt  tt*x*=z 

By  putting  the  whole  Equation  into  Fluxions,  &c. 

we  have  M***=2*i+2jyX  jX^'+j11*  j  which  in  the 

■  Ait.  a>.  required  Circumftance,   whenjr=o«,  becomes  aa*** 

=6**X*H-.rl,*»  whence  **+.**=-7t  ,  and  **^> 

*«  .1 

— T" Tl :  But,  by  the  given  Equation  **+/      =****i 

confcouently  «♦**   ~  T~/~tt    *nd    therefore   *  — 

'V  STV  »■««>*  (=7T-*0=j7i.  ""' 

Ti*  _/fl/w  othirwife. 

Since  «+^l    is  given  =  «**■%  we  have  «■*+•*  .= 

«*Xjtt,  and  therefore  v*=a*X*T — x*;  whofcFIuxion, 

.  *    -i  .  ..      «**«"* 

^X*^*— 4**,  being  put  =0,  we  alio  get  — - — 

«*X«— *  a* 

=*j    whofe  Cube  is  — — — =*',  or  £77=*'  i 

/~ 

whence  27Jf^=«+,   and  confequently  *  =  *V   ^3  » 

the  lame  as  before. 

45.  When 
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45.  When,  in  the  general  Expreffion,  whofe  Maxi- 
mum or  Minimum  is  fought,  there  are  two  or  more  ill- 
determinate  Quantities,  -independent  of  each  other,  their 
refpe&ive  Values,  in  the  required  Circumftance,  will 
be  determined,  by  making  them  flow,  one  by  one,  while 
the  others  are  foppofed  invariable  ;  as  in  the  following 

EXAMPLE     XXI. 

Wherein  it  is  prtrpafid  to  find  three  flub  Values  tf  y,  y, 
and?.,  as  jhall  make  the  Value  of  b*—x*  X  x%%-~%* 
Xxy—y*  the  grtate/t  paJJibU, 

Pirft,  confidering  y  as  variable,  and  the  reft  conftant, 
we  have  xy — 2yj  — o  #  J  whence  y  =  !*,  and  xy — yl  =  •  Art.  aa. 
***.     By  making  z  variable,  we  have  x*i — p?£  =  o ; 

x  2*1 

whence  »=-7*,  and  x*x — z3  = — 7-.    Now  lettbefc 

•3  3^3 

Values  of  xj — y*  and  x'z — s1  be  fubftitutcd  in  the  given 

Expreflion,  and  it  will  become  —X  T~7~J<  <>* — *'  = 

4J*» — x* 

-T-; i  therefore  5^***— 8*T*=:o:  Whence*=a 

{4X/5,  7  (=i*)  =i*X/S.  Md  *  (=^-3)  =i*X 

kl 

The  Reafbn  of  die  foregoing  Procefs  is  obvious ; 
For,  if  the  Fluxion  of  the  given  Expreffion,  when  any 
one  of  the  indeterminate  Quantities  is  made  variable,  be 
not  equal  to  Nothing,  that  Expreffion  may  become 
greater,  without  altering  the  Values  of  the  reft,  which 
arc  conlidered  as  conftant  f :  And  therefore  cannot  bcj.ArtiM 
the  greateft  poJBblr,  unkfs  the  faid  Fluxion  is  equal  to 
Nothing. 

EX- 
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EXAMPLE    XXII. 

46.  To  determine  the  different  Values  of  x,  when  thai  of 
3**— 2 Hax1  -f- 8  4a1*1 — g6a'x-\-^2i*  becmtt  a  Maxi- 
mum or  Minimum. 

The  Fluxion  of  the  given  Exprcffion  being  (at  ufual) 
put  equal  to  Nothing,  we  have  12** — S^ax%-{-\6Sa*x 
— 060' =0,  or*' — 7«r*-f*i4*** — 8<s*=:o:'  From 
whence  (by  the  Method  of  Divifore)  we  get  * — a=o, 
x — 20=0,  or  x — 4.1—0 :  Therefore,  the  Roots  of  the 
Equation,  or  the  three  Values  of  x,   are  a,  20,  and 

Scholium. 

47.  It  appears,  from  the  laft  Example,  that  a  Quan- 
tity may  admit  of  as  many  Maxima  and  Minims  (ac~ 
.  cording  to  the  Meaning  of  the  Definition  *)  as  there 
are  poffible  Roots  in  the  Equation)  arifirig  from  af- 
fuming  its  Fluxion  equal  to  Nothing.  Now  to  know 
which  of  thofe  Roots  point  out  a  Maximum,  and  which 
a  Minimum;  find  whether  the  Value  of  the  laid  Fluxion, 
a  little  before  it  becomes  equal  to  Nothing,  be  pofitive 
or  negative  ;  if  pofitive,  the  fuccccding  Root  gives  a 
Maximum;  but  if  negative,  a  Minimum  ;  The  Region 
of  which  is  extreme!*  obvious  ;  becaufe  fo  long  as  any 
Quantity  increafes,  its  Fluxion  is  pofitive,  but  when  it 
decreafes  the  Fluxion  is  negative. 

As  an  Example  hereof,  let  the  Quantity  3** — -iSax3 
^84****— G6tf'*+48i*,  be  again  refumed ;  whofe 
Fluxion  is  I2*X*' — jax'+i^x — 8u:—  \ixXx — aX 
ee—iaXx — 3a;  Whereof  the  Value,  before  it  becomes 
equal  to  Nothing,  the  fiift  time  (or  before  x=a )  being 
'  negative,  (becaufe  the  Product  of  three  negative  Factor* 
is  negative)  its  firft  Root  (a)  therefore  indicates  a  Mi- 
nimum :  Whence  we  may  conclude,  without  conlider- 
ing  farther,  that  the  fecond  Root  (za)  gives  a  Maxi- 
mum, and  the  third  (411)  another  Minimum.  But,  if 
you 
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you  would  know  whether  the  firft  or  third  Root  gives 
the  leffer  Value  of  the  two  ;  it  is  but  fubtlituting  in  the 
given  Quantity,  which  will  come  out  4SA* — 37**.  and 
48^* — 6+a*  refpccHwly ;  therefore  the  latter  is  the  lef- 
fcr,  and  the  very  lean  Value  the  propofed  Expreffioo 
can  admit  of. 

When  all  the  Roots  prove  impoffible,  the  Quantity 
propofed  (as  its  Fluxion  can  never  become  =o)  muft 
cither  increafe,  or  decrcafe,  continually ;  and  therefore 
can  neither  admit  of  a  Maximum  mr  a  Minimum. 

Moreover,  it  may  fo  happen,  that  the  Roots  are  pof- 
fible,  the  Fluxion  =;  0,  and  yet  the  Quantity  itfelf  op 
neither  a  Maximum  nor  a  Minimum  in  that  Circum- 
flance. 

For  let  us,  again,  fuppofe  the  Paint  n  to  move  after 
m,  as  in  the  general  Illustration,  (vid.  Art.%%.)  only 
let  the  Velocity  of  a  (in  thi  firft  Cafe)  increafe  no 
longer  than  'till  it  arrives  at  D ;  after  which  let  it  again 
decrcafe:  Then,  though  the  Fluxion  of  the  Diftance 
tan  is  Nothing,  at  the  Pofition  CD,  yet  the  Diftance 
hfelf  will  not  be  a  Maximum  ;  becaufe  n  (having  after- 
wards, as  well  as  before,  a  lefs  Velocity  than'mrj  will 
frill  continue  to  lofe  ground.— In  the  fame  manner  the 
Matter  may  be  explained  with  regard  to  a  Minimum. 
And  it  is  evident,  that  thefe  Cafes  will  always  happen 
when  the  Fluxion  of  the  given  Quantity  is  of  the  fame 
Denomination  (with  regard  to  pofitive  and  negative) 
both  before  and  after,  it  becomes  equal  to  Nothing :  ■ 
Which,  by  the  Rules  of  common  Algebra,  is  known 
to  be  when  the  Equation  admits  of  an  even  Number  of 
equal  Roots.— An  Example  hereof,  however,  may  not 
be  improper. 

Let  then  the  Quantity  propofed  be  24-1'*  —  3c«V 
-f-jo/Mr3 — 3**j  whole  Fluxion  is  24a3* — boa*xx-\- 
48«'i—  I2*'i  =  iviX^iXa^xXia— x  :  Which 
being  made  =3,  it  appears  that  the  two  leaft  Roots  are 
equal.  '  Therefore  there  is  neither  a  Maximum  nor  Mi- 
nimum when  x=za  (becaufe  whether  x  be  taken  a  little 
lefs,  or  a  little  greater,  than  a,  the  Value  of  the  Fluxion 

will 
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will  ffill  be  affirmative.)  The  greMeft  Root,  however1, 
not  being  aff'ceied  with  another  equal  one,  indicates  a 
Maximum,  according  to  the  Rule  above  prefcribed. 

To  render  what  has  been  obferved  above  ftill  more 
confpicuous,  let  the  given  Expreffion,  24a3* — 300*** 
-j-i&wr1 — 3**,  be  represented  by  the  variable  Ordinate 
PQ,of  the  Curve  AQMNR,  whofe  Abfcifla  AP  is  (u 
nfual)  denoted  by  v.  ^^ 

Then,  whilft  (fix  X  a— x  X  a—x  X  za—x)  the 
Fluxion  of  the  Ordinate  continues  pofitive,  (or  'till  x 
becomes  =u=AB)  the  Ordinate  itfelf  will  increafe: 
But  at  the  Portion  BM  it  becomes  ftationary  (if  I  may 
be  allowed  the  Expreffion)  the  Fluxion  being  then  =0. 
After  which,  the  Fluxion  being  again  affirmative,  the 
Ordinate  will  again  increafe,  till  x  becomes  —  %a  (=. 
AC)  j    when,  the  Fluxion  becoming  Nothing,  (a  fe- 


cond  time,)  and  afterwards  negative,  CN  will  be  a 
Maximum ;  Soon  after  which  the  Curve  defcends  be- 
low its  Axis,  and  continues  to  recede  from  it  in  in- 
finitum. 

Another  Thing  there  is  that  ought  to  be  regarded  in 
the  Solution  of  thefe  Kinds  of  Problems,  and  that  is, 
whether  the  Maxima  or  Minima,  found  by  atTuming 
the  Fluxion  =0,  fall  within  the  Limits  prefcribed  by 
the  Nature  of  the  Queftion  or  Figure  ;  which  is  often 
retrained  by  Conditions  that  do  not  enter  into  the  al- 
gebraic Computation. 

Thus,  for  Example  ;  fuppofe  it  were  required  to  find 

that  Point  (F)  in  a  given  Ellipfis  ABHD  which,  of  all 

others, 
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others,  »  the  moft  remote  from  the  Extreme  5  of  the 
conjugate  Axis  BD. 

'  Then,  drawing 
FE  parallel  to  the 
Tranfverfe  AH,  and 
putting  AH =«,  BD 
=£,  and  BE=r,  we 
have,  by  the  Property 
of  the  Curve  BF» 
(=BE«+EF*)       *" 

+**— jr'Xjnfrom 

whence  x  h  found  r= 

■ , . ; .    But,  from  the  Nature  of  die  Figure,  the 

greateft  Value  that  x  (—BE)  can  poffibly  admit  of  is 
i[=BD),  therefore  if  the  Relation  of  a  and  b  be  fuch, 

that   ,     ,;  is  greater  than  i,  this  Solution  is  manifestly 

impoffible.  ■  —  ■  To  determine  the  Limit,    therefore, 

\a*b 
make-;^_j,1=J;  then  it  will  be  found  that  2i»=a*. 

Whence  the  foregoing  Solution  can  only  obtain  when 
zBD1  is  equal  to,  or  lefs  than  AH*. 

Again,  it  ought  to  be  alfo  confidered  whether  the 
Value  of  x,  found  by  the  common  Method,  gives  a  lefs 
Quantity  for  the  Maximum,  and  a  greater  for  the  Mini- 
mum, than  will  arifc  from  the  Extremes  thetnfclves  by 
which  x  is  limited. 
Thus,  let  it  be 
required  to  deter- 
mine the  greateft 
and  leaft  Ordinate! 
.  in  a  Curve,  APR, 
whofe  Equation  is 
*j*  ~6a*x— 9***+ 
4**,  and  whofe 
greateft  AbfcUTa 
AD  is  given  equal 
M.  '"  Here 
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hill,  by  taking  the  Fluxion,  iic.  have  *=? 
:  The  former  of  which  Values  give*  the  cor- 


J\ 


refponding  Ordinate  BP=mV   7*  1  and  the  latter,  CQ, 

=  a ;  But  the  firft  of  thefe  is  not  the  greateft  of  all 
others,  becaufe  the  Extreme  DR  exceed*  it,  teing  ~ 
ia  j  nor  is  CQ_  the  leaft  poffible,  hecauft  the  Ordinate 
at  the  other  Extreme  A  is  nothing  at  all. 

Sometimes  one,  or  more,  of  the  Poind  Q_,  S,  &t. 
determining  the  Maxima  and  Minima,  will  fall  below 
the  Axis  AF,  (as  in  the  armtxtd  Figurt).  In  which 
Cafe  the  corresponding  Value  of  the  general  Expreffion, 
reprefented  by  the  Ordinate,  will  be  negative :  But  at 
the  Points  b,  e,  d,  &c.  where  the  Curve  ioterie&s  the 
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Axis,  it  will  be  equal  to  Nothing :  Whence  (by  the 
Bye)  the  Reafon  why  the  Roots  of  an  Equation  (» 
— ax  +A1*-  , . ,  .+f  =o)  are  impofllble  by  Pairs 
is  evident  For,  feeing  Ai,  Ac,  Ad,  Ae,  E3V.  are  the 
Roots  of  that  Equation,  or  the  different  Values  of  x, 

when  the  Ordinate  a — ax       +i,jr       -f"f 

(MN)  becomes  equal  to  Nothing,  it  is  plain,  if  PA, 
expreffing  the  given  Term  '/  ,  be  increafed  to  Po,  fu 
that  AF  (then  coinciding  with  of)  may  touch  the  Curve 
in  S,  the  adjacent  Roots  Ad' and  Ac  will  then  become 
equal} 
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equal j  and  if  q  be  farther  increaled,  fo  that  the  Axis 
may  fall  wholly  below  the  Curve,  not  only  thofe  two, 
but  alfo  the  other  Roots,  hh  and  Ac,  will  become  im- 
poflrble. 

Various  other  Obfervations  might  be  made,  relating 
to  the  Limits  of  Equations,  determined  by  thefe  Maxi- 
ma and  Minima ;  but  this  being  foreign  to  the  Matter 
in  hand,  I  fhall  content  myfelf  with  one  Remark  more, 
viz. 

Any  Expreffion,  which  being  fut  equal  to  Nothing,  ad- 
mits of  two  or  more  equal  Roots,  has  as  many  fttc- 
tttdiitg  Orders  of  Fluxions  equal  to  Nothing,  at  the 
fame  time,  as  are  exfreffed  by  the  Number  of  thofe  Roots 
mimes  one. 

Thus,  an  Equation,  having  three  equal  Roots,  has 
both  its  firlt  and  fecund  Fluxions  equal  to  Nothing, 
when  the  Fluent  itfeif  is  equal  to  Nothing. 

Hence  we  have  another  Way  { befides  that  given 
above)  to  know  when  a  Quantity  may  have  its  Fluxion 
equal  to  Nothing,  and  yet  neither  admit  of  a  Maximum 
nor  a.  Minimum;  For,  fince  this  Circumftance  always 
takes  place  when  the  Equation  admits  of  an  even  Num- 
ber of  equal  Roots  (  as  has  been  already  ihewn)  the 
Number  of  Orders  of  Fluxions,  equal  to  Nothing, 
at  the  fame  time  (including  the  Firfl)  mutt  alfo  be 
even. 

Hence,  alfo,  we  have  an  eafy  Method  for  difcovering 
when  fbme  of  the  Roots  of  an  Equation  are  equal ; 
and,  if  fo,  what  they  are. 

Thus,  let  *'  —  3aArI4_4fl3  =  o  be  propounded; 
whereof  the  Fluxion  3*?* — i>axx  being  afiumed  equal 
to  Nothing,  we  find  x=ia  ;  which  will  alfo  be  a  Root 
of  the  given  Equation,  if  it  admits  of  two  equal  ones : 
To  try  it,  therefore,  I  fubftiuite  2a  for  x,  and  find  "it 
anfwers. 

Again,  let  Sx* — zBax^+iSa^x^+iya^x — 2ja*=lO  % 

whereof  the  firft  and  fecond  Fluxions  being  ^ix'-x — 

&4ax*x-\-  36****+  27a1*'  and  9  6**** —  ibHaxi*  + 

-loa1*-*,  if  the  latter  of  them  be  affumed  =10,  *  will 

E  be 
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Solution  of  Problems 

7ff  /  2^tf*        %&  & 

be  found  =^±J  "fr-— 3*  "7*  °ne  of  which 

Quantities,    if  the  Equation   propofed  admits  of  three 
equal  Roots,  will  be  the  Value  of  each  of  them  :     By 

trying  — ,  it  will  be  found  to  fucceed.    Whence,  by  a 

well  known  Rule,  the  fourth  Root  (being  —  -g J 

X3  =  — a)  is  alfo  given. 

The  Reafon  of  thefe  Operations,  as  well  as  what  u 
affcrted  above,  may  be  thus  demonft rated. 

^  ^xr^?fiffc  X  A+B*+Ol  Uc.  =0, 
he  any  Equation,  having  two  or  more  equal  Roots,  rc- 
prefented,  each,  by  r :  Put  y=r— x,  and  let  the  Num- 
ber of  the  equal  Roots  be  denoted  by  n  ;  then,  by  Sob- 

ftitution,  we  have/  X  A+BXr^+CXr^1*  «fc 
=0  ;  which,  by  expanding  the  Powers  of  r—y,  and 
putting  g=A+Br+Cr»  tfc.  *=B-HCr+3Dr»  faff-  . 
will  be  further  transformed  to  yXa— by+ty1— dy3  fcJV, 
=0:  Whofe  Fluxion  najy*~~1—n+i  .  hyy  +  a+2  . 
cyy  ($c.  is  evidently  equal  to  Nothing,  when  y,  or 
its  Equal  r — *,  is  Nothing  (provided  »  be  greater  thm 
Unity).     Jt  is  equally  plain,  that  the  fecond  Fluxion 

n.n—l  .Oyy       — «-f-  1  .nby  y        +„+2.n+I  .Cyy 
He.  will  alfo  be  equal  to  Nothing,  in  the  fame  Cif- 

cumftance,  if  n  be  greater  than  2.  (stc.  &c. 

Hence,  univerfally,  let  the  Number  (»)  of  equal 
Roots  be  what  it  will,  that  of  the  Orders  of  Fluxions 
equal  to  Nothing,  at  the  fame  time,  will  be  exprcJTcd 
by  that  Number  minus  one,  as  was  to  be  (hewn. 
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SECTION      III, 

The  Vfe  of  Fluxions  in  drawing  Tangents 
to  Curves. 

Illustration. 

48.    T    ET  ACG  be  a  Curve  of  any  kind,   and  C 
■  I  j  the  given  Point  from  whence  the  Tangent  i» 
to  be  drawn. 


Conceive  a  Right-line  mg  to  be  carried  along  uni- 
formly, parallel  to  itfelf,  from  A  towards  Q..,  and  let, 
at  the  fame  time,  a  Point  p  fo  move  in  that  Line, 
as  to  defense,  or  trace  out,  the  given  Curve  ACG: 
Alio  let  mm,  or  C»  (equal  and  parallel  to  mm)  cxprefs 
the  Fluxion  of  Am,  or  the  Celerity  wherewith  the  Line 
mg  a  carried  j  and  lei  nS  cxprefs  the  correfponding 
Fluxion  of  mp,  in  the  Polition  mCg,  or  the  Celerity  of 
the  Point  p,  in  the  Line  mg.  Moreover,  through  the 
Point  C  let  the  Right-line  SF  be  drawn,  meeting  the 
Axis  of  the  Curve  (AQJ  in  F. 

E  2  Now, 
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The  Uje  of  Fluxions 

Now,  it  is  evident,  if  the  Motion  of  p,  along  the 
Line  tng,  was  to  become  equable  at  C,  the  Point  f 
would  be  at  S,  when  the  Line  irfelf  had  acquired  the 
Pofition  rriSg  (becaufc,  by  Hypothecs,  Cn  and  ffS  ex* 
prefs  the  Diftances  that  might  be  defcribed  by  the  two 
uniform  Motions  in  the  lame  time). 

And,  if  wig  be  affirmed  to  reprefent  any  other  Pofi- 
tion of  that  Line,  and  /  the  contemporary  Pofition  of 
the  Point  p  (  dill  fiippofing  an  equable  Celerity  of  p) ; 
then  the  Diftanccs  Cv  and  ttf,  gone  over,  in  the  fame 
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time,  by  the  two  Motions,  will,  always,  be  to  each 
other  as  the  Celerities,  or  as  Cn  to  nS:  Therefore, 
fmce  Cv  '.  Vs  ::  Cn  :  «S  (which  is  a  known  Property 
of  fimilar  Triangles)  the  Point  t  will,  always,  fall  in 
the  Right-line  FCS :  Whence'it  appears,  that,  if  the 
Motion  of  the  Point  p  along  the  Line  mg  was  to  become 
uniform  at  C,  that  Point  would  then  move  in  the  Right- 
line  CS,  inftead  of  the  Curve-line  CG. 

Now,  feeing  the  Motion  of  p,  in  the  Defcription  of 
Curves,  mult,  either,  be  an  accelerated  or  a  retarded 
one,  lei  it  be,  firft,  confidercd  as  an  accelerated  one: 
In  which  Cafe  the  Arch  CG  will  fall,  wholly,  above 
the  Right-line  CD  (as  in  Fig.  i,J  becaufe  the  Diftance 
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tf  the  Point  p  from  the  Axis  AQ^,  at  the  End  of  any 
given  Time,  is  greater  than  it  would  be  if  the  Accelera- 
tion was  to  ccafe  at  C ;  and,  if  the  Acceleration  had 
ceafed  at  C,  the  Point  p  would  ( it  is  proved  )  have 
been  always  found  in  the  faid  Right-line  FS. 

But  if  the  Motion  of  the  Point  p  be  a  retarded  one, 
it  will  appear,  by  reafoning  in  the  fame  manner,  that 
the  Arch  CG  will  fall  wholly  below  the  Right-line  CD 
(as  in  Fig.  2.) 

This  being  the  Cafe,  let  the  Line  tag,  and  the  Point 
pi  along  that  Line,  be  now  fuppofed  to  move  back 
again,  towards  A  and  ti,  in  the  fame  manner  they  pro- 
ceeded from  thence :  Then,  fince  the  Celerity  of  p 
(Fig- 1.)  did  before  increafe,  it  mud  now,  on  the  con- 
trary, decreafe  i  and,  therefore,  as  p,  at  the  End  of  a 
given  Time,  after  repafllng  the  Point  C,  is  not  fo  near 
to  AQ^,  as,  it  would  have  been,  had  the  Velocity  con- 
tinued the  fame  as  at  C,  the  Arch  Qb  (as  well  as  CG) 
mull  fall  wholly  above  the  Right-line  FCD.  And,  by 
the  fame  Method  of  arguing,  the  Arch  Cb,  in  the  ft- 
tand  Cafi,  will  fall,  u£*lly,  below  FCD :  Therefore 
FCD,  in  both  Cafes,  a  a  Tangent  to  the  Curve  at  the 
Point  C :  Whence,  the  Triangles  FmC  and  C»S  being 
fimilar,  it  appears,  that  the  Sub-tangent  tn¥  is  always 
a  Fourth- proportional  to  (>&)  the  Fluxion  of  the  ordi- 
nate (Cw),  the  Fluxion  of  the  AbfcuTa,  and  the  Ordi- 
nate (Cm). 

Othirwife. 
49.  Let  ACG  reprefent  the  propofed  Curve,  and  let 
the  Right-line  FCD  be  a  Tangent  to  it,  at  any  Point 
C,  meeting  the  Axis  AQ,  (produced  if  neeeflary)  in 
F  :  Suppofe  a  Point  p  to  move  along  the  Curve,  from  A 
towards  G,  and   let  the  abfolute  Celerity  thereof  at  C, 
in  the  Direction  of  the  Tangent  CD,  or  the  Fluxion  of 
the  Line  Ap  fo  generated  *,  be  denoted  by  CS,    any  ■  ^  t 
Part  of  the  faid  Tangent :    Then,  if  AH,  mp  and  nSand  5. 
be  made  perpendicular,  and  \pn  parallel,  to  AQ_,  the 
relative  Celerities  of  that  Point,    in  the  Directions  Ci 
and  »C,  wherewith  lp  (=A*n)  and  mp  increafe  in  this 
E  3  Pofition, 
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•Art.  jj,  Pofition,  will  be  truly  expreffed  by  C»  and  »S  *  :  But 
the  Celerities  by  wbich  Quantities  increafe  are  as  the 
Fluxions  of  thofe  Quantities;  Therefore  (CS  be- 
ing the  Fluxion 
of  the  Curve- line 
Ap)  C«  and  »S 
are  the  corre- 
fponding  Fluxions 
of  the  Abfcifla 
Am  and  the  Or- 
dinate mp:  And 
we  have  S»  :  nC 
::  mC  :  mF,  tbt 
fame  at  beftrt. 

Hence,  if  the 
Abfciffa  Am  bo 
put  =*,  and  the 
Ordinate  mp  ==jf, 

we  fliall  have  mF="  :  By  means  of  which  general  Ex- 

preflion,  and  the  Equation  expreffing  the  Relation  be- 
tween .v  and  y,  the  Ratio  of  the  Fluxions  x  and  y  will  be 
found,  and  from  thence  the  Length  of  the  Sub-tangent 
[«iF)  as  in  the  following  Examples. 

EXAMPLE      I. 

50.   To  draw  a  Right-tine  CT,  to  touch  a  given  Cirdt 
BCA,    in  a  given  Point  C. 

Let  CS  be  perpendicular  to  the  Diameter  AB,   and 
put     AB  : 
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whereof  the  Fluxion  being  taken,  in  order  to  determine 
the  Ratio  of  £  and  j,  we  get  iyj  =  ax — a** ;  confe- 

quently  —  = i*=Afl »  wkicn>  multiplied  by  y, 

.       J 

(  O  being  fuppofed  the  Center)  we  have  OS  (If a — *J  ; 
CS  (y)  ::  CS  fr;  :  ST ;  which  we  alio  know  from 
other  Principles. 

EXAMPLE     II. 

51.  7»  draw  a  tangent  le  any  given  Paint  C  of  the  ce-  ' 
nicat  Parabola  ACG. 

If  the  Lotus  Rtftam  of  the.  Curve  be  denoted  by  at 
Ac  Ordinate  MC  by  y,  and  its  correrponding  Abfcifla 


55 


E  A  MM- 

AM  by  *  j  then  the  known  Equation,  expreffing  the 
Relation  of  x  and  y,  being  ax  =y*f    we  have,  in  thb 

x      2»  ,   jw+tArt,  41 

Cafe,  ax=2yj;  whence  "=~»  »™  confequently -r- a„d «. 

=— = — =w=MF.     Therefore  the  Sub-tangent 

is  juft  the  double  of  its  correfponding  Abfciffii  AM ; 
Which  we  likewife  know  from  other  Principles. 

E4  EX- 
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EXAMPLE     HI. 

52.  To  draw  a  Tangint  to  a  Parabola  of  any  kind. 

The  general  Equation  of  thefe  fort  of  Curves  being 
u  x  -~  y       ,  we  have  na  x      j=j»-J-n  X>  /» 

and  theiefoie   -r  = - ;  whence  —  = 

m+nXy"    "      m+nXa'x*  ,     ■■»-«        m  ,\ 

—J- 1 =^ —  (becaufc  jr       =a  x  )  = 

na  x  '  no  x 
X*  5=  the  true  Value  of  the  Subtangent :  Which, 

therefore,  is  to  the  Ablctfli,   in  the  conflant  Ratio  of 
m+n  to  «. 

EXAMPLE      IV. 

53.  To  draw  a  Tangint  RT,  to  a  givtn  Point  R,  in  a 
given  EBffii  BRA. 

If  RS  be  an 

Ordinate  to  the 
principal  Axis 
AB,   and  there 

be  put  (1 


B    s  A.    bs=*,rS=j., 

AB=d,  and  trie 
lefler  Axis  =h ;  we  fliall,  by  the  Property  of  the  Curve, 
have*1  :  **  ::  ax— *l (BSXAS)  : y1  (RS1),  and  there- 
fore b%Xax — **=**_»*:  Whence  blXax—  ixx=2aIyj, 

apd  -r-— -.r    m.  j  and  confequently  the  Sub-tanr-em 

J        b*Xa—Zx  H         '  ° 

■  r.T(y*\*—  **y  _    gtyL,_ **x**^r>_ 

V>  /         i'X«—  2x      b**i«—x        frx-la—x 
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fa    ~  •    Whence  the  Point  T  bcinggwen,  through 

which  the  Tangent  muft  pafi,  the  Tangent  it  felf  may 
be  drawn. 

But  if  you  would  derive  an  Exprcffion  for  the  Sub- 
tangent,  in  any  other  kind  of  Ellipfij  (befides  the  coni- 
cal) let  theEquation  (^?"x*"=:— X.y"  *,  exhibi- 
ting the  Nature  of  all  Kinds  of  Ellipfis,  be  aflum- 
ed :     Then,  by  taking'  the  Fluxion  thereof,  you  will 

nave    — mi   X  " — x         X  x    +  nix        X  #—■ «1 


-r-m   X  a  — v*!  X   *     -f-  Hjf         x  « —  tf1 

— .    ,— i — ,    -    (becaufe—  x 

— mx  X«— x*      +**      X^=P  a 

,'*'  =  Z=Z\m  x  x")  =  "+ax^_ly  - 

— mx+nXa— x 

-i ;  which  is  the  Sub-tangent  required. 

jw— n-\-mXx 

EXAMPLE       V. 

54.  Tp  draw  a  Tangent,  to  any  given  Pttnt  R,  in  a  given 

Hyperbola    BRA. 

If  ^  and  f  be  put  to  denote  the  two  principal  Dia- 
meters of  the  Hyperbola,  the  Equation  -of  the  Curve 
will  be  r*X«*+**=tf*jf :  From  whence  we  hive  c'X 
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mx+2xx  =  %a*yjt  . 

a 

r'X 

i    ,     j  and  confcquent- 

_  ■•  x  «*+*• 

flXf<i+*      ~ 

P+J"    =     ST- 

Whence  BT  (ST— 

T    B 


S 


fore  the  Point  T  being  given  the  Tangent  RT  may  be 
drawn.  ' 

The  Manner  of  drawing  Tangents  to  all  Sorts  of 
Hyperbola's,  tmiverfally,  will  be  the  fame  as  in  the  El- 
lipfcs,  the  Equations  of  the  two  Kinds  of  Curves  dif- 
fering in  Nothing  but  their  Signs. 

EXAMPLE      VI. 

55.  Let  the  propofed  Curve  be  that  tobefe  Equation  it 
ex^^xy^x'—y* =0 . 

Then  we  fhall  have  2axi^-yti^-ixyy+2*1x —  3yV 

=0;  therefore  2*ww+ji*i+3**#  =  $y*j — a*yj,  —  = 

jy1— 2xy  Ji         31*—2xy*     # 
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EXAMPLE     VH. 

56.  Ltt  the  given  Curvi  be  the  Ciffoid  tf  Diodes,  wbtji 

.     .              *' 
Equation  is  y1  — , 


Here  we  have  1ff=2 


3***  X  a — x+£x3 3"*1* — 2x'i 


Whence  -j—  ~i_2^,  and  confequemly  the  Sufa- 
"        \j  )~   Zaxl — 2*1  —  *— *      3flx* — 2**~ 


EXAMPLE      VIII. 

57.  Let  the  Corubeid «/ Nicomedes  be  fropefed ;  where- 
of the  Nature  is  fuch,  that,  if  from  a  Point  B,  called 


the  Pole,  any  Number  of  Right-lines,  BA,  BR, 
BR,  &e.  be  drawn,  the  Parts  of  thole  Lines  CA, 
wR,  UR,  faff,  intercepted  by  the  Cnrve  and  its  Axis 
CT,  fhall  be,  all,  equal  to  each  other. 

In 
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In  this  Cafe  (fuppofing  AB  and  RS  perpendicular, 
and  RH  parallel,  w  CT ;  and  putting  BC  =*,  Rv 
(AC)  =5,  CS=*,    and   RS=>;  we  have,  per  Jim. 

Triang.  o+y  (BH)   :  x  (RH)  ::  j  (RSJ  ;  ^~^>  - 

But  Sv  (\/R»l— E5*  )  >s  alio  =v^1— J-1  » therefore 

-^-^v/*1— yV  or  *y  =  «+y    X*x— f   is   the 

general  Equation  of  the  Curve ;  which,  in  Fluxions, 

gives  2xlff+2y*xi=7yXa^-yXbt—yt--2yyXa+p    = 


Oy   X   «+*   X   i1 — ay — 2y*  (    and  therefore  —  = 
^+7 


*    +  y     X      v      X      &*   —  aj.  —   2J>*    —   ^r1^      __ 

>X>y         — 

<t+J»x/X^-tfr-2/-7+7''x^--y» 

— — ■  = — (becaufc  jt^* 


— ,.__•>*»— oyji— 2  *J — abb-\-oyy—bby^-y ' 
yVM-yy 
s- — _= :  Which  being  a  negative  Quantity,  the 

Tangent  will  therefore  fall  on  the  contrary  Side  of  the 
Ordinate,  from  the  Vertex ;  and  fo,  by  changing  the 

abb+y* 
Signs  we  wall,  have  ■ —      :  .— "   for  the  Sub-tangent 

ySfbb— yy 
ST  in  this  Cafe. 

After  the  Manner  of  thefe  Examples  the  Sub-tangent, 
in  Curves  whofe  Abfciflas  are  Right-lines,  may  be  de- 
termined :  But  if  the  Abfcifia,  or  Line  terminating  the 
Ordinate,  on  the  lower  Part,  be  another  Curve,  then 
the  Tangent  may  be  drawn  as  in  the  following 

EX- 
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E  X  AM  P  L  E      DC. 

58.  Let  the  Curve  BRF  be  a  Cycloid;  whofc 
Abfrifla  is  here  fuppofed  to  be  the  Semicircle  BPA,  to 
which  let  the  Tangent  PT  be  drawn  (as  above).  More- 
over let  rRH  be  a  Tangent  to  the  Cycloid,  at  thecor- 


rriponding  Point  R,  and  let  GR*  be  parallel  to  TPo; 
putting  the  Arch  (or  Abfcifla)  BP=z,  its  Ordinate 
?R=*t  AF=b,  and  BPA=r;  Then,  by  the  Proper- 
ty of  the  Curve,  we  (hall  have  c  (BPA)  :  b  (AF)  ::  * 

(BP)  :j(PR):  Therefore y  =—,  andj  =—  =  «.- 
But,  by  fimilar  Triangles,  rt  (j)  I  R*  (=  Pv  =£)  :s 
PR  (j)  :  PH  =  ~-  =  z  (becaufe^=yV  There- 
fore, if  in  the  Right-line  PT,  there  be  taken  Prf  equal 
to  the  Arch  PB,  you  wilt  have  a  Point  H,  through 
which  the  Tangent  of  the  Cycloid  mull  pafi. 

EXAMPLE     X. 

59.  Let  BPA  be  a  Curve  of  any  Kind,  to  which  the 
Method  of  drawing  the  Tangent  c?g  is  known ;  let 
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BR*  be  another  Curve  of  fuch  a  Nature,  that  the  Or* 
dinate  PR  (y)  {hall  always  be  a  Mean-proportional  be- 


tween. BS  (x)  and  AS  (a — *)  fuppoling  RPS  perpendi- 
•  Art.4.8  cular  to  AB:  Put  P«  =  i,  SP=w,  «=•£•,  and  tr 
«w>«-      —j:     Then,    (as  obevt)   tr.(y)   :   R*  (  =  ?e  = 

v'*7+^)   :  =  RP  O;  :  PH  =        Jf.+'1'':  But,  by 


the  Equation  of  the  Curve  >'= 

y       2a  x — 2x' 
ax — 2xx,  and  r=  — : — ~-r, 


xix — xx  j  whence  tyy^- 
and   therefore  PH  = 


ix— ix^Xy/x'  +  i 


:  Which  will  be  expreffed  inde- 
pendent of  Fluxions,  when  the  Property  of  the  Curve 
BPA,  or  the  Relation  of  x  and   v  is  given:  Thus,  let 
BPA  be  the  common  Parabola,  and  AB  its  Lotus  Rec~ 
4  turn; 
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turn ;  then  v  being  =  \Zaxt  i  will   be  =  - 


a ii xxX  t,x  -{-a 

V—        4* 


[lax — 2**X\ 


and  therefore  PH 

a — xX\/^x ' + ax 
^  OX—2XX  J~~  a — IX 

Thus  far  relates  to  Curves  whofe  Ordinates  are  pa- 
rallel to  each  other :  We  come  now  to  Curves  of  the 
fpiial  Kind,  whofe  Ordinate!  all  iffue  from  a  Point: 
Such  as  the  Spiral  BAG,  whofe  Ordinates  CB,  CA, 
CG,  are  all  referred  to  the  Point  C,  called  the  Center 
of  the  Spiral, 

Illustration. 
60.  Let  SAN  be 

a  Tangent  to  the 
Spiral  at  any  Point  A, 
alio  let  CT  be  per- 
pendicular thereto, 
and  let  the  Arch  CBA. 
(confidered  as  variable 
by  the  Motion  of  A 
towards  G)  be  de- 
noted by  z,  and  the 
Ordinate  CAbyj. 
Then  i:>:;  AC 

to  :  AT  =  *£. 

Hence,  if  upon  CA,  as  a  Diameter,  a  Semi-circle  be 

defcribed,  and  in  it,  from  A,  a  Right-line  AT  equal 

to^-    beinferibed,    that  Right-line  will  be  a  Tangent 

to  the  Spiral  at  the  Point  A. 

EXAMPLE      L 

61.    Let  the  Nature  of  the  Curve  CBA  be  fucb, 

that   the  Arch    CBA    may  be,    always,   to  its   cor- 

*  refponding 
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refponding  Ordinate  CA  in  a  conftant  Ratio ;  namely 
as  a  to  b  .-  Then,  becaufe  z  :  v  «  a  :  J,  we  have  z  = 

J-,  i  =^,  and  confequently  AT  (j^J  =^-=—  x 

AC  :  Therefore,  AC  and  AT  being  in  a  conftant  Ra- 
tio, the  Angle  CAT  muft  alfo  be  invariable.  Which  U 
a  known  Property  of  the  logarithmic  Spiral. 

EXAMPLE     II. 

62.  Let  BAA  be  the  Spiral  of  Archlmdts  %  wfrnfe 
Nature  is  fuch  that  the  Part  EA  of  the  generating  Or- 
dinate, intercepted  by  the  Spiral  and  a  Circle  BED  de- 
icribed  about  the  fame  Center  C,  is  always  in  a  conftant 
Ratio  to  the  cdrrefponding  Arch  BE  of  that  Circle. 


Suppole  Ai  perpendicular  to  AC,  He. 
Put  BC=f,  CA=v,  and  let  the  given  Ratio  of  AE 
to  BE,  be  that  of  b  to  t:  Then  *  :  c  "  y—c  (AE)  : 

— 7 — —BE:  whofe  Fluxion  therefore  is  =  y.    Now 

if 

» 


in  Curves  of  contrary  Flexure.  6.5 

if  the  Right-line  CE  Aa  be  fuppofcd  to  revolve  about 
the  Center  C,  the  angular  Celerity  of  the  generating 
Point  A,  in  the  perpendicular  Direction  An,  will  be  lu     ' 
that  of  E  as  AC  to  EC ;  therefore  as  the  latter  of  thefe 

Celerities  is  exprcfled  by  -7— ,  the  former  will  be  ex- 

prefied  by  -  x  —   or  ~r\  Which  is  to  (j)  the  Celerity 

of  A,  in  the  Direction  ha,  as  r  to  Unity,  or  as  y  to 
■h.  Therefore  CT  and  AT  are  in  the  fame  Ratio,  (by 
Art,  35)  and  confequently  AC  :  CT  :\\/.yy+bb'i 
j;  and  AC  :  AT  : : \/yy\-t>b  \  b  ;    whence  CT  and 

AT  are  given  equal  to  — ■■,        .  ,  and  — -      ■  —  re. 

Vjy+w  \/yy+bb 

fpeflively.  From  either  of  which  (the  Tangent  AT 
may  be  drawn  by  Art.  bo.  And,  in  the  fame  manner 
may  the  Pofition  of  the  Tangent  of  any  other  Spiral 
be  determined. 


SECTION    IV. 

Of  theVfe  of  Fluxions  in  determining  the 
Points  ofketrcgrejfion,  or  contrary  Flexure 
in  Curves. 

63.  "\T7-HEN  a  Curve  ARS  is,  in  one  Part  AR 
VV  concave,  and  in  the  other  Part  RS  con- 
vex, towards  its  Axis  AC,  the  Point  R  limitii  g  the 
two  Parts  is  called  a  Point  of  Retrogreffion,  tr  con- 
trary Flexure.  The  manner  of  determining  which  will 
appear  from  the  following 


*  :-,vi 
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Illustration, 
,J    ,    Suppofe  a   Right-line  BD  to  be  carried  along  ■!«- 
formly,  parallel  to  itfelf,  from  A  towards  C  i    and  let 
the  Point    r   fo 
n  Ti      C        move-    in    that 

JL"  13      fy        Line,  at  the  fame 

time,  as  to  trace 
out,  or  defcribe, 
the  given  Curve- 
line  ARS. 

Then  (by  Art. 

48.)    while   the 

Celerity   of   the 

Point  r,   in  the 

Line  BD,     de- 

creafes,  theCurvc 

wiH  be  concave 

to  its  Axis  AC  j 

but  when  it  in- 

creafes,  convex  to 

the  fame :  Therefore,  as  any  Quantity  is  a  Minimum  at 

the  End  of  its  Decreafc  and  the  Beginning  of  its  In- 

•  Art.  1  j.-  create  *,  it  follows  that  the  laid  Celerity,  at  the  Point 

of  Inflexion  R,  mult  be  a  Minimum:  Whence,  if  the 

f  Art.  j.    Fluxion  of  the  Ordinate  Br,  exprxffing  that  Celerity  f, 

■"  be  (as  ufual)  denoted  byj;  then  will  y   (the  Fluxion 

t  Art.  ■■.  of  y)  be  equal  to  Nothing  in  that  Circumftance  \. 

•  So  far  relates  to  Curves  which  are,  in  the  former 
Part  concave,  and  in  the  latter  convex,  to  their  Axes : 
But  if  (on  the  contrary)  the  Celerity  of  r  firft  increafes, 
and.  then  decreafes,  that  Celerity,  at  the  required  Point, 
between  the  Increafe  and  Decreafe,  will  be  a  Maxim 
mum;  and  therefore  its  Fluxion  (or  y )  is  iiimiiji  equal  to 
$  An.  «.  Nothing  in  this  Cafe  §. 

Furthermore,  if  CS  (perpendicular  to  AC)  be  now 
confidereJ  as  an  Axis,  and  the  Abfciffa  Sn  (or  its 
Complement  Br  =y)  be  fuppofed  to  flow  uniformly, 
(di  AB  was  fuppol'ed  before)  ;  then,  by  the  lame  Argu- 
ment, the  fecond  Fluxion  (—  £)  of  the  oidiaate  nr 
(or 


A.  B 
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(or  its  Complement  AB  =x)  will  be  equal  to  Nothing. 
Hence  it  is  evident  that,  at  the  Point  of  contrary  Flex- 
lire,  the  fecond  Fluxion  of  the  Ordinate  will  become 
equal  to  Nothing,  if  the  Abfcifli  be  made  to  flow  uni- 
formly |  add  vice  vfrJS. 

EXAMPLE    I. 

64.  Let  the  Nature  of  the  Curve  ARS  (fit  tbtprt- 
tiding  Figurt)  be  defined  by  the  Equation  ajcsuV-f.     * 
xx  {the  Abfcifla  AB  and  the  Ordinate  Br  being,  as 
ufiral,  reprefented  by  x  and  y  refpeftively).     Then  jr 
expreffing  the  Celerity  of  the  Point  r,  in  the  Line  ED. 

Will  be  equal  to  %a  *  *  +  a?f:    Whofe  Fluxion,  or 

that  of  J*V"*+2*  (became  a  and  *  are  conftant) 

muft  be  equal  to  Nothing  * ;  that  is,  ^a^x~^x  ■{•  2*  *  An>  *'• 

=0 :  Whence  <*V~*=8,  «*=8^,  64*'=^,  and. 
*=J*i=AB ;  therefore  BR  (==£JL±f?  J  —  £  a.: 
From  which  the  Pofition  of  the  Point  R  is  given. 

E  X  A  MP  L  E    IL 

65.  Let  the  Nature  of  the  propofed  Curve  be  defined 
by  the  Equation  ayy — aax— x3=io. 

Then,  by  taking  the  firft  and  fecond  Fluxions  thereof 
(fuppofing  x  conftant)  we  HaJI  alfo  hdve  iayy— aax— 
3***  =0,  and  ioy--\-iayj~-bxxx  =0  ;  whereof  the 
Utter,  when  j>  is  =0,  becomes  jwji* — bxx*  =0,    and 

therefore  >»=- — :  But,  by  the  former  j  — — ; 

a  *    '  J  2ay 

ycx*      <Pi+ix*xV 
whence ——z: — ,5 — ,   and  confcquently  izaxy* 

Fz 

* 


68  the  Vfe  o/Furiiotis 

=<!*+ '$xlV  ;  but,  by  the  given  Equation,  i7axfj±z 
J2H*x*+12Jr+,  therefore  1 2fl*arl+ 1 2x*  =  nrH-J**1  » 
or  3**  +  be1*1 — «*  =  o  :  Whence  *  will  be  found  = 


Othtrviife. 

i 

'                                              va 

.       !i-HJrtX-^'     . 

Fluxion,  or  that  of  <j1+3*lXa1^+*1l 

'  becauie 

i  is  conftant)  being  put  =  0,  we  get  bxXaxx+xil 
+^+^FX  =^4gX  0V+.r''~^  =  0,  or  6*  X 
a^+^+fll+3^X— — ~- :  Whence  3**+6<i**1 


—  a*  =  0,    and  *  —  as/ :  V'j — *»    the  famcas  be- 
fore. 

EXAMPLE    III. 

66.  Let  the  propofed  Curve  be  the  Conchoid  of  Ni- 
mtdti,    whereof  the  Equation    is   x*y*  =  a+y '*  X 

•  An.  57.   *■— j".   <n*'=  JT- 
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y_ 

-  si  x  .»"+?'  x  <•— j-        „+,  x  ,.»'+7'   . 
—  =—7 "=, 


y% 


-a — yX):   Whence,  making  j  inva- 


riab'e,  we  a!fo  have  **+**  =  — r— ; iXj*: 


Which,  becaufe  *  is  =o*,  will  be  x*=~^—  -{-""TJ-— *  »Art,  6j. 

m  *£*4-  lai*  y — y* 
x^»  =  i. ■   ■■    ■■      X  j*.     But  frnCe,    by  the 

*-f-vX«Al+ii*    . 
former  Equation,  *i  =:  — -j— X.;,  we  like- 
wife  get  *■*  — — - -^ Xjf1,  and  confequcntly 


jaV+a**1/- ^X^jfca+j1  Xu^-j-^'  :  But,  by> 
the  Equation  of  the  Curve  x*y*  is  =  «-f"J^*X*1 — J'  i! 
therefore  3tfiA1+2o£*y — fXut}'  X  A1 — _y*=  «-f.y  *i 
Xffi'+jr3'*,  and  3o1il+M*1ji — y*XA: — ji*^'3*,+j'^'*  ; 
whence  y  +  4J»/3+3«y— i**^— an1*'  ss  o  ;  which 
divided  by  y+a,  gives  y}  -f-  3*^  —  2ai'  —  o  ;  from 
whence  y  may  be  determined.  But  if  Ar=ff,  ihe  £qua* 
tion  will  become  more  fimple  by  dividing  again  by 
j+a;  in  which  Cafe  we  get  yl+iay—-2ul  =  o,  and) 
cunftquentJy  y=.a»/-$ — a, 

EXAMPLE    IV.' 

67.  Let  a*j!=t8o«s** — nc<71jf3+30tf.r*^-3**. 
Then  will  a'}  =  36oa1*i — 330«V*+'20«*sx — 

F  3  And 
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And  a*y  =36ofl,i1 — 66oaVi*-r-36c«w*il — f>Ox*x*. 
Art.  63.      Therefore,.  6«3— - j iuV+  6a*1 — *3  =  o*: 

Which  being  divifible  by  any  one  of  the  three  Quan- 
tities a — *,  la — *,  or  311 — xy  the  Root  x  nraft  there- 
fore have  three  Values,  a,  20,    and   3a,    and  confe- 
i  quently  the  Curve,  defined  by  the  given  Equation,  as 

many  Points  of  contrary  Flexure. 

But,  if  vou  would  know  whether  the  Part  of  the 
Curve  lying  between  any  two  adjacent  Points,  thus 
found,  be  convex  or  concave  towards  the  Axis ;  fee 
whether  the  Value  of  the  Expreflion  for  the  fecond 
Fluxion  of  the  Ordinate,  between  the  two  correfpond- 
ing  Roots,  be  pofitive  or  negative :  For,  in  the  former 
|-  Art.  s  Cafe,  the  Curve  is  convex,  and  in  the  latter- concave  f» 
ind48,  (provided  the  whale  Curve  lies  on  the  fame  Side  the 
Axis).  Thus,  in  the  Example  before  us  ;  becaufe  the 
fecond  Fluxion  of  the  Ordinate  is  always  as  60s— 1  \aax 
■\-baxx — #3  {=;« — #x  2u— x*$a — x  )  arid  it  appears 
that  the  Value  of  this  Expreflion,  while  x  is  left  than 
the  firft  Root  a,  will  be  pofitive ;  the  Curve,  there- 
fore, at  the  Beginning,  will  be  convex  to  its  Axis : 
But  when  x  becomes  greater  than  a,  the  faid  Expreflion 
being  negative,  the  Curve  will  then  be  concave,  and  fo 
continue,  'till  x  a  equal  to  the  fecond  Root  la ;  after 
which  the  Fluxion  again  becoming  affirmative,  the 
Curve  will  accordingly  be  convex  till  *  —  3c  ;  beyond 
which  Limit  the  Curvature  continually  tends  the  fame 
Way. 

But  it  will  be  proper  to  obferve,  that  there  are  Cafes 
where  the  fecond  Fluxion  of  the  Ordinate  may  become 
equal  to  Nothing,  without  either  changing  its  Value 
from  pofitive  to  negative,  or  the  contrary,  (fimilar  to 
tVfe  a!rra(ly  taken  Notice  of  in  Sttl.  II.  p.  45  and  46.) 
which  Cafes  always  happen  when  the  Equation  admits  of  . 
an  even  Number  of  equal  Roots  :  And  then  the  Point 
found  as  above  is  not  a  Point  of  Inflexion,  becaufe  the 
Curvature  on  either  Side  of  it  tends  the  lame  Way. 
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SECTION     V. 

The  TJfe  of  Fluxions  in  determining  the  Radii 
of  Curvature,  and  the  Evoiutes  of  Curves. 

68.  A  Curve  ^OH  is  faid  to  be  the  Evolutc  of  ano- 
f\_  ther  Curve  ARB,  when  it  is  of  fuch  a  Na- 
ture, that  a  Thread  ROH,  coinciding  therewith  (or 
wrapped  upon  the  fame)  being  unwound  or  difengaged 
from  it,  by  a  Power  ailing  at  the  End  R,  flial),  bj 
that  End  (the  Thread  continuing  tight)  defciibe  the 
given  Curve  ARB. 

Illustration. 

From  the  Point  O,  where  the  Right-line  RO  (called 

the  Radius  of  Curvature)  touches  the  Involute  />OH, 


let  the  Semi-circle  SRD  be  defcribed;  which  Semi- 
circle, having  the  fame  Radius  with  the  given  Curve, 
at  R,  will  confequently  have  the  fame  Degree  of  Cur- 
vature.   But  the  Curvature  in  two  Curves  is  the 

fame,  when,  the  Fluxions  of  their  Abfciifis  being  the 

feme,    both  the  Firft,   and  Second  Fluxions  of  their 

F  4  cor- 
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yt  Of  the  Radii  of  Curvature, 

correfponding  Ordinate:  R»  and  Rm  arc  refpeQiveljr 
equal  to  each  other :  For,  the  i  irft  Fluxions  being 
equal,  the  two  Curves  will  have,  at  the  common  Point 

•  Art.  48.  R,  one  ami  the  fame  Tangent  tRb  * :  And,  it  the  Se- 
cond Fluxions  be  likewife  equal,  the  Curvature,  or 
Deficit. mi  From  that  Tangent,  will  alio  be  the  fame  in 
both  ,  becaufc  thefc  la  ft  cxprefs  the  Incieafe  or  Decreafe 

f  Art.  19.  of  Motion  in  .the  Directi-m  of  the  Ordinate  +,  upon 

J  An.  48.  which  the  Curvature  intlrely  depends  1. 

This  being  prcmifed,  let  the  Abfcifta  Sm  of  the  Semi- 
circle (confiJtred  as  variable)  be  put  — tt',  its  Ordinate 
Rm=v,  Rr=w,  rb=-j,  and  Rfi—x  :  Then,  RA  be- 

An.4it.  ing  a  Tangent  to  the  Circle  at  R  J,  the  Triangles  RAi* 
and  ROm  will  be  equiangular,  and  therefore  •&  (Rr)  : 

%  (RA)  ;:  v  (Rm)  :  RO  =  —  j    which,    becaufc  the 

Radius  of  every  Circle  is  a  conftant  Quantity,  mull  be 

invariable,  and  consequently  its  Fluxion  — 4- —  =  o  : 

Whence  v  is  found  = — -.= — r  (becaufe,  w  being 
conQant,  and  «>*  +  *"*  =,  **»  wc  have,  in  Fluxions, 
2»i=2sii,  ard  fo  _  ■..=  — r\  Therefore  fince»  U=s 

il  /vi\  x1         i*4-w*' 

Z^-,we  alfo  get  SO=:RO  [^  j  =  :=^r  =  -=Z£~- 

Which  lafl  is  a  general  Exprefijon  for  the  Radius  of  any 
Circle,  whatever,  in  Terms  of  the  Fluxions  of  its  Ab- 
fcifla (w)  and  Ordinate  (v).  But,  by  what  is  prefriifed 
above,  thefe  Fluxions  are  refpeflively  equal  to  thofe  of 
the  Abfciliii  An  (x)  and  Ordinate  Rn  (y)  of  the  pro- 
poled  Curve  ARB.     Therefore,  by  writing  *,j,  andj, 

inflead  of  ■&;  i,  and  v,  we  have  ^-~ (  =-^_  J 

—*,   V  -*>/ 

for  the  general  Value  of  the  Radius  of  Curvature,  RO. 

* 


and  the  Evolute  of  Curves.  .  7^ 

The  Jam  tthirwtfe. 
If  the  Radius  of  the  Circle  be  put  =  R,  and.  every 
Thing  elf*  be  fuppofed  as  above ;  then  (by  the  Property 
of  the  Circle  we  flull  have  v1  (Rro1)  =  2Ra>  — w* 
(SmXDm) :  Whence,  in  Fluxions  (making  -u>  conflant) 
we  get  iv-v  —  2Ri*i — rlu^w,  and  Z'i'+zvi'  =  — 21I1'  : 

From  the  Jaft  of  which  Equations  v  is  found  =  - — :r— 

;= — — i  and  conlequcntly  RO  I  —  )  = — ™— HT-* 
tbt  famt  as  btfort. 

Otherwije  without  the  Circle. ' 
Let  RO  and  rO  be  two  Rays  perpendicular  to  the 
Curve,  indefinitely  near  10  each  other  j  and  from  their 
Interferon  O,  let  OF  be  drawn  parallel  to  An,  cut- 
ting R«  and  AF  (parallel  to  Rn)  in  E  and  F. 

Therefore,  fuppofing  RE=u,  An=jr%  Rw=:y.  i$c. 
'  (as  before)  we  ihall  have,  by  fimilar   Triangles,  as  RP 


(') :  Pj  fjrj  ::  RE  (v)  :  EO  =  -4 ;  and  confcquently 
FO  £As+EO)=*+^-:  Which  Value  (as  well  a 


that 
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that  of  AF}  continuing  the  fame  whether  we  regard  the 
Radius  RO,  or  the  Radius  rO,  its  Fluxion  muft  there- 
fore be  equal  to  Nothing  j  that  is,  i-f- ^ 

=o;    whence  v  :=  — — — ,    and  confequently  RO 

\*'  JX— Xf  JW — xy        jx—xj 


a  fuppofcd  conftant,  or  X  =:  o,  will  become  — - ,    as 
eltme. 

But  if  y  be  fuppofed  conftant,  it  will  be  jr.    And, 

if  x  be  conftant,  it  will  then  be  — :  For,  fince  **+/* 
=*%  by  taking  the  Fluxion  thereof,  we  have  li*  + 

affssoi  whence>== r;  and  therefore  RO.  (^ 

«J    \  «'        _      j&       _J*        ,. 

yx-xj)  -  £x    ^f+i*Xx  ~  *  5  "    *" 

*  J 

Now  from  the  feveral  Values  of  the  Radius  of  Cur- 
Tature  RO,  found  above,  the  correfponding  Values  of 
Arand  /O  will  likewife  be  given. 

Thus,  if  j  be  made  conftant ;  then,  RO  being  — 

~^,  we  (hall  have  At  (A»-|-0*= A»+ 1 X  RO)  = 

ar+^jT-,  and  *0  (Rm—TSLnzz—X  RO— R^)  =  — 
—j. 

But,  if  y  be  made  conftant,  then,  RO  being  =: — -, 

we  Dull  have  AE  —  x  +^r,  and  #0  ss~z — y. 
1  x '  y* 

Laftly, 
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Laftly,  if  k  be  ftippofed  conftant  ;  then  RO  bring 
—  -r-,  we  fliall  have  A*  ss  *+— ,  and  /O  3  — — -j. 
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Which  feveral  Exprefuons  will  ferve  as  fo  many  ge- 
neral Theorems  for  determining  the  Quantity  of  Cur- 
vature, and  the  Evolutes  of  given  Curves :  But,  before 
we  proceed  to  Examples,  it  will  be  proper  to  obferve, 
mat  the  Right-line  Ap,  denoting  the  Radius  of  Curva- 
ture at  the  Vertex  A  (to  be  found  by  making  *,  or  yt 
= o)  muft  always  be  fubftrafled  from  RO  and  Ae,  to 
have  the  true  Length  of  the  Arch  pO,  and  its  cor- 
refponding  AbfcilTa  ft. 

EXAMPLE      I. 
69.  Let  the  given  Curve  ARB  be  the  common  Parabola, 
whofe  Equation  is/  =  a1*1 :  Then  will y  =  \axiiT* 

— ,  and  (making  *  conftant)  j  = — IXfa1*** 

'   'i*5 


■d  by  Google 
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and  the  Radius  of  Curvature  RO  ( •—)  =li±l_  • 
Which  at  the  Vertex  A,  where  *=o,  will  be  ={ a  = 
Ap.  Moreover  At  (#'+  Z^  J  =  i"+3*.  and  there- 
fore ^r  (A*— A/)  =  3*,  the  Abfcifta  of  the  Evolute: 

Likewife  O*  \-^-—y)  =  -y-  the   Ordinate  of.  the 

Evolute.     Therefore,  U?xXa  being  in  a  conftant  Ratio 

-    to^*  ',     namely  as    16  to   27,  the  Curve  is,  in  this 

Cafe,    the  Semi-cubical   Parabola :    Whofe  Arch  ^O 

•  (RO— Ap)  is  alfo  given  =  —  —  U. 

EXAMPLE    II. 

70.  Let  the  Curve  ARB  denote,  a  Parabola  of  any 

other  Kind :  Then}  hecaufe  y  =  ax'  is  an  Equation  to 

all  Kinds  of  Parabolas,  we  have  y  =  ra*"~~ *i  and  y  = 

17  X  a— r  X  a**-1*"  :    Therefore  £  (y/x*+j*)  = 


ij  ,+*.;—',  RO  (*r)  ='+"v'   ZL. 

A,  (*  +  i£]  =  ,-'"f"'W",0,('~r) 
— y*  «— 1  V-— ^       * 

I  -f-  2n — ,  x  (m*a  n%a*c**~~ f 

■^       : — IT^T" — >  mid  A^  =  —  — -— — ■. 

— n — iXnax 

Which,  if  j»:=-J,  will  become  =  —  ;     but,    if  u   be 

greater  than  I,  it  will  be  =  o ;  and,  if  n  be  leis  than  \ , 
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it  will  be  infinite :  Whence  it  appears,  that  the  Radius 
of  Curvature  at  the  Vertex  will  be  a  finite  Quantity  in 
Curves  whole  firft  (or  lealt)  Ordinate*  are  in  the  Sub- 
du  plicate  Ratio  of  their  Abfciflks,  and  in  all  other  Cafes, 
either  Nothing,  or  Infinite, 

EXAMPLE      III. 

7 1 .  Suppofe  the  given  Curve  to  be  an  Ellipfis ;  whole 
Equation  (putting  a  and  ■:  fur  the  two  principal  Dia- 
meters) is  a1jp1=f1X**' — **■ 

Here,  by  taking  die  Firft  and  Second  Fluxions  of  the 
given  Equation,  we  have  Mljy'  =  (*xXa — 2x,  and 
wV-f"2«*jy=***X  — 2x  =  — ic***j   whence  j  = 

— ^r — ,  and  — y  —  — — —  :  Which,  by  fub- 
ftituting  the  Values  of  y  and  y,    will  become  ji  =: 


when  the  Diameters  a  and  c  arc  equal,  or  the  Ellipfis 
degenerates  to  a  Circle,  will  be  every  where  equal  to 

,  wr  \a ;  agreeable  to  the  Definition  of  a  Circle. 


* 
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EXAMPLE     IV. 

72.  To  find  tbt  Radius  if  Curvature,  end  tht  Evilute  tf 

the  common  Cydaid. 


Let  ARB  be  the  given  Curve,  and  AOH  its  Evolute ; 
■Up  let  Kb  and  OS  be  parallel  to  AC,  and  eO  and  R* 


R 

f, 

r/ 

A 
S 

m                 \ 

\ 

U 

H 


perpendicular  to  AC  j  and  put  ARB  (=2BC)  =  a, 
AR=K,  Aw=jr,  and  Rs=jr  :  Then  BR=«— • «,  Bfr 
=  ia — y,  and,  by  the  Property  of  the  Curve,  a* 
(ABl)  :  «»*  ( BR1 ) ::  f «  ( BC ) :  ia—y  (  BA ) 

laz — Z1  a 

whence  y  =  — ;  therefore  ,y  =  - 


(»•)  =- 


*S: 


—t  and  i=— 


Whence 


(making  i  conftant)  x  = 


a*s/2a% — a* 
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— -j— )-=.s/i*i3ir— **,  and  <Op 

=*J— 7)  =  — -j ;  which,  when  x  =  «, 

or  ROH  coincides  with  BH,  become  AOH  (BH)  =«, 
and  CH  (AG)  =fa.     Hence,  becaufe  it  appears  that, 

©'(i1)  :  AO*  (m*-z*J  ::AG  {\a)  :  AS 

f )  it  follows  that  the  Evolute  AOH  is  aho  a 

\      la      1 

Cycloid  equal,  and  fimilar,  to  the  Involute  ARB. 

If  the  Evolute  had  been  given,  or  fuppofed,  a  Cy- 
cloid, and  the  Involute  required,  the  l'rocefs  would  have 
been,  more  limple,  as  follows, 

Let  AH  (2AG)  =a,  AO  (=  RO)  =z,  AS  =  *, 
SO==r,  BR=w,  BA=w,  Rr=w,  Rt=™,  t$c.  Then 
it  will  bet»  tJ«-4« 

>  :  k  (j:  Om :  OR)  ::  Rr  (<w)  :  Rr  =  ^-p, 

'■:>  um  (RO):Om  =  ^, 
*  :  *  ;;  *  (RO) :  Rw  =  -p 
Whence  we  have  *  =  ^?,  Rji  (R»— AS)  =^--*» 

and  A»  (OS — Om)  =  y  —  -j ;   which  Exprenions  an- 

fwer  to  any  Curve  whatever.     . 
But,  in  the  Cafe  above  propofed,  AH*  («*)  :  AO* 

(z»)  ::  AG  (|a)  :  AS  (*) ;  therefore  x  =  ^,  i=  ^, 

and^  (v*** — *x)  = : i  ***&  confequently  R« 

(?-*)=:?~£=£  =i«~«  f«  CBr-BA): 


* 


So 
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Whence  alfo  w  :=  - 


= — -, — =-:  Therefore  it  will  be-v  '  <ui  (::  a  :  \/%a%o) 

t:  V^l*  J  x/w  i  that  is,  as  Rr  :  R( ::  V/BC  :  y/Hb; 
Which  is  a  known  Property  of  the  Cycloid. 

Hitherto  regard  has  been  had  to  Curves  where  the 
Ordinatcs  are  parallel  to  each  other :  But  when  the  Or- 
di nates  are  all  referred  to  a  given  Point,  as  in  Spirals, 
lie.  other  Theorems  will  become  neccJIary ;  and  may 
be  thus  derived. 

73.  Let  ARB  be  the  propofed  Curve,  P  the  Point, 

or  Center,  to  which  its  Ordinate*  arc  referred,,  NOL 

the     Evolute, 


Doled  by  a  and  p  refpeclively. 
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and  the  involute  of  Curves. 

Therefore,  the  Celerities,  of'any  two  Points,  in  a 
Right-line  revolving  about  a  Center,  being  as  the  DtT- 
tanres  from  that  Center,  it  follows  that  /  :  i  ::  OH  ■ 
OR  j  whence  by  Divifion  (putting  RH  =v)  we  hate 
.  vi  vpi 


8i 


»(RH)  :ro=^-.= 


pi—pj, 


:  Bat  pi 


=y)  (h  -**■  60.)  and  therefore  RO   =       ~-  ■ 


which,  becaufe.,'- fi  i,  =»•  (and  therefore jj—tt= 
«»)  will  alio  be  =  2?=?-. 


The  fame  ntherwift. 
.  Let  SRD  be  a  Circle  defcribed  about  the  Point  O, 
as  a  Center,  and  fuppofc  the  Diftance  PR  to  be  variable 
by  the  Motion 

of  the  Point  R  -- 

along  the  Arch 
of  the  Circle 
(inftead  of  the 
Curve):  Then, 
drawing  OP, 
and  putting  OR 
=r,PR=y,a,. 
as  before,  we 
Itball  get  OP'  ' 
(OR-+  PR--aOR  X  RH)  =  r'+,--ln  .,  „hich 
(as  well  as  r)  being  a  content  Quantity,  it.  Fluxion 
2jj—  m,  mull  be  equal  to  nothing ,  and  therefore  r  = 

•J-,  the  very  fame  as  above.     Nor  is  it  of  any  Con. 
fequence  whether  >  and  i  be  here  looked  upon  as  refpecr 
m  «*  Circle,  or  the  Cutve  s  f.nce,  at  R,  they  mu«  be 
the  famem  both  Cafes;  otherwife  the  Curvature  could 
not  be  the  fame  •.    Now  from  the  Value  of  R  O  thus  •  A«  6. 
found,  which  (cortrfbd,  when  necefliry)  wiil  alfo  „.    *"' M' 
pref.  the  Length  of  the  Arch  NO  of  the  K.uluiet  I»it  si 
the  Ordinate  PO  and  the  Tangent  OH  of  the  Evokjie 
G  may 


F 
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may  be  eaGly  deduced.     For  OH  (RO-RH)  =^- 

—*=•££,  and  PO (=>/OH»+PH'j=^v/>t+^' ' 
whence  the  Nature  of  the  Evolute  is  known. 
EXAMPLE    I. 

74.  Let  the  given  Curve  AR  be  the  logarithmic 
Spiral,  whofc  Nature  is  fuch,  that  the  Angle  PRQ_  (or 
RPH)  which  the  Ordinate  makes  with  the  Curve  is 
every  where  the  fame. 

Then  (denoting  the  Sine  of  that  Angle  by  t,  and 

the  Radius  of  the  Tables  by  a)   we  have  RH  (v)  =— 

and  therefore  RO  (Q\  =^- =~  ;   which  being 

to  PR  (/}'  in  the  conftant  Ratio  of  a  to  A,  or  of  PR  to 
RH,.the  Triangles  ROP  and  RPH  muft  therefore  be 
fimihr,  and  fo  the  Angle  POH,  which  the  Ordinate 
PO  makes  with  the  Evolute,  being  every  where  equal 
to  PRQ,  will  lilcewife  be  invariable.  Whence  it  ap- 
pears that  the  Evolute  is  alfo  a  logarithmic  Spiral, 
fimilar  to  the  Involute ;  and  that  a  Right-line  drawn 
from  the  Center,  perpendicular  to  the  Ordinate,  of  any 
logarithmic  Spiral,  will  pafs  thro*  the  Centre  of  Cur- 
vature. 

EXAMPLE      IL 

75.  Let  the  Curve  propofed  be  the  Spiral  of  Archimedes  j 
by  .« 

where  we  have  P  =  '  y       ■  \    and  v  =  — ,.-■ 

vW  vV  +  *' 

(fee  Art.6l.)     Therefore  v  =  2jpi X y"+P> "  *-f-  jy  X 


D,gi1  zed  by  GOOgle 


dnd  the  E-volute  of  Curves,  83 

.       =  ,  J  whence  the  Radius  of 

*  Curvature  —  is  here  =   ;  ,  '     ■ ;  which  being  —  —  ( Aw.  75. 

wheny—o,  the  Arch  of  the  E volute  f,  reckoned  from  Ait.  68. 

the  Vertex,  is  therefore  =  ?  +  **    —  1. 

After  the  very  fame  Manner  you  may  proceed  in  other 

Cafes :  But  if  die  Value  of  v    (or  —  J  changes,  in  any 

Cafe,  from  Pofitive  to  Negative,  the  Radius  of  Cur- 
vature (RO)  after  becoming  infinite,  will  tall  on  the 
other  Side  of  the  Tangent,  and  the  correfponding  Point 
of  the  Curve,  when  *=o,  will  be  a  Point  of  Contrary- 
Fltxitrt.  Whence  it  may  be  obferved  that  the  Point 
of  InfleQion,  in  a  Curve  whole  Ordinates  are  referred 
to  a  Center,  may  be  found  by  malting  the  Fluxion  of 
the  Perpendicular,  drawn  from  the  Center  to  the  Tan- 
gent, equal  to  Nothing,  which  Cafe  is  not  taken  Notice 
of  in  the  preceding  Sefiion. 


* 
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SECTION     VI. 

Of  the  Irtverfe  Method,  or  the  Manner  of  de- 
termining the  Fluents  of  given  Fluxions. 

76.  TN  the  Invtrfi  Method)  which  teaches  tbe  Man- 
J_  ner  of  finding  the  refpective  flowing  Quanti- 
ties of  given  Fluxions,  there  will  be  no  great  Difficulty 
in  conceiving  the  Realbns,  if  what  is  already  delivered 
in  Stit.  I.  an  tbe  direB  Method,  has  been  duly  con- 
fidered  :  Though  the  Difficulties  that  occur  in  this  Part, 
upon  another  Account,  are  indeed  vaftly  fuperior. 

It  is  an  cafy  Matter,  or  not  impoffible  at  moft,  to 
find  the  Fluxion  of  any  flowing  Quantity  whatever  j 
but  in  the  Imierji  Method  the  Cafe  is  quite  different : 
For,  as  there  is  no  Method  for  deducing  the  Fluent 
from  the  Fluxion  a  priori,  by  a  direct  Inveftigation,  fb 
it  is  impoffible  to  by  down  Rules  for  any  other  Form* 
of  Fluxions,  than  thofe  particular  ones  which  we  know, 
from  the  direct  Method,  belong  to  fuch  and  fucb  kinds  of 
flowing  Quantities.  Thus,  for  Example,  tbeFluent  of  t.xx 
is  known  to  be  #*,  becaufe  it  is  found  in  Art.  6.  and  14. 
that  ixx  is  the  Fluxion  of  **:  But  the  Fluent  of  yi  is 
unknown,  fince  no  Expreffion  has  been  difcovered  that 
produces  yi  for  its  Fluxion. 

77.  Now,  as  the  principal  Rule  in  the  direB  Method 
is  that  for  the  Fluxions  of  Powers,  derived  in  Art.  8. 

(where  it  is  proved  that  the  Fluxion  of  *"  is,  univer- 
fally,  cxpreflid  by  wj"- *i)  ;  fo  the  moft  general 
Rule,  that  can  be  given  in  the  Inverfe  Method,  mult 
be  that  arifing  from  the  converfe  thereof;  which  Jhewi 
haw  to  ajftgn  the  Fluent  of  any  Power  of  a  variable 
Quantity  drawn  into  the  Fluxion  of  the  Root  j  and  which, 
exprcfTed  in  Words,  will  be  as  follows. 

Divide  by  the  Fluxion  of  the  Root,  add  Unity  to  the 
Exponent  of  tbe  Power,  and  divide  by  the  Exponent  fo 


inereafed. 


For, 

y,  Google 
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For,  dividing  the  Fluxion  n*  £  by  *  (the  Fluxion 
of  the  Root  x)  it  becomes  nx  -,  and,  adding  1  to 
theExponent  (a — 1)  we  haves*";  which,  divided  by 

■,  gives  *"  ,  the  true  Fluent  of  «r**"\*,  by  Art.  $. 
Hence  (by  the  fame  Rule)  the 
Fluent  of  3***  will  be  —  x3 ; 

That  of  8x*i  =  — -  j 


That  of  »*j=J/*i 
That  of  eyijTs^i 

•"     — -i-*       lit; 

TjMt  of  7\r  =  - 5Ll ; 


That  of  — ,  or  axx~"     =  ™ ( 

That  of  ^P^'x*  —  iifSll, 


mXa+i 

For  A*r*  the  Root,  or  the  Quantity  under  the  general 
Index  »,  being  a  -\-%  ,  and  its  Fluxion  srmz*-1* 
(y/rt.  14.)   we  fhall,  by  dividing  by  the  laft  of  thefe 


Quantities,  have- 


G  3  Index 

iigilzedt 
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Index  by  Unity,  and  dividing  by  («+i)   the  Index  fo 


increafed,  there  comes  out ~..",     — 

mXn+i 
After  the  very  fame  Manner  the  Fluents  of  other 
Exprefuons  may  be  deduced,  when  the  Quantity, 
or  Mu  iti  plica  tor,  without  the  Vinculum  is  either 
equal,  or  in  a  con  flam  Ratio,  to  the  Fluxion  of  the 
Quantity  under  the  Vinculum  ;   As  in  the  Expreffion 

a-J-fz* '  X  rfa  * ;  where  the  Number  of  Dimenfions 
of  x  under  the  Vinculum  (or  general  Index)  being  equal 
t»  thofe  of  x  without  the  Vinculum  +  I,  the  Fluent 
may  therefore  be  had,  as  in  the  preceding  Examples ; 


.     And,  that  this  {or 

afXm+t 

any  other  Expreffion  derived  in  like  Manner)  is  the  true 
Fluent  will  evidently  appear,  by  fuppofing  *  equal  to 

tf-f-ix"  the  Quantity  under  the  Vinculum;    for  then 
(equal  Quantities  having  equal   Fluxions)   x  will  be 

and  confequently  *+«t     X rfx""-1* 

whole  Fluent  is  therefore 


,  as  hfirt. 


78.  In  afligntng  the  Fluents  of  given  Fluxions  there 
is  another  Particular  that  ought  to  be  attended  to,  not 
yet  taken  notice  of ;  and  that  is,  whether  the  flowing 
Quantity,  found  by  the  common  Rule,  above  deli- 
vered, dots  not  require  the  Addition  or  Subtraction  of 
forne  conflant  Quantity  to  render  it  complete.  This 
indeed 
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Weed  on,  only,  be  known  from  the  Nature  of  the 
Problem  under  Consideration ;  but  that  fuili  an  Addi- 
tion or  Subtraction  may,  in  fome  Cafes,  become  ne- 
eeflary  is  evident  from  the  Subject  itfelf ;  fince  a  flow- 
ing Quantity  increafed,  or  decreafed,  by  a  conftant 
Quantity,  has  ftiil  the  <ame  Fluxion  j  and  therefore  the 
Fluent  ot  that  Fluxion  is  as  properly  exprefied  by  the 
whole  compound  Expreflion,  as  by  the  variable  Part  of 

it,  alone:  Thus,  for  Instance,  the  Fluent  of  nx      xxatiy 

be  either  reprefented  by  x  orby/  d=  a,  becaufe  {a  being 

conftant)  the  Fluxion  of  x*  ^=a,  as  well  as  of  x* ,  is 


79.  Hence  it  appears  that  it  is  the  variable  Part  of 
a  Fluent  only  which  is  aflignable  by  the  common  Me- 
thod j  the  conftant  Pait  (when  fuch  becomes  necefTary) 
being  to  be  afcertained  from  the  particular  Nature  of 
the  Problem.  Now  to  do  this,  the  belt  Way  is  to  con- 
sider how  much  the  variable  Part  of  the  Fluent,  h'rft 
found,  differs  from  the  Truth,  in  that  particular  Cir- 
tumftance  when  the  required  Quantity  which  the  whole 
Fluent  ought  to  exprefs,  is  equal  to  Nothing ;  then 
that  Difference,  added  to,  or  fubtracted  from,  the  faid 
variable  Part,  as  occafion  requires,  will  give  the  Fluent 
truly  corrected :  For,  fincc  the  Difference  of  two  Quan- 
tities flov.  ing  with  the  fame  Celerity  (or  having  equal 
Fluxions)  js  either,  Nothing  at  all,  or  amflentlj  the 
fame,  the  Difference  in  that  Circumftance  will  like- 
wife  be  the  Difference  in  all  other  Circum fiances  :  And 
therefore  being  added  to  the  lefler  Quantity,  or  fub- 
tra£)ed  from  the  greater,  both  become  equal. 

80.  To  render  what  is  above  delivered  as  familiar  as 
may  be,  I  (ha!)  put  down  a  few  Examples ;  in  which 
the  variable  Quantities  reprefented  by  x  and  y  are  fup- 
pofed  to  begin  their  Exiftence  together,  or  to  be  gene- 
rated, at  the  lame  time, 

G  4  '.  Let 
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I.  Let.r"  =  tf1xij  then  the  Fluent,  found  as  ufual, 

will  bey  = i  where  taking  y  =  o,    alfova- 

nifljes,  (becaufe  then  *=o  by  Hypothefis) :   Therefore 
the  Fluent  requires  no  Correction  in  this  Cafe. 

fl.  Let>  =  «4J    X  x :  Here  we  firfl  have  y  = 

—  *'... ;  but  when  y=o,  then  ^IE —   becomes  =  — 

4  4  4 

(  fince   x   by    Hypothefis    is    then  =  o  : )    Therefore 

— ?*-  always  exceeds  y  by  — ;   and  fo  the  Fluent  pro- 

4  4 

perly  corrected  will  it  y=.  aTx   ~~a  =«'  *-| — 2£lf! 
4  i 

x* 

But  the  very  fame  Fluent  may  be  otherwife  found, 
without  needing  any  Correction :  For  the  given  Equa- 
tion \j  =  a+x'  Xx),  by  expanding  a+x*  ,  is  tranf- 
formed  toy^fi^-^-^xx+yx^x+x^  j  whence  y=z 

a3x-\-  — - —  -fiwr'-f-  — ;  the  fame  as  above. 
2  "4 

Hence  it  appears  that  the  Fluent  of  an  F.xpreffion, 
found  according  to  one  Form,  may  require  a  very 
different  Correction  from  the  Fluent  of  the  fame  Fluxion 
found  according  to  another  Form. 


3.     Let   y  —  a1 — x"  Xxx;     then,     firft,  7  = — 

f —  ^—   j    where  taking  y=0,  — becomes 

3  3  , 
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=  —  —  ;   therefore  —  tJZ?—  is  too  little  by  —  j 
3  3  3 

and    fo   the  Fluent    corrected   will    be    y  = . 

4.  Let^=a  +*     X*"-  V;  Here  we  firft  bave/= 


»X»+i 


Equation  becomes — ;    whence  thp 

mXn+i       v>X"+i 
Equation,  or  Fluent,  truly  corrected  is  y  = 


mXx+i 


z — 7r 

$.   Laftly,    let  j  =  a  +  bx    -\-ex     X 


mix       i+nf**- *  x  j  then,  in  the  firft  Place, we  havey= 

„ -,   .Y4" 

-X — 'c*  ;  which  corrected,  as  above,  becomes 

t+i 

_.+*»-+,/      -.»»'         ' 

'  = 1+. • 

8 1*  Hitherto  x  and  y  are  both  fuppofed  equal  to  Nothing 
at  the  lame  time  ;  but  tbat  will  not  always  be  the  Cafe 
in  the  Solution  of  Problems.  Thus,  for  Inftancej 
though  the  Sine  and  Tangent  of  an  Arch  are  both  equal 
to  nothing  when  the  Arch  itlelf  is  equal  to  Nothing,  yet 
the 

D,g*«iby' 
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the  Secant  is  then  equal  to  the  Radius.:  It  will  be  proper 
therefore  to  add  an  Example  or  two  wherein  the  Value 
of/  is  equal  to  Nothing,  when  that  of  x  ia  equal  to  an; 
given  Quantity  a. 

Let,  then,   the  Equation  >=***  be  firft  propofed  ; 


7=0,  then  — ■  =  —,    by  Hypothecs ;     therefore    the 

**— a' 
Fluent,  corrected,  isjr= — —  . 

Again,   let  the  propofed  Equation  be  j  —  —  /ij 


n+t 
Laftly,    let  j  =  P+l'x*    Xxxi    then,   firft,    j  js 

— ' ;  and.  when  j  =  o  and  *  =  u,  — !— —    be* 

3*  .3* 

coma  =  —"*","  .   ;  therefore  the  Fluent  correfted  i* 
3* 

82.  All  (he  Examples  hitherto  given  relate  to  fuch 
Fluxions  as  involve  one  variable  Quantity  only  in  each 
Term,  whofe  Fluents  are  affignable  from  the  Converfe 
of  the  firft  General  Rule,  iitStifionl.  But,  befides  thefe, 
various  other  Forma  of  Fluxions  may  be  propofed,  in- 
volving two  or  more  variable  Quantities,  whole  Fluents 
may  alio  be  found  by  Help  of  the  other  two  General 
Aula  delivered  in  the  fame  Section. 

4  Thus 
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Tbu«  the  Fluent  of  jw+*r  »  exprefled  by  xy  * ;  that  •  Ait  10. 
©f^ — ~  by —  t  i  th»'  of  tfi+jfj-f-j**  by  «*+*?  J ;  +  Art  i3. 

J  J  X  Art.  jo. 

"by 

mXy  *—"*         .   p^  dividing  (in  the laft  Cafe)  by 

the  Fluxion  of  the  Root  3  *— ax     ,    which   (by  Art.  Tl' 

14  and  15)  »  «*y      S  +>  * — na*       *»wefirfthave 

r_ 

j  x — ex  ;  whence,  adding  Unity  to  the  Exponent 
— ,  and  dividing  by  the  Exponent  fo  increafed,  we  get 

_£*> '*?•■ 

/*-"''-     —"Xy*—*  for  the  tree  Flu- 

ent  of  the  Quantity  propofed.  But  it  feldom  happens 
that  thefe  Kinds  of  Fluxion*  which  involve  two  dif- 
ferent variable  Quantities  in  one  Term,  and  yet  admit 
of  known,  or  perfect,  Fluents,  are  to  be  met  with  in 
Practice ;  I  fliall  therefore  take  no  further  Notice  of 
them  in  this  Place  (but  refer  the  Reader  to  the  fecond 
Part  of  the  Work)  my  Defign  here  bejng  to  infill  only 
upon  what  is  moil  general  and  ufeful  in  the  Subject ; 
which  brings  me  to,  further,  confider  thofe  Forms  of 
Fluxions,  involving  one  variable  Quantity  only,  that 
frequently  occur  in  the  Solution  of  Problems,  whofc 
Fluents  may  (after  proper  Transformation)  be  found, 
by  the  Rule  already  delivered  in  Art.  77.  « 

83.  It      ' 


* 
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83.  It  has  been  already  hinted,  that  if  a  Fluxion  of 

the  Binomial  Kind,  as  a-\-c%.    Xdz       i,  has  the  In- 
dex (n—rf   of  the  variable  Quantity  (2)  without  the 
,  Vinculum  -[■  1 ,  equal  to  (n)  the  Index  of  the  fame  Quan- 

tity under  the  Finmlttm,  the  Fluent  thereof  may  be  then 
truly  found  by  the  forementioncd  Rule.  But  the  fame 
Observation  may  be  farther  extended  to  tbofe  Cafet 
where  the  Index  without  the  Vinculum  incriafed  by  Unity 
is  equal  to  any  Multiple  ef  that  under  the  Vinculum  ;  as 

in  the  Exprcffions,  a+cz    Xdz       e,  e+cx    X 

th?""**,  a  +  at'  X  d**~\  ttc.  Whole  Fluents  are 
thus  determined. 

Put  a  +cx"  =#,  then  will  **  = ,  and  nz~~*  = 

•  Art.*.    =  — *  i   and  therefore  a"-1  *=■*"""*    X  — - -  = 


;    whence  by   Subflitution  wc  get  a  +  cz.     X 

„_  'vjvT  — ;  ■+*.  ". 

j^1*-1   - x  XdXxx — ax  ,  „  *       x — ax  x   . 

dz  x=z - =  J  X  : 

acx  iu1 

Whofe   Fluent    (by  Art.  77)    is  therefore  =-X 


-— ;  which,  by  reftoring  die  Value  of  x, 

w+2       m-\-i 


a+cz        aXa-\-cx  ' 


m+2  m+i 
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»+2       m+2Xm+l ;  the  true  Fluent  of  a+« 

Again ;  for  the  Fluent  of  o+cx     X^s        «>  he- 
cuue  z*—I  *  —  ~zU  and  a"  =  — — ,  we  have  a.3"""1* 


K*~ )-? 


Whence,  «+«"  being  =  *",  wc  get  n+re     X 


*     i  —  iax      x  +  alx  x;  whofe  Fluent  is  there- 

-1        "      -»          ~"*7 
_  tf  * afl*  <r*  

^T  X   ifi      »<+2       +   ">+I        — 
«+i 

*      '         *!_  2flX    t      g*    —  ^Xa+fat         y 

•'■"        ""*      + ifl    __  . 

■i+3_  »+lX»+I        «,+3X»i+sX».+i 


IW- 


*pi:7«l 
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Unhrr/ally,  let  r  denote  any  whole  pofitive  Number 

whatever,  and  let  the  Fluent  of  a+ra*  Xife'*—**  be 
Hitting  a+m  =*, "  ar 
ipoled  Fluxion  is  tra 

which,  expanding* 


required  ;    then,  fay  putting  a+cz  =*, "  and  proceed- 
ing as  above,  our  propofed  Fluxion  is  transformed  to 


[by  the  Binomial  Theorem)    becomes  —  x 


r     .     x—r—  tXax         jr+r — i  X xa*x        i 

2 

d  7^ 

lie.     whofe    Fluent  is   therefore    =  —  x  — — -  — 
nr      *+r 

m+r—  I        "*"  2Xm4-r— 2 

m*  X*+r         *•+*—•  2Xj£+m 

Where,  r  being  a  whole  pofitive  Number,  die  MuJ* 
tiplicators  1,  r — i,  r — i*r — 2,  r—ixr — aXr — 3,c*V« 
will  therefore  become  equal  to  Nothing,  after  the  r  firtr 
terms ;  and  fo,  the  Series  terminating,  the  Fluent  itfetf 
will  be  truly  exhibited  in  that  Number  of  Terms :  Ex- 
cept when  ffl-f-r  is  likewife  a  whole  pofitive  Number, 
lefs  than  r  ;  in  which  Circumftance  the  Oivifors  ffi+r, 
m+r— I,  m-f-r — 2,  tifr.  becoming  equal  to  Nothing, 
before  the  Mul tiplicators,  the  correfponding  Terms  of 
the  Series  will  be  infinite.  And  in  that  Cafe  the  Fluent 
is  faid  to  fail,  fince  Nothing  can  then  be  determined 
from  it. 

83.  Be- 
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84.  Betides  the  foregoing,  there  is  another  Way  of 

deriving  die  Fluent  of  «+«*     X  dx       i,  in  Terms 
of  the  original  flowing  Quantity  x  -,  which  will  afford  a 
Theorem  more  commodious  for  Practice  than  that  above 
given:  The  Method  of  Investigation  is  thus. 
■H 

Let  JxJ+e?  X  Aaf +  Baf+C/*"  +  Die"* 
fc*,r.  (where  jt,  w.  A,  B,  C,  ESV.  denote  unknown,  but 
determinate,  Quantities)  be  aflumed  for  the  Fluent 
fought :  Then  by  taking  the  Fluxion  of  the  Quantity  fa 
atTumed  wx  (hall  have 


dcHXm+iXjT'iXe+ez'   XA*  +b/""+Gi        + 


Dte        eft.  -HXa+<»        XgA«_     «  +  p  —  v  X 
ft/"" *~ti+J^2vXCz  k  tSc  which  being  put  * 

equal  to  the  given  Fluxion*  «+«     Xdz        x,  and 

the  whole  Equation  divided  by  fl-fenc     Xdx~  z,  there 


il^Xs"XA*N-B^+C3rw+D*>-J"  fife  ] 


•\tttXm- 

+*+«  > 

Whence,    by  collecting  the  Coefficients  of  the  like 

Powers  of  z,  we  have 

-toS*        +  -¥p-^>i  ^xp-ivi  Wf.(-o 

Where,  comparing  p-\-n  and  ra,  the  two  greateft  Ex- 
ponents of  z,  v/cfindp—rn — *=;r—  iX*>  and  by  com- 
paring the  two  next  inferior  Exponents p-\-n~vtaoA  p, we 
likewife 


D#!?«lby        OO^Ic 
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likewife  get  v=n ;  which  Values  being  fubfiiluted  above, 
our  Equation  i>  reduced  to 

ix+i  XneAz'+m+r — I  X  n&x. 


'■  +       r — iXnaA-z 


+r— 2X«flBai  We. ) 


Where,  putting  m-f-r— j,  and  comparing  the  Coeffi- 
cients of  the  homologous  Terms  *,   we  have  A  ~ - 

i     R—       r — lXflA_  r— iXa  _ 

"*  7^Ix<:  ~~  iXi^iXk*'  ~~ 

f^- 2XaB    _      r— iXr— 2Xa1  _r---}XgC 

i^Xe    ""  iXl^iX^zXiuf      ~         i—3Xc 


jXj—  iXr—  2X1— 3X«* 
which  Values,  with  thofe  of  p  and  v ,  being  fubftituted 

mft 

in  the  aflumed  Fluent,  it  becomes   dxa+rz.        x 

a™-*         ^ixa**~ **       r— I  X  r^— aX  a'g 


iXf— iX»«»  *Xj— iXj— 2X»c» 


j  Xa-j-fz  K  r — 1 X  ox 


jzrjxP^x^        ^c'    the  truc  FIucnt  of 

«+«  X</z  *,  which  was  to  be  determined: 
Which  Fluent  therefore,  when  r  is  a  whole  pofitive 
Number,  will  always  terminate  in  as  many  Terms  as 
areexpreffisd  by  ihat  Number;  except  in  that  particular 
Cafe,  fpeaficd  in  the  hit  Article.     Thus,  if  r=2,  or 

•  VM.  f.  l8l   #/■  my  TriMtifi  of  Algebra.  '■ 
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the  given  Fluxion  be  a-\-c%.    Xdz.        k  ;    then,    t 
(«-f  r)  being-.=m-f-2,  the  Fluent  itfelf  will  become 

; ,*+«  -j - — a*« 

rfXg+«     „.!_= =£^±^_    x 

— _: — i  ■=_=  j  which  Is  exafity  the  fame  with 

M+2.  M+2X/B+I 

the  firft  of  tbofe  found  in  Art.  83.  by  A  different  Method. 

Tbe  like  Agreement  will  Kkewife  be  found*  when  r 
Is™  3:  But  when  r,  either  denotes  a  broken,  or  A 
negative,  Number,  the  Series  for  the  Fluent  will  then 
run  on  to  Infinity ;  becaufe  no  one  of  the  Multipltcators 
r — i,  r — n  r — 3,  f— =4,  &c.  can  in  that  Cafe  be 
equal  to  Nothing! 

85.  The  foregoing  Fluent,  it  may  be  oWerved,  was 

%*ft  ~7^       r*» 

found  by  afluming  dxa+tz       xAsr+Bz      +  Ca 
faff,  and   comparing  the  two  gteateft  Exponent!,    of 
the  Equation   thence  rclulting :    But    if,    inilead    of 

A x+  B»      +  Gf**&n  anafeendingSeries,  as  A*' + 


n'nually  increafe)  be  taken*  and  the  two  lead  Indices 
of  x  in  the  Equation  (in  like  Manner  rclulting)  be 
compared  together,  the  fame  Fluent  will  be  had  ac- 
cording to  a  different  Form,  which  will  be  of  good  Ufe 
b  many  Cafes,  when  the  foregoing  fails,  or  runs  out  into 
an  Infinite  Series. 

Thus,  if  p+v,  £-f-2Wj  He.  be  wrote  iri  the  Room 
of  p — v,  p — 7.v,  tic.  refpe&ivcly,  in  the  firft  Equation 
of  the  laft  Article.*  it  will  appear  that 
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Which  Equation  may  be  reduced  to 
^A^+J+^XaB/^+f+^XaC^"  Ut.  £_ 

Where,  by  comparing  the  two  lead  Exponents,  lie.  p 
will  be    found   r=  rn,  v=n;  A  5=  —  =  ^i  B= 

^1-nXw^XfA  _  _  r+w+iXwA  _ 
p+vXa  r+iXiw 

r+»+iX<  ,    (;  _  _  l+»+»X)n+lXrB  _  _ 
•  rXr+lXna*  p+lvXa 

r+m+lXntB  _  r+gr^-iXr+w+aXf* 

r+2Xra        '      rXr+tXr+aXm"         ''         ' 
Therefore,  denoting  r-\-m  by  j  (as  above)  the  Fluent  of 

«+«      X  d™~  i.,  will  (0^6)  be  truly  reprefented  by 

*H  ~  -r—  ~    ™+« 
;         V     "       —      •+iXn 


rXr+lXno* 


rXr-fciX»'+2X~>  ^m 


l+'Xn*,  r+rXr+aXr's" 
* '       r+Tx«  +    r+TXr+Jx"?"  "*• 
Which  Series   will  terminate  when  1  (or  r+m)  h  • 
•hole  negative  Number  i  and  therefore  in  all  filch  Cafes 


Dioii^b/  Google 
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the  Fluent  is  exa&ly  determined  j  provided  r  be  sot 
alfo   a  negative  Integer  Jeft  than  r  j  for  in  this  parti- 
cular Circumfrance  the  Fluent  fails,  tbeDivifor'firtt  be-    ■ 
coming  equal  to  Nothing.     Fid.  Art.  83. 

The  Ufe  of  the  two  foregoing  general  Expreffiont, 

for  the  Fluent  of  a-]-cz  X  dx  *,  will  appear 
from  the  following  Examples. 

EXAMPLE    I. 

bxi 
86.  Lit  it  bo  rtquirtd  to  find  tbt  Flutnt  of 1  ,   01 

-i 
«+*      Xhi* 

By   comparing  the   Fluxion    here    propofed    with 

«-f-rz  Xdz  £t  we  have  u=a,  «si,  2=*,  m~i, 
«= — i,  </=£,  rs— I  (or  r — f)  =1 ;  whencer=2, 
and  s  (r-f-jji)  =  J  ;  whereof  the  former  being  a  whole 

pofititrc  Number, let thefeValues  be  therefore fubltituted  in 


r—jXr— aX*1.  Vc  \  (he  S[|l  rf  fc 

»— lX<— 2X('  / 

neral  Expreffions  for  the  Fluent,  and  it  will  become 

txZpF               a        ixTfyxl*  —  4» 
__x,__  = -  ,    &. 

Quantity  fought  in  thit  Cafe. 

Ha  EX- 


Tftlredhy 


ipo  The  Manner  cfjnJiog  Ftofcim; 


EXAMPLE     U. 
to* 


87.  Lttlht  Fhutin  prtpifid  he  - 


"rrpr-is,  j^i 

a+fx         A  **        *■ 

Here,  by  proceeding  as  above,  we  have  a— a,  r=f, 
k=*,  n— «,  m=s  —  f ,  d^e.b,  r=3,  and  (  (r-f-m)  => 
4;  Whence,    by  fubitituting   thefe  feveral  Values   in 

Jf 

die  fame  general  Expreffion,  we  get  **«+A  ,     X 
i*f 

**     2a*      1       ***         _    *X«+A         v 

6/V«— %a  fx*  + 1  h*1 
*5 

EXAMPLE   ttr. 

88.  Wherein  the  Quantity  pmptfti  is  -TV* +/    f  0f 

Here  we  have  a=£%  esst,  x~y,   n~2t   «=£, 

— 6+i\ 
rf=l,ra — i(orzr*— 1)  = — 6jwhencer(ae; — - — 1 

i"-l  j  whereof  the  .Ut- 
ter being  a  whole  Negative  Number,  let  the  leveral 
Values   here    exhibited    be    therefore   fubftituted  in 

2  «4* 
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/ ,  . „ 

I  *+a        X*"v.— i+j*£-|.  '+'><+2X.'!. 

f*..)  the  latter  of  the  wo  general  Exprefliooj  above 

derived,   and  it  will  become  ^+7*    X  '"*  x 

I —      lX**  _  f'-r?''  X  2/ — ™* 

— IXj-  —  ijf./. — *  i  Ike  true  Fluent 

required, 

EXAMPLE     IV. 
to.  U/Hy,  In  O,  gkm  fliaitn  b,  a— ft  X 

Then,  a  beings*,  <is_ /,  wt=\ti=zu  r=-£, 

_•_. _» 
ind  the  reft  as  in  the  general  Fluxion  «+rc"    x 

*        **  we  fell,    by  fiibfliruting  in  the  fecond 
*onn   (becaufc  i  i,  here  equal  to  (-3)  a  whole  ne- 

eaiveNHmber)  have  #~^t'1  X*  *\~~ 


—  la 


90.  Having  infilled  largely  on  the  Manner  of  finding 
tacb  Fluents  a*  can  be  truly  exhibited  in  Algebraic 
Terms ;  it  remains  now  to  fav  Cnmethina  nrfrh  regard 

to 


wucriucnH  as    can    ne    truly  exhibited  in  Algebraic 

Tenns ;  it  remains  now  to  fay  fomething  with  regard 

H  3 
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to  thofe  other  Forms  of  Expreffions,  involving  one  v** 
'  riablc  Quantl. .  only,  which,  yrr,  arc  lb  affected  by 
compound  Divilbrs  and  radical  Qua"™",  <f  *=f 
Fluents  cannot  bo  atamilj  determined  by  any  Method 
whalfcever  ■,  of  which  there  are  innumerable  Kinds: 
But  there  is  one  general  Method  whereby  the  Fluents 
of  filch  Expreffion,  are  approximated,  to  any  affigned 
Degree  of  Exaanefs ;  namely,  the  Method  of  InfinM 
Stria ;  which  it  will,  therefore,  bo  neceilkry  to  ex- 
plain i  fo.far  as  relates  to  the  Manner  of  expounding 
the  Y«luc  °f  "°f  c»n,P°'""'  F™*0»'  °r  fu»d  "J"11" 
thy,  by  Help  of  fuch  a  Seriea. 

EXAMPLE     I. 

•i.  Lit,  thm,  titiraSm~it,  fit,  Z™*i  ** 
tmltrttd  into  an  Infinite  Stritt. 

Divide  the  Numerator  ax  by  the  Denominator  a—*, 
a*  is  taught  in  Compound  Djyifion  of  common  Algebra; 
then  the  Operation  will  Hand  aa  follows ; 


a 

Xs 

X* 

+ 

X* 

a1 
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*i      *>      ** 

Where  the  Quotient,  or  Series  *+  —  +  ~!  +  7?  + 
-T-  +  —  tfr.  infinitely  continued,  is  taken  to  expound 

the  Value  of  the  propofed  Fraction  — -~ . 

92.  But,  though  the  Series  thus  ariling  ought  to  be 
carry'd  on  to  an  Infinity  of  Terms,  to  have  the  true 
Value  of  the  Quantity  firft  propofed }  or,  though  the 
Quotient,  continued  to  ever  fo  great  a  Number  of 
Terms,  will  be  jlill  fomething  defective  of  the  Truth ; 
yet,  if  the  Value  of  the  Quantity  (*)  in  the  Numerator 
be  but  fmall  in  Companion  of  the  Quantity  {a)  in  the 
Denominator,  the  Remainder,  after  a  few  Terms  in 
the  Quotient,  will  become  fo  exceeding  fmall,  as  to  be 
neglected  without  any  confiderable  Error;  and  then 
the  Value  of  the  Wlalet  or  of  the  Quantity  firft  pro- 
pofed, will  be,  very  nearly,  exhibited,  by  talcing  a 
fmall  Number  of  the  leading  Terms  only. 

Thus,  for  Inftance,  let  the  Value  of  a  be  expounded 
by  to,  and  that  of  *  by  Unity ;  then  the  Remainder 

f  —  J  after,  the  two  firft  Terms  of  the  Quotient,  being 
£=  —  ,    this   Value,     divided  by   the   given   Divifor 


for  the  Defect*  by  taking  the  two  firft  Terms  only : 
But,  if  the  three  firft  Terms  be  taken,  the  Defect  will 
be  Jlitf  left  confiderable ;  amounting  to  no  more  than 

— — ,  oro.oolliTH  &c. 
900 

This  may  likewife  be  made  to  appear,  wirfiout  any 

regard  to  the  Remainder,  by  collecting  into  one  Sum, 

the  Value;  of  all  the  Terms  to  be  taken  :  For,  if  only 

-the  firft  two  [*  +  —  )  be  propofed,  their  Sum  will  be 

H4  = 

«gii  zed  t 
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=  1,  I  ;  which,  deduced  from  the  hue  Value  of  th# 

ax      /      io\ 
given  Fraflion  ^--^    l==--^l  =1,1111111  Wf,  the 

Difference  will  come  out  0,01}  *ht  vtry  famt  as  ke-: 
fire. 

Thus,  alfo,  by  collecting  the  Sum  of  the  three,  four 
and  five,  isV.  firft  Terms  of  die  Series,  you  will  have 
l,,n;  1,111;  and  j.imi  fcfe.  which,  being  fuc- 
ecflively  deducted  from  i,iimifii  &(.  (as  above) 
there  will  remain  0,00 tin  tic.  0,0001  in  (SV. 
0>oooo  1 1 1  %  tfc.  for  the  Errors  or  Defecli  in  thofe 
Cafes  refpeflively. 

93,  From  what  hat  been  faid  in  the  preceding  Ar- 
ticle it  appears,  that  Infinite  Seriefes,'  in  Algebra  (ac- 
cording to  a  common  Observation)  are  (imilar  to,  or 
correfpond  with,  Decimal  Fracliore  in  common  Arith- 
metick  :  For,  as  a  Decimal  Fraction  may  be  carry'd  on 
to  any  propofed  Number  of  Places,  however  great, 
and  yet  never  amount  to  a  Quantity,  which  but  a  very 
little  exceeds  the  Value  of  the  three  or  four  firft  Places  $ 
fo  a  Series  may  be  infinite  with  regard  to  the  Number 
of  its  Terms,  and  yet  a  few  of  the  leading  Terms  only, 
may  be  fufficient  to  cxprefs  the  Value  of  the  Whalt* 
very  nearly :  provided)  always,  that  the.  Series  has  a 
fufficient  Rate  of  Convergence,  or  that  its  Terms  de- 
creafe  in  a  pretty  large  Proportion :  For,  othcrwifc, 
twit,  a  great  Number  of  Terms  may  be  ufed  to  little 

Purpofe :  Thus,  in  the  foregoing  Series,  x  -J-  —    -J- 

-r  tyr-   if  *  he  taken  —  a,  no  Number  of  Terms  wi(l 

be  fufficient  to  exhibit  the  Value  of  the  corresponding 

Fraction  ^1*  it  being  infinite  in  that  Qrcumftance. 

9+.  Having  endeavoured  to  fliew,  that  the  true  Va- 
lue of  an  infinite  Series  may  be  nearly  obtained  by  ad- 
ding together  a  few  of  the  firft  Terms  only,  I  (hall 
flow  proceed  to  give  other  Examples  of  the  Manner  of 
COR? 
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tonvertine  fractional,  and  furd,  Quantities  into  fuch 
JGnds  of  Srriefes,  in  order  to  the  Approximation  of  the 
Fluents  of  Exprenlons  affc&ed  by  them.  ' 

EXAMPLE    a 

Let  tht  Quantity  pnftfid  it  the  fratiUn  ~^r      ,   ,  I 

then,  by  proceeding  as  in  the  fnii  Example,  you  will 
have 

—Uy—y* 


+3r*+  f-  »o 

Where,  from  a  few  of  the  firft  Terms  of  the  Quo- 
tient, the  Law  of  Continuation  is  manifeft;  the  Nu- 
tncrators  being  in  Arithmetical  Progreffioo ;  and  the 
•Signs,  +  and  — ,  alternately. 

EXAMPLE      IIL 

*        ,     «         .        .  !+*»— 2** 

95.  Lit  tbt  Quantity  gtvtn  it  —— r. 

Then  the  Quotient  will  bs  i+*+3*"+4*»-f-5**+ 
^jr1-^*1^6  &Z-  where  the  Lata  of  Continuation  is  ma- 
nifeft ;  being  fuch  that  the  Coefficient  of  each  fuc- 
ceeding  Term  is  equal  to  the  Sum  of  thofc  of  the  two 

Terms  immediately  preceding  it. 


t 
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EXAMPLE     IV. 

96.  tit  the  Radical  ^uaniitj  %/**+**  **  proprftd. 

'  Here,  according  to  the  common  Method  of  ex- 
tracting the  Square  Root,  the  Procefc  will  Hand  as 
follows : 

M+  7 -$)•"'+" (*+S_8?  "'■ 


T"\Tm      | 

1' 

+^ 

»»           »" 
40*~8tf* 

+  6^5 

*6 
+  87. 

64a6 

97.  The  Law  of  Continuation  in  Scriefes,  thus  anting, 
from  radical  Quantities,  is  not  eafily  discovered:  But, 
if  you  would  carry  on  the  Scries  to  any  propofed  Num- 
ber of  Terms,  the  Work  will  be  a  good  deal  fhonncd, 
by  dividing  the  Remainder  by  the  Divifor,  when  half 
that  Number  of  Terms  is  found  fas  in  common  Di- 
vifion)  and  obferving,  at  the  fame  time,  to  neglect  aH 
fuch  Terms  whole  Indices  would  exceed  the  gfeateft,  or 
the  greateft  Plus  the  common  Difference,  in  the  feid 
Remainder,  according  as  the  whole  Number  of  Terms 
propofed  to  be  found  is  odd,  or  even. 

Thus,  if  it  were  propofed  to  continue  the  foregoing 
**        x* 
Series  a  +  —  —  g^j  to  6  Terms,  then  the  Divifor 

[or 

■* 
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,  {or  double  Quotient)  being  20 -f- , -,  and  the 

Rehaainder  ^  —  g— j  (as  appears  from  the  laft  Ar- 
ticle) the  reft  of  the  Operation  will  ftand  thus  : 

#*  *"  ar'° 

8a**^  1 6«tt     64a  • 


64*1*  *"64jj' 

.    S*'        5*" 

64a*     i 2%a' 


Which  three  Terms  thus  found  being  added  to  thole 
found  above,  we  have  a  -\ 3—  -f-  —, 

12&JT  +  576a»>  for  tlie  6  ^^  Terms  of  an  infinite 
Series  exhibiting  the  Value  of  v'"*+*1. 

98.  Another  Way  of  revolving  any  radical  Quantity, 
is  to  afiume  a  Series  (with  unknown  Coefficient!)  for 
the  Value  thereof;  and  then  the  Scries  fo  aifumed  being 
railed  to  the  fecond,  third,  or  fourth  Power,  &c.  ac- 
cording as  the  Root  to  be  extracted  is  a  fquare,  cubic,  ' 
or  biquadratic  one,  &c.  an  Equation  will  be  obtained 
(free  from  Surds)  from  whence,  by  comparing  the  ho- 
mologous Terms,  the  afliimcd  Coefficients,  and  con- 
feuuently  the  Series  fought,  will  be  determined  j  as  in 

EX- 

ft  :-,vi 
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EXAMPLE      V. 

Whtrt  it  is  freptfid  la  txtratl  tht  Squarg  Rttt  of 

a    +*     in  an  Jnjinitt  Stritt. 

In  which  Cafe,  affiuning  A+B»"+  Cr'+Dx**  + 

+Ea     tit.  for  the  required  Series,  and  taking  the 
Square  thereof,  we  have 

A>+aAB»"+aAO,'+2AD«fc+  aAE.'Vr./  8 

+  C-x"  a,.  J-8 

and  confequcntly 

A'    +>AE."+lAC»'*+2AD»,'+iAE»,'»r.p 

-V-      ,»+    BV*+aBC,*+2BD;,b6r,>8 

+    CVr'Ve.J 

Therefore  A1—*   =so,  aAB — 1=0,   aAC+B'sM, 
iAD+2BC=o,  2AE+2BD+C"=0,  «  tit.    From 

which  we  get  A=«"i  B  fe-^)   —  -^  j  C  (= 

B"\  i  BC\  i 

(= jj— J  =— ^S  »«■  whence  we  bare 

A+Bi'+Ot'+D.*"  £*<.  (=  V„?"+JC-J  _a, 

»  Hi  #.  i8i  •/■ «r  Swj/S  »/  ^i,ir«. 
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+  2 ^r+--£— *?=.  »«.     WH<*  9e- 

an'      &.'"      ifc!'       .aSa* 
rite,  if  «  be  expounded  by  Unity,   win  become  *  + 

3  —  3-7  fc/r.  tbe  very  rime  with  that  in  the  pre* 

ceding  Article  found  by  the  common  Method, 

EXAMPLE    VI. 

j. 

99.  Ltt  it  it  nquired  fa  rtfibe  «+•*        into  as 
Injimtt  Stries. 

Here,  by  affumin  j  A+B»*  +C**+D*,"  tjfV.  and 
cubing  tbe  fame,  14c.  we  have 

A'+3A-B»"  +3A'C'+3A'Dxi'  +  t«V 

—«  —  i»"       +3AB'*"+6ABCUi"+  (Jfe^0 

+      B"*1"+  fifr.J 

Therefore  A  =  «'i  B  ('=  -j-J  =  -A  s  C  (=— 

S)._i1Do--!s§raT-4ifc 

A'  9«*  3A        '      8«* 

and  confcqoently,  a  +  bx     f=sA+B»*+C»,"+at.) 

=«  +  -r r  +  2 — j-  +  »c 

3«*       o>»       8l  #' 

Am),  in  tbe  fame  Manner*  may  the  Root  of  any 
Other  Quantity  be  extracted  1  But  as  the  celebrated  Bi- 
nomial Theorem,  difcorcred  by  the  ifluftrbus  Sir  Ifaae 
Ncwtm,  a  raftly  more  eafy  and  expeditious,  .in  railing. . 
Powers  and  extracting  Roots  than  that,  or  any  other. 
Method,  I  {ball  now  explain  the  Ules  thereof;  but* 
firft 

Dtflzedby1 
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ficfl  of  all,  it  may  not  be  amifs  to  flicw  how  the  Theo- 
rem itfclf,  from  the  Principles  of  Fluxions,  may  be  de- 
rived. 

Let,  then,  i-f  y  be  a  Binomial  whofe  firft  Term  is 
Unity,  ind  its  fecund  Term  any  propofed  Quantity  y  ; 
and  let  the  Quantity  to  be  expanded  or  thrown  into  a 

Series  be  \-\-y*  -,  where  the  Exponent  v  is'fuppofed  to 
denote  any  Number  whatever,  whole  or  broken,  po- 
fitive  or  negative. 

Now  it  is  evident  that  the  firft  Term  of  the  required 
Series  mufl  be  Unity  ;  becaufc  when  y  is  ~  o,  the  other 

Terms  all  vaniih;  and,  in  that  Cafe,  T+p  is  equal  to 

Unity.  Let,  therefore,  I+A/  +  B/  +C/  +D/ 
&(.  be  aiTumed  to  cxprefs  the  true  Value  of  'be  Cud 
Series,  or,  which  is  the  lame,  iet 

7^f^i+AyM  +  By"  +  C/  +D/  btc.  where 
A,  B,  C,  1\  &e  m,  »,  p,  f,  Un  denote  unknown,  buc 
determinate  Quantities : 

Then,  by  taking  the  Fluxion  of  the  whole  Equation, 

(fupppling  y  variable}  we  Hull  have  vjX~i  +yJ       = 

»M>~- +>W~'+tjC,r"+ijD!r-'  a,. 

Whence,  multipl)  uig  the  Sides  of  the  two  Equations, 

crols-wife,  and  dividing  by jXi+p      ,    there  comes 

outT^XmA/^+nBy-^+jC/^'+fD/-1  tie, 

=v+wAy"  +vB/  -1-oC/  +t-D/  &c.  which,  by  Re- 
duction, is 

*      +»Ar"  +»B/    +/> C,'      a,.  \  =  " 
— w        — vAjm — rBy"     — vC/      &e'J 

Vow, 
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Now,  fince  we  are  at  Liberty  to  take  the  Exponent) 
oF  j  what  we  will,  lb  as  to  acfwer  the  Conditions  of 
the  Equation,  or  to  that  all  the  Terms  here  put  down 
may  mutually  deftroy  each  other ;  let  them,  there- 
fore be  lb  taken  that  the  Terms  tbernfelvcs  may  be 
homologous,  that  is,  let  m — 1=0,  « — i=m,  p—  lac, 
f — 1=^  UV.  Then,  m  being  =1,  «~2,  />-=3,  9=4, 
tfi.  if  thefe  fevera)  Values  be  fubftituted  above,  the 
Equation  itfelf  will  become 

A+2Bj-+3Cy»+4p?'+  Cft.T 
*+A>  +2B,H-3Cy*       &,.f=a 
— 1»— wA»— v B}»— wCf  >       tiV.  3 
Where,  taking  A — 0=0, 2B+A— wA=o,  3C+2B — 
vB=u,  4D+3C — vC= o,  tfc .  To  that  every  Column 
of  homologous  Terms  (and,  confcquently,  the  whole 
Exprcffion)   may  vanifli,    we  alfe  get  A=v,  B   (= 
uA — A  _  A  X  t^i  v   _  v Xr^t  »B— ag 

BX^j)  ^X^-'x^;  D  (=^=CX 


3    '  »  3 


?)  = 


Whence,  by  writing  thefe  Values,  with  thofc  of  «,  », 
f,  f,  «f.  in  the  Series  i+A/  -+-B/  +C/  £*(.  firft 
aflumed,  we,  at  length,  find  i+/»  =f+»?+  —  X 

^=-V+rx  — x  — xr+TX  — x 

X  — -Xj*+    &t.   which   was  to  be  invefti- 

3  4       y 

gated. 

From  the  Series  here  brought  out,  any  Power  or 
Root,  of  any  other  compound  Quantity,  whether  Bi- 
nomial, Trinomial,  ife.  is  eafily  deduced:  For,  if  p 
be  pur  to  represent  the  firft  Term  of  any  -fuch  Quan- 
tity, and  Q,the  Quotient  of  the  reft  of  the  Terms  di- 
vided 
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v'ied  by  the  firft ;  then  the  Quantity  itfelf  will  be  ex» 
prefled  by  P+PQ.  or  Pxi+Q.,   and  the  v  Powef 

thereof  by  P    X  !+(£..  which  therefore  is  equal   to 

f  X  i+,.q_+  Z  x^xQi+7  x  "^x—  x 

Q!+7X^X^~ X^XQM-^-i  bywbatii 

juft  now  determined. 

But  when  v  is  a  Fraction*  an  hi  the  Notation  of 
Roots,  the  Thtorem  here  given  will  be  render' J  fame- 
what  more  commodious  for  Practice,  ift  inftead  of  14 

a  Fraction  as  --be  fubltituted ;  by  which  Means  it  wilt 


becomeP«XT+^*=P-Xi+-Q.+  ~  X 
in- — n  .        m    m — n    m- — 2™  _        m    *»■ — « 

-^-Q-+Tx—  x^-<*+  -x  —  x 

m — z»    w — 1«  1  „ 

' X— ■■—  Cc  +  of>  whofe  Ufe,  m  converting 

radical  Quantities  into  Infinite  Seriefea  wilt  appear  from 
the  following  Examples. 

EXAMPLE     VII. 

IOO.  Wherfin  it  is  prapo/id  Is  extraH  the  Square  Rsst 
if  J1+**j  in  an  Infinite  Series. 

Here  the  Quantity  to  be  expanded  being  <£+*?  s  or 
,    j     — s* 

^1   Xl  +  —  >  by  comparing  it  with  the  general  Form, 

m    * 

P  *  Xi-t-v^*  »  we  have  P=a%  Qj=  -^,   «si, 
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and  n=2 :  Whence,  by  fubftititting  tbefe  Values  in  die    ' 
laft  general  Equation,  we  get 


x  -jx7+ix-ix-|x-ix?+  a,.  =«+- 
~  sv  + I53— Hiv  *'•   Wh,ch  Serit»  "J""" 

exactly  with  thofe  found  iaJrt.  97.  and  98:  by  different 
Methods. 

EXAMPLE     VHI. 

101.  Let  ittt  require*"  to  txtrad  the  Cube-Rsat  of 
**— y1,  »  M  Infinite  Series. 

\  f 

Here  by  comparing  b^x  1—  ~-  |  I  =i'— yO*  J 

withP'X  T+iJ',  if  wul  beP=i<,  Q=  —  ~, 

ares  I,  and  11=3:  Therefore,  by  Subflitution,  we  get 

t  J\  . 

jc^n"  (=jx  ■  -'ly  =  jx  i+jx-  £  +  }  x 

-«x£  +  tX  }X-JX-£  +  JX-JX-}X  — 

"  *  4"  +  «•-  *  -3».  -  0.4.  -  fill—  J^jT. 
(Jr. 

IX- 
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EXAMPLE      IX. 

102.  Lit  the  Quantity  U  it  ctmtrud  into  ax  Infimt* 

Strut  bt  — j  —   ..  . 
\fax — ** 

In  this  Cafe  the  given  Quantity  being  firfi  trantfbrmed 

/T    —5^      — ?"{ 

to  */   x  Xi — -      and  I — -       afterwards  com- 
pared with  i+(£,"  ,  we  have  Q.=  —  —  »  *es  —  \% 

— H         i 

and  n=2;  and  therefore  i—-'     (=i-H£   5=1  + 

£+,£.+$£+«*•  WM*  *■**■* 

flphedby^/  ;.8™«^+^i  +  £i+r^j  + 

-35-T -1-  tff.    =  ■■^^-a — ,    the  Quantity  pro- 

I2&*£   r  v**-^* 

pofed, 

103.  It  may  not  be  improper  to  obferve  here*  that) 
when  both  the  Terms  of  the  propofed  Quantity  are  af- 
firmative, and  its  Exponent  alio  affirmative  and  lea 
than  Unity,  the  two  firft  Terms  of  the  equal  Series 
will  be  pofitive,  and  the  reft  negative  and  pofttive,  al- 
ternately ;  but  if  only  the  firft  Term  of  the  Binomial 
be  affirmative,  all  the  Term*  of  the  Scries,  after  the 
firft,  will  be  negative;   Moreover,  if  the  Exponent  of 

the 

* 
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the   given  Quantity  be  negative,  and  both  the  Terms 
affirmative,  the  Signs  will  change  alternately  j   but  if 
only  the  firft  be  affirmative,  all  the  Terms  of  the  equal   ■ 
Series  will  be  pofitive. 

EXAMPLE     X. 

104.  /,/( tbt  Quantity  prtpefidbt  tht  Trinmitl 


Here,  by  dividing  the  reft  of  the  Terms  by  the  firft, 


10 J.  When  the  propofed  Expreffion  confifts  of  a  ra- 
tional, multiply 'iJ  by  an  irrational.  Quantity,  the  Series 
anfwering  to  the  irrational  one  mult  be  firft  found,  and 
afterwards  multiply 'd  by  the  rational  Quantity :  But,  if 
two,  or  more,  compound  irrational  Quantities  are  to  be 
drawn  into  each  other,  then  take  the  Series  infwering 
to  each  Quantity,  fcparately,  and  multiply  them  toge- 
ther ;  obferving,  always,  to  neglefi  all  fuch  Terms 
wbofe  Indices  would  exceed  that  of  the  lair,  or  bigbeft, 
la  Term, 


D,g*.edby( 
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Term,  which  the  Series  fought  is  propofcd  to  be  oorir 
tinued  to. 

PXAMPLEXL' 

,     |o6.  Ltt  the  Quantity  prtptfid  be  f-f*  *  'I—, iAn 


Firft  we  have  I— *,T*  =:  i  —  r-  — 


9*» 


io       10  X  20 
qXrq*'  $XroXi9*+  „-„...         . 

tiply'd  by  !+*,  produces  i+jr  X  1 — jr^s  I  + 
y:       ao»-         9.«9«'  _  o,io,.6o»» 

10  10.20        I0.20.J0         IO.IO.3O.4O        '  ~  T 

o»_2o»'_  H7»»_3983'*_CJ 
10      200      '2000       80600 


EXAMPLE     XIL 
107.  Wlirt  tht  Quantity  u  ii  ixfrtf/iiat  m  hjautt 

•■■■-■■""*  01  «•—***  Xt'-.«     . 


33' 


!  +  i  X-5  +  i  X-JX  j+}X-JX-1X^ 
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**        3**        5** 

— T  +  ffcT  +  T^T  **•    Whence,  multiplying  thefe 

two  Value*,    one  by  the  other,    we  get 


^-to^-i^-iir****  "'■  ** 

the  four  firft  Terms  of  the  Series  fought. 

EXAMPLE     XIII. 
108.  Ltt  the  Quantity  to  bt  expanded  it  the  Muklitomialt 

"? — 7B T*Z — 1+V     *~*t 

»rln/imttSerits,x  +ax  +**  +cx  +  &e.  i 
wbt/i  Rxptnent  v  derates  any  Number  whatever,  wbalt 
or  bnktn,  fbfitivt  or  negativi. 

Here,  dividing  by  the  firft  Term,  the  given  Quantity  is 
rraosfonriedto^Xi-hwr  +£*a"+«3"+<k4*-J-JsV.  j 
Whlcb,if«"  +*»**+«>"  »f.  be  put  =y,  will  become 
a"  X  7+7*  j  which  lift  Enpreffion  (b/  Aft.  gq.)  is  = 

r  x  1+^+  jXT  xr+T  *  T  x  "3" 

Xj'+  £?(.     Whence  (for  Brevity  lake)  putting  A=«, 

v  K—H  v  W — il         (i — 2  r 

B=  t  X  — .  C=  j-X  —  X  —  ,D=7X 
I  3  i~-, 

* 
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^J^X^^X^p,  Hi.  and  fubflitMting  forji,  there 
come.  o«t  *  +  o/ *"  +  *«'*"+  c/^Was     . 

^•+aJ"*'+  aT+T?  X»"!^+ 

Art»?aM<i"x^**!'+M+»li«f+B«'+3C«-i+D»' 
X»'"*4"+*«+2B«J+2Bit+3C«'t+3C»»-+iD«"» 

E  X  A  M  P  l  E     XIV. 
109.  Tt  txtraB  lot  Spurt  Rut  tf  et*—x\  and  fitm 

thence  U  determine  the  Fluent  tf  x  \/a* x*.     in   an 

Infinite  Stria. 

By  proceeding  as  in  the  foregoing  Examples,  the  Value 

of  vA1 — Jf *  in  an  Infinite  Series  will  be  found  to  be  a 

»■        r*         *>        jet 

5  — S5  —  i6?~728?—  "'•    Wh"*  multi- 


-  7J57,  **'•    Whofe  Fluent  therefore  (07  Art. 


*'        *» 


5" 


'  ba      40a*      1 1 2a»  1  tew  ™" "     c* 

.Which  was  to  be  determined. 
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EXAMPLE    XV. 

no.  Lit  it  I*  rtquirid  to  afpnxiiMtt  tbt  Flumt  If 

-. a*.. 


.  tit  an  Infrtiti  Sir  its. 


It  appear*,  from  Example  I  a,  that  the  Value  of 
——J,  exptefledin  a  Series,  U-l+-^-—  — 


30         1  1  50  3 

X*,+  8?— 43?— 6VeX'*+  l<*>  —  I5i7: 


-tV;— <T7  X  *•+»*.    Which  Value  being 

therefore  multiply'^  by  *'  i,  and  the  Fluent  taken  (by 

m»  .    ..                 «*        .  ™  a 

the  common  Method)  we  g^t —  i|_  — ,  —  — 

.+j  1,1.        .+, 


S«   '    _3_  ' !_  v  -7-  +  "'• 

l6('       i6«»        i6«V       i6a><  *•  1+7 


14 


a  'O^le- 
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EXAMPLE     XVI.  -V 

III.  Wbtrtin  it  it  freptfii  U  approximate  the  Fluent  tf 

in  a  Stria. 

Here,  if  A  be  put  =«,  B=«X  — ,  C=»X^^ 

*  2 

X— ,  D=»X— X— X-f,(S<.  theQoantily 

>  +  *?+•  +*«>+"  +  „>+"   (*,)  expand,    win 
be  =  a*"  +  Aaa*"*-  +  aT+B?  +  »'*+"  + 
A£+2B.*4-d'X«'",',"+  AJ+ik.(+Bi.+30'* 
^Do^X^*"  +  (ic.  at  appeanfiwn,«H.io8.  There- 

fore  this  ExpreAion  being  mukiply'd  by  **"~'i,  and  the 

J-f- 
Fluent  taken  (as  ufua])  we  fhall  have  * 4. 

A.,"1-  '   AH^X^t,rf" 
^w-f-m+a  """ pv  +  m+2n  "*" 

■ _-  #»+*  +  !« 

At  +  jBat  +  Ca'  X  »  ^. 

f"  +  "■  +  3"  , 

A^+2B^+to-+3Ca-»+Ua<X«'>t't,'+  a,    ,„ 

■be  Quantity  propofed  to  be  found. 

SEC 
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SECTION    VII. 

Of  theVfe  of  Fluxions  in  fading  the  Areas 
of  Curvet* 


III.  T    E  T  ARC  be  a  Curve  of  any  Kind  wboft  Or- 
\,J  dilutes  are  perpendicular  to  an  Axis  AB, 

Imagine  a  Right-line  bRg  (perpendicular  to  AB)  to 
move  parallel  to  itfelf  from  A  towards  B ;  and  let  the 
Celerity  thereof,  or  the  Fluxion  of  the  AbTciHa  Ai,  in 
any  propofed  Pofition  of  that  Line,  be  denoted  by  bd  : 

Then   it  will  ap- 


==j*  .*  From  whence,  by  fubflituting  for  y  or  x  (ac- 
cording to  the  Equation  of  the  Curve}  and  taking  the 
Fluent,  the  Area  itfclf  will  become  known. 


113.  Let  ARM  be  any  Curve  whafe  Ordinates  CR,  CR 
art  all  referred  to  a  Point  or  Center.  • 

Conceive  a  Right-line  CRH  to  revolve  about  the 

given  Center  C,  and  let  a  Point  R  move  along  the 

(aid 


^itzedby  Google 
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did  Line,  fo  as  to  trace  out,  or  defence  the  propo&d 

Curve  Line  ARM. 
Now  it  is  evident,  that,  if  the  Point  R  wis  to  move 

from  any  Pofition  Qj  without  changing  its  Direction  and 
Velocity,  it  would 
proceed  along  the 
Tangent  QS  (in- 
ftead  of  the  Curve) 
and  defcribe  Areas 
Q*C,  QSC  about 
the  Center  C,  pro- 
portional to  the 
Times  of  their  De- 
fcription ;  because 
thole  A  reas,  or  Tri- 
angles, having  the 
fame  Altitude  (CP), 
are  as  die  Bales  Qc 
and  QS,  and  thefc 
are  as  the  Times, 
becaufe  the  Mo- 
tion in  the  Tangent 

(upon  that  Suppofkion)  would  be  uniform. 
Hence,  if  RS  be  taken  to  denote  the  Value  of  (i) 

die  Fluxion  of  the  Curve  Line  AR,  the  correfponding 

Fluxion  of  the  Area  ARC,  will  be  truly  reprcfented  by 
*-*«"*the,  uniformly  generated,  Triangle  QCS»:  Which, 

putting  the  Perpendicular  (CP)  drawn  from  the  Center 
.    „  QSXCP 

to  the  Tangent,  =r,  will  therefore  be  (=  — - —  = 


—  |  from  whence  the  Area  itfelf  may  be  determined. 

But,  finoe  in  marry  Cafes,  the  Value  of  i  cannot  be 
computed  (from  the  Property  of  the  Curve)  without  fume 
Trouble,  the  two  following  Expreffions,  for  the  Fluxion 
of  the  Area,  will  commonly  be  found  more  commo- 
dious, viz.  —  and  —  j  where  r  =£  RP  and  x  =  the 

Arch  BN  of  a  Circle,  defcribed  about  the  Center  C,  at 
any 


D,gi1  zed  by  GOOgle 


in  finding  Areas.  123 

any  Diftance  *  (  =  CB).    Tbcfe  ExpreSons  are  de- 
rived from  that  above*  in  the  following  Manner  j  vix. 

i'.jny  (CR)  :t  (RP)*  j  therefore*  =syj   and*  Art. «■ 

confequently  ■£■  as  — )  which  it  the  firft  Expreffion. 

Arab,  becaufe  the  Celerity  of  R  in  the  Direction  of 
die  Tangent  n  denoted  by  *,  that  in  a  Direction  per- 
pendicular to  CQ_  (whereby  the  Point  R  revolve*  about 

CP 
the  Center  C)  will  therefore  be  (=  £S  Xi)*  —      ****■ 

— ;  which  being  to  (*)  the  Celerity  of  the  Point  N 

(about  the  fame  Center)  as  the  Diftance  (or  Radius) 
CR  (y)  to  the  Radio*  CN  (a)  we  (hall,  by  multiplying 

0ftG 

Extreme*  and  Means,  have  ~—  =jwj  and  confequendy 

—  =:  — ;  which  is  the  otner~Expreffion. 

a       M 

The  Method  of  applying  this,  together  with  the  pre- 
ceding Forms,  will  appear  at  large  from  the  following 
Examples  :  Wherein  x,  yt  z,  and  «  are  all  along  put  to 
denote  the  AbfcifTa,  Ordinate,  Curve  line,  and  the  Area 
rcfpedively,  unleft  where  die  contrary  it  exprafily 
specified. 

EXAMPLE     I. 

1 14.  Let  it  he  fropofid  U  determine  the  Area  if  a  right' 
angled  Triangle  AHM. 

Put  the  Bate  AH=a,  the  Perpendicular  HM^i;  and 
let  Afi  ( x)  be  any  Portion  of  the  Bale,  conftdered  as"  a 
flowing  Quantity,  and  let  BR  (y)  be  the  Ordinate,  or 
Perpendicular,  correfponding : 

Then,  , 

D.jAedb/C 
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Then,  becattfe  of  the  fimilar  Triangles  AHa*  arid 


•  Att.  ii*.  (the  Fluxion  of  the  Area  ABR  *)  is,  in  this  Cafe,  s* 

hxx 

-—j  and  coniequently  the  Fluent  thereof,  or  the  Area 

bx* 
t  Att  77.  itfdf  =  —  +  :  Which  therefore,  when  *=*,  and  BR 
2a 

.    .,       -.,.w      .„,           **       AHXHM 
coincides  with  HM,  will  become  —  = ^ 

the  Area  of  the  whole  Triangle  AHM ;  which  we  aha 
know  from  other  Principle!. 

EXAMPLE     It. 

115.  Lit  the  Carvt  ARMH,  whofe  Artaytu  w»uldJMt 
be  tbt  cammm  Parabola. 

In  which  Cafe  the  Relation  of  AB  (#)  and  BR  (y) 
being  expreffed   by  y'=ax  (where  a  is  the  Parameter} 

J  Ait.  us,  We  thence  get  jr  =  «s  *  j  and  therefore    u  (=j*j) 

if  i  £ ■         k  k 

=  «  *  *  .■  Whence  n  =  }  X  a  *  =}  0  V  X*  =  tJ" 
(been* 
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(becaufc . V =j)  =|X«BXSR:  Hence  <■ /«*. 
«W«  iii'/i  ftBiaglt  ef  tbtjam  B»/t  and  AMtadi. 


The  Am  is  here  found  in  Terms  of  * ;  but  it  will, 
many  times,  be  more  eafily  brought  out  in  Terms  of  y 
{without  radical  Quantities)  as  in  the  very  Cafe  lafl 

propofaj :  Where  *  being  =  — ,  we  therefore  have  *:= 

2jf  .  2v»v 

—  ;  and  confequently  u  (yx)  ss  ~T~-  Whence»= 

at*       it    t*       if 

^-  =  -jXj  =  jX*=*XABXBRi  tbtfim 

at  btfart* 

EXAMPLE      in. 

1 1 6.  Let  ARM  (fit  the  preceding  Figurt)  be  a  Para- 
bola af  any  Kind ;  wbtreef  tbi  general  Equation  is 
wfc«       ■    ■ 

Therefore*  "by  extracting  the  Root,  or  dividing  eacb 


l,0i#«lhy( 


is6  '  TbeVfi  of  Fluxions 

*  (y*)  —a      ***       1  and  confequenth/  u  (the  true 

Fluent,  or  Area)  =  «"*■     X  ^ = 

■  ■ 

,7+^     •+*       


ABXBR. 

No  Notice  has  been  yet  taken  of  any  conftant  Quan- 
'  tity  to  be  added  to,  or  fubftraflcd  from,  die  variable 
One,  firft  found,  in  order  to  render  it  complete,  agree- 
able to  the  Obfcrvation  in  Art.  78. 

But  that  no  uich  Correction  is  required  in  any  of  the 
preceding  Examples,  is  evident  from  the  Nature  of  the 
Figure ;  becaufe,  when  *  and  y  are  nothing,  the  Area 
(a)  ought  aifo  to  be  nothing,  which  it  actually  it  ac- 
cording to  the  Equations  above  exhibited. 

The  Fluent  found  in  the  fucceeding  Example,  will, 
however,  ftand  in  need  of  a  Correction. 


EXAMPLE     IV. 

■     117.  Wbtrtit'tt  prepaftd  to  find  the  Area  of  the  Curve 
ARH,  wbafe  Equation  it  x*— a*x*+a*y*^o. 

Here,   the  given   Equation   ii   reduced  to  yzs 
g*E*L,,  whence  t    (  =  ,*)  =  ?E~Lx£? 

a  a 

•  An.  77.  Whereof  the  Fluent  (by  the  common  Rule*)  is  — 
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Which*  when  *r=o  and  «s=o,  become*  — 


;  this  therefore  fufctrafleil  from  —  -■    ■-.,  leaves 


for  the  Fluent  corrected,  or  the  true 


3       ~ 

Value  of  the  Area  ABR  * 

When  the  Ordinate  BR 


equal  to  Nothing,  and  B  coincides  with  H,  then  *  will 
become  =*= AH ;  and  therefore  the  Area  of  the  whole 


e-4^) 


EX  AM'PL  E'     V. 

'  118.  Let  it  be  required  to  determine  the  Ana  if  the' 

hjftrbtlical    Curve    whoft    Equation    it    x    y    w 

«+.  ■      ■      - 

la  thii  Cafe  we  have  y  zz  — —  =  a  "     X*  " 


and 

* 


and  therefore  i  (=>*)  =  a  '  X*  "*:  Whole Fliaent 

-■  XxX"a       **'  x*  ■       ...     . 

— ■  which,  when  *  is 


=o,  will  alfo  be  =o,  if  *  be  neater  than  m :  There- 
fore, the  Fluent  requires  no  Correction  in  thii  Cafe  ; 
the  Area  AMRB,  included  between  the  AlVmptote 
AM  and  the  Ordinate   BR,  being  truly  denned  by 


(na  '    X*  "    j 


die  Quantity  above  determined. 
But,  if  n  be  Ids  than  m,  then  the  Fluent^  when  *=o, 
will  be  infinite  (becaufc  the  Index  -—-  being  nega- 
tive, o  becomei  a  DiviTor  to  m1*': )  Whence  die 
Area  AMRB  will  alfo  be  infinite.  ■ 
But,here,the  Area  BRH  comprehended  between  theOr- 
dinatc,the  Curve,  u  ndthePartBHof  the  other  Afymptote, 

is  finite,  and  will  be  truly  expounded  by  na  .    X*  "  ■ 

the  fame  Quantity  with  its  Signs  changed.    For  Ac 
Fluxion 


D,gi1  zed  by  GOOgle 


inJmSng  Areas.  jqg 

fluxion  of  the  Part  AMRB  being  t  '  Xx'm  i,  that 

of  its    Supplement  BRH    mutt    confequen'ly   be  — 

i.  '  ■•*•       •-" 

**•       "  -  ■  v,     • 

«■"  X»*.»:  Wbe«oftke  Fluent  la—  - il 


_ — 52 —  =  the  Area  BRH:  Which  wants  no 


Correction;  becaufe,  when  x  is  infinite,  and  the  Area 
BRH  =  o,  the  laid    Fluent  will  alio  intirel)'  vanifb* 


*5\ 


feeing  .the  Value  of  x*    (which  it  %  Dmfor  to 
Is  thai  infinite. 

EXAMPLE    VT. 

II9.  JPltrt  Jet  it  U  required  te  ditermine  thi  Arte  ef 
**   tbt  cirdilar  5<fier  AOR. 

Then*  putting  the  Radius  AO  (or  OR}  ae  * ,  to* 

B. 


Arch  AR  (coofidertd  as  Variable  by  die  Motion  of  R) 

as;*,  and  Rr  s  si,  the  Fluxion  of  the  Area  will'  her* 

K  bt 


*  oo^-Ig 


ijo  7be  Vje  of  Fluxions 

•  Aitnj.  be  exprefled  by  y  (=the  Triangle  ORr  • ;)  Whence 

the  Area  itfclf  ii  =  —  =  AOXJAR :  From  which  it 

appear*  that  the  Area  of  any  Circle  is  exprefled  by  a. 
Re&angle  under  half  the  Circumference  and  half  the 
Diameter. 

EXAMPLE     VI 

120.  Whir  tin  it  is  prcpofed  to  tlrtermint  the  Area  CBAC 
of  the  logarithmic  Spiral. 

Let  the  Right-line  AT  touch  the  Cum  at  A  ;  upon 
which,  from  die  Center  C,  let  fall  the  Perpendicular 
CT :  Then,  fince  by  the  Nature  of  the  Curve  the 


Angle  TAC  is  every  where  the  fame,  the  Ratio  of  AT 
(t)  to  CT  (s)  will  here  be  conftant :  And  therefore  the 

•Art. n j-  Fluent  of  —  X  -„ 

was  to  be  found. 


)y  Google 
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:  x  a  m  p  l  £  vn. 


IJ" 


tai-  Ltt  the  Curve  ARM  be  the  involute  of  a  give* 
Cirtb  AOQ. 

In  which  Cafe  the  intercepted  Part  of  the  Tangent 
JtP  (rj  being  every  where  equal  to  the  Ratliur  CO  ( a) 


rf  the  generating  Circle,  we  therefore  have  CP  (t)  sa 
VAJR'-RW)  =V/W'  »    Whence  i   (~  2.  •)**»■«>« 


CF 


•Xjtr. 


<a|l 


;  and  consequently  »=  - 

rg7  =  «he  required  Area  ACR : 

Which  will  alfo  exprefi  the  Area  ARO  generated  by 
the  Radius  of  Evolution  RO  i  becaufc,  KQ  being  = 


D#zedby' 


i$2  tt&Vfe  of  FlumoHs 

•*tt.»9.  the  Arch  AC%  the  Sector  ACO  (iAOXOC»)  » 
equal  to  the  Triangle  CRO  <{  ROXOC)  which  equal 

Quantities  beinz  fucceflivcly  fubtrafied  from  CAROi 
there  remain*  AQRsACR. 

EXAMPLE     1 

121,  Let  theCurvt  CRR»  wktft  Aria  C&gC  ytu 
tvculdjbid,  it  lit  Spiral  if  Archimedo. 

Let  AC  be  a  T-aagent  to  Ac  Curve  at  the  Center 


C,  about  which  Center,  with  any  Radius  AC  f  =  a) 
fuppofc  a  Circle  Agg  to  be  defcribed  ;  then  the  Arch 
(or  Abfcifla)  Ag  correfponding  to  any  propofcd  Ordi- 
nate  CR,  being  to  that  Ordinate  in  a  given,  OF.coa- 
ftantj  Ratio  (fuppofe  mm  ton)  we  have  *  (fig)  = 
•Art. MJ.  my     ..     ,, 

J  -~i  therefore  ft  ;    ^ 
ex  gj-j  at  the  Area  CRRjC. 
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EXAMPLE     X. 

113.  £rf  litSfuHtu  eptbi  Spiral  C9&  (ftrtb,  Up 
Hpm)  J.«=*T+'7,+*-+«»*-h»'-H«<. 

Then,  *  being  =#  + 237 +  3*>V  +  49'i+&'. 

1         la/  M    T    2«     T     M 

io«"  + 1£  **   =  the  Hue  Value  of  the  Ana  in 
thoCale. 

EXAMPLE    XI. 

II4.   Ltt  it  it  pripefed  tg  &i4  tbt  Art*  ef  a  Simi- 

ardt  AREH. 

Here,  putting  the  Diameter  Alfa,  AB=x,  and 
U=f-to.  f«»y««r;  wthefe,'  (JR-)  =«,_»» 


(ABXBH),  and  copfequenlly  .'  (yi)  =  i  ^ 

0  *  *X  1—  -  J  :  Which  ExprdBon  not  being  of  the 

Kind  described  in  JH.  83  and  85.  that  admit  of  Fluent!  in 
K  3  finite 


>,  Google 


ij4  &*  We  °f  Fluxions 

finite  Terms,  let  it  tiieiefore  be  refoWed  into  an  I 
*  *«*.  *»  i  i 

"*&■     ■   finite  Scries*,    and   you  will   have   i  —  &   x    k  X 


i.         i  I. 

tJL  —  1^1  —  — —  WV.    From  whence,  the  Fluent  of 

every    Term  being  taken,  according  to  the  common 
'     ?  i 

Method,  there  will  come  out  •  =  a     X  — r- 

3  5« 


3       ■    5«         28a»         ?2B' 

A8R.     Now,    when  *  =  |  a,  the  Ordinate  BR  wiH 
coincide  with  the  Rdiiius  OE ;  in  which  Cafe  the  Are* 


become*  =  las/laa  X  t  —  rs  —  tti 


c,^Cji7 —0,0004  Wf.  —0,1964a";  which,  multiply *d 
by  2,  gives  0,30283*  fur  the  Area  of  the  Semi-circle 
AEH,  nearly. 

As  the  foregoing  Series,  in  finding  the  Area  of  the 
•whole  Quadrant  AOE,  converges  but  flowlv,  a  con- 
fider.ble  Number  of  Terms  ought  therefore  to  be  taken 
to  have  the  Conclufinn  but  tolerably  exaft,  the  five 
£t(t  Terms  dbuyc  col  lifted  being  fufficicnt  to  bling 
out  no  more  than  three  Paces  ot  Figures  that  can  be 
depended  on-  For  which  Reafon  it  may  be  of  Ufc  to 
confider,  whether-  by  computing  the  Afea  of  feme  pary 
jicular  Portion  (ABR)  of  the  did  Quadrant,  that  of  the 
y/hole  may   not   be  deduced;  where  x  being  final!   in 
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comporifob  of  a,  the  Series  may  hare  fiich  a  Rate  of 
Oonvergency,  that  a  fmallcr  Number  of  Terms  will 
befufficient*.  •Ait.91. 

Now,  in  order  to  this,  it  b  well  known  that,  if  the 
Arch  AR  be  taken  =:  f  A£  (or  30  Degrees)  the  Sine 
BR  will  be  =  §  AO  s  and  confequendy  AR  (»)  =  AO 
— OB= AO— x/OR1— BR* j  which,  if  theRadiusAO 
be  expounded  by  Unity,  (to  facilitate  the  Operation) 
will  be  =0,1339746  very  nearly  :  This  therefore,  with 
the  Value  of  ay  being  fubftitutcd  in  the  forernentjoned 

we  have 

0,0693505X0,6666666 — 0,0133975 — 0,0001603 — 
0,0000042  —  tfc.  =  0,0693505  X  0,6531046  =  ' 
0,0452931  =  the  Area  ABR  :  Which  added  to  the 
AreaOBR  (=OBXJBR  =  \/i  X  {=0,1165063) 
gives  0,1617094,  for  the  Area  of  the  Sector  AOR  t 
the  treble  whereof,  or  0,7853982  (becaufe  AR=|A£) 
will  therefore  be  the  Content  of  the  whole  Quadrant 
AOE :  Which  Number,  found  by  taking  four  T«mi 
of  the  Series  only,  it  true  to  the  lift  Decimal  Place. 

This  Conclufion  may  be  otherwife  brought  out, 
by  finding  a  Series  for  the  other  Part  of  the  Area,  in- 
cluded between  the  Radius  OE  and  the  Ordinate  BR  ; 
wherein  the  Co'iine  OB  (inftead  of  the  verfed  Sine  AB) 
will  be  the  converging  (or  variable)  Quantity. 

For,    putting  OB  =  *,    and  OR  (OA)  =  *,  we 


have  y  (  BR  =  v'OR*— OB*  =  7w^*  ;    and 
confequendy  (ji)  the  Fluxion  of  the  Area  OBRE  *  =  "  ** ' 
—    '    ■%■*  *»i       x*x        x6x  $x*i 


*S*> 

r;  toe .     Whence  the  Area  itftlf  is  ss  l*—ri  — 

!o7 

uai*       1152*'       aSifci"  ve' 

K  4                            Now, 
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tfow.  If'*  (OB)  be  af&med  =  *  AO  (fo  fl#  tie 
Arch  £R  nwv'bf  =  *  AE)  and  the  Value  of  b  (AO) 
be  expounded  by  Unit)',  we  (ball  have 

*'  (ss**^*^1—^  )==  .00781  »i 

**    (=a»X*^=^-)  ^,0019531+ 
#»  (==*»V  *»  =  ■—)  ==,0004883— 

Which  Vajuej  of  the  Powen  of*  being  refpefliYely  di, 

video  oy  6,  40,  1 12,  1 152,  2816,  &V.  there  will  refult 

'  0,5000000  — o,oao8j3T  — 0,0007812—0,0000698 

—  o,ooocos'j  —  0,0000012  — ■ -  0,0000002  tie.  s 

0,4783057,  lor  \iz  Area  OBRE  in  the  foreroentioned 
Circumtrance,  when  OB  =  £  OA :  From  which,  ic- 
cfading  the  Triangle  OBR  (=  %/\  X*=o,2i65o63) 
tlie  Remainder  .2617994  will  confequently  be  the  Area 
of  the  Seflor  EOR  ;  the  treble  whereof  (beeaufe  Etf 
is,  hire,  =J  AK)  will  give  the  Area  of  the  whole 
Ql!*di<int,  0,78^3982;  at  be/ere. 

EXAMPLE     XII. 
H5.  Let  tht  Ci-r.t,  whoft  jfrta  yru  woittd  fad,  fa  thi 

x* 

C'jft'jl'f DiocUi;  uktreef tht  Equation  fif»S=  —— , 

*Art.u».      Hereof  have  *C**;=-?=S*— — ¥ 

* 
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p-llXi-7      :  Which  being  pone  of  the  Kind 

that  'dmit  of  Fluents  in  finite-  Terms  *,  let  it  therefore md  %\, 
be  rt f  jlvcd  int'i  an  Infinite  Series,  and  you  will  hare  *  — 

^X'  +  S  +  ^+^  +  ^GJ+W'—lX 


A  i  £ 

A  +  li  +  ^  +  5fL5+t*.    When«»(the 

24  fcV  IDS* 


Area  Welf)    wilT  come  out  =-^X  — +-j  + 


EXAMPLE     XIU. 

(26.  £<?  *i*  fripefed  Curve  CSDR  it  if  fifth  a  Nature, 
that  (  lupf-ftng  A  B  tfr/frj  /A*  Sum  of  the  Areas 
CSTBC  and  LDOBC  anjwering  to  any  two  pmpafed 
JbjttJTai  AT  md  AG,  Jbati  be  equal  to  the  Aria 
CRNB^  wbtfe  ttrrefprndtng  Abfcijfe  AN  it  equal  tot 
ATXAG,  the  Produff  of  the  Meafures  of  the  tup 
firmer  Abj'ojfau 

Firft,  in  order  to  determine  the  Equation  of  the 
Curve,  (which  muff  be  fcriown  before  the  Area  can  be 
found)  let  the  Ordinates  GD  and  NR  move  parallel  to 
ThenrfrJves  toward*  HF  j  and,  then,  having  put  GD=», 


* 


238 


the  Xffe  fl/FtuiioWs 

NR=z,  AT— a,  AG=;,  and  AN=«j  the  Fluxion 
or  ttw  Area  CDGB  will  be  reprefented  by  yi,  and  that 


t.11*.  of  the  Area  CRNB  by  »  •  :  Which  two  Exoreffioiw, 
muft,  by  the  Nature  of  the  Problem,  be  equal  to  eaafl 
other ;  becaufe  the  latter  Area  CRNB  exceeds  the  for- 
mer CDGB  by  the  Area  CSTB,  which  it  here  con- 
fidered  as  a  conftant  Quantity  ;  and  it  is  evident  that 
two  Expreffions,  that  differ  only  by  a  conftant  Quan- 
tity, muft  always  have  equal  Fluxions. 

Since,  therefore  yi  is  =i2a«,  and  u=±a  1,  by  Hypothtfis, 
it  follows  that  i  =ia3y  and  that  the  firft  Equation  (by 
fubfti tuting  for  u)  will  become  ys^azi,  ory=a?z,  or 
laftly  yt=x*t,  that  is,  GDXAG=NRXAN :  There- 
fore GD  :  NR  :;  AN  :  AG  ;  whence  it  appears  that 
•very  Ordinate  of  the  Curve  is  reciprocally  as  its  cor- 
refponding  AbfcuTa. 

Now,  to  find  the  Area  of  the  Curve  fo  determined, 
putBC  =  i,  andBG=*:  Then,  fince  AG  (1+*) 

:AB(i)  ::BC(i):  GD  f»ebavey  =-j-~,  and 


confequently  *  ( =yx)  =  — r—  =fXi  —  xi+x*x- 


X  -J-  x*x  - 


Whence,  BGDC,  the  -Area  it- 

,  m 
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fctf  will  be  =  bXx—  —  +  -—-+  ycft.Wbkh 

was  to  be.  found.  > 

It  may  be  here  obfervnl  that  the  Areas  of  the  Space* 
above  mentioned,  are  analogous  to,  and  have  the  very 
fane  Properties  as  Logarithm! ;  and  that  thofe  Spaces,  01 
Logarithms,  rru>  be  of  different  Forms  or  Values,  ac- 
cording as  vou  take  the  Value  of  the  firft  Ordinate  DC, 
which  may  be  aflbmed  at  Pleafurc :  Thus,  if  BC  be 
taken  =AB=Unity,  the  Curve  will  become  an  equi- 
lateral Hyperbola  whofe  Center  is  A  (becaufe  then  AG 
XGD=AB*)  and  in  that  Cafe  they  are  called  hyper- 
bolical Logarithms:  But,  if  BC  be  taken =0,4342 9448 
(fo  that  the  Logarithm,  or  the  Area  of  die  Space 
CDGB,  anfwering  to  the-  Abfcifia  AG,  when  exprefled 
by  the  Number  10,  may  be  expounded  by  Umry,  or 
AB*)  we  (hall  then  have  thecommon,  or Brigean  Form 
of  Logari  hms. 

From  thefc  Logarithms  (given  by  the  Tables}  the 
Buiinefs  of  finding  Fluents  is  in  many  Cafes,  very 
much  facilitated :  For,  if  the  Fluxion  given  appears  to 
agree  with  the  Fluxion  of  any  known  Logarithmic  Ex- 
prefiion,  its  Fluent  mav,  it  is  evident,  be  bad  by  the 
Tables,  ready  calculated,  without  the  Trouble  of  an 
Infinite  Series. 

But.  no*  to  know  what  Kinds  of  Fluents  are  ex- 
plicable by  Means  of  Logarithms,  it  will  be  1  eceflary 
to  obferve  that,  the  Fluxitnof  any  byptrbelic  Logarithm 
it  always  exprejjtd  by  the  Fluxion  of  the  torn/ponding 
Number,  divd  d  by  that  Number;  This  appears  from 
above,  where  (ix)  the  Fluxion  of  the  Area  (or  Lo- 
garithm) BGDC,  when  BC=AB=i,  is  truly  repra-  « 

Tented  by  Y+x  i  where  1+*  (=AG)  may  ftand  for 

any  Number  whatever ;  and  £  for  its  Fluxion, 

Hen« 
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Hence- the  Fluent  of  -"-■ s  wiflbe  expreflid  by 

the  hyperbolical  Logarithm  of  *+V^*±a*  :  For  the 
Fluxion  of  (H"V^db«*J  the  Number  itfdf,  being  * 

^VVi"'    *       v^*±^        ""  vVzb«* 
X  V**  =*=**'  +  *»  thb  laft  Quantity,  divided  by  that 
Number,  gives  "  y  u  ■  "  >  the    very  Fluxion    firfl 
propofed. 

It  alib  appears  that  the  Fluent  of  ■  '  ..-  will  be 

s/iax+x1 

truly  expounded  by  the  hyperbolical  Logarithm  of  a  + 

*  -f-  %/****+**;  Becaufe  the  Fluxion'  of  the  Number 

(a-\-x-\-\/iax-\-x1}  is  hero  =  *  +  *- —  L —  — 


l/iax+x* 


X  i^iax  +  **+ 9  +  *  »  »  which  divided 


by  that  Number  produces 


Likewife  the  Fluent  of  -,jj  t  will  be  reprefented  by 
(he  hyperbolical  Logarithm  of  ——  :    Becaufe,   the 

fluxion  of  — —  ,  being      -;■',.      -^ ."=", 

if  the  fame  be  therefore  divided  by  - — ,  we  fhall  have 
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by  the  hjptfbolioiJXomtilhai  of  th ; 


Thtfe  fair  we  the  principal  Forms  of  Fhmionij 
.  whofe  Fluents  ■may  be  found  from  a  Table-  of  Log*-  . 
■  rknmt  of  the  hyperbolic  Kind :  Which  Table,  upon 
Oecafion,  may  he  eafily  fupplyM  by  a  Table  of  the  com- 
mon Form  :  For,  fince  the  hyperbolical  Logarithm  of 
any  Nudtber  is  to  the  escaraon  Logarithm  of  tbe.Same 
Number,  in  die  conftant  Ratio  of  Unity  to  Ov4.g420.448 
(at  appear*  from  above)  it  folio  wi  chat  -  if-  any  common 
Logarithm  be,  either,  divided  by  0,43429448,  or  mul- 
tiply'd  by  its  Reciprocal  2,30258509,  you  will  thence 
obtain  the  hyperbolical  Logarithm  corMfponding. 

EX. 

D#1;edby 
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EXAMPLE    XIV. 

127,  Lit  it  hirtquirtdta  dtttrmlnttkt  Anaof  thtCvrvt% 
wheft  Equation  is  a*y — x*j — «'co. 

Art.  11..      Xo  which  Cafe  >  being  =^^;,  we  have  #(=;*)* 
a*i  x*x        ***       **x       x*x         , 


M 


=  the  Area  fought. 

But  the  fame  Area  for  Fluent)  maybe  found  with- 
out an  Infinite  Series,  by  Means  of  a  Table  of  Lo- 
garithms, Agreeable  to  the  Obfervatiom  in  the  la&V  Ar- 
ticle: For,  fince  it  there  appears  that  the  Fluent  of 

lax 
"JL_,»"  *  truly  exprcfied  by  the  hyperbolic  Logarithm 

of  ; — 1  it  follows  that  that  of -  f  — — ™x  J*1  ] 

will  be  exprcfied  by  the  fame  Logarithm  multiply'^  by 

io\    Thus,  for  Example  lake,   let  a  (sa  AC)  be 

taken 


y,  Google 


in  jutting  Ariat  4  '  143 

«+* 
taken  =:  10,  and  x  (=AB)  —5  ;  then  will  — —  =3; 

whofe    Logarithm    taken  from  the  common  Table*    ; 
is    0,4771213  ;    which   multiply'd    by   the    Afodalus 
2,30258509  (fee  the  laft  Article)  gives  1,09861228 

for  the  hyperbolical  Logarithm  of  — — ;  and  this  again 

multiply'd  by  50  (fa1)  produces  54,930614  for  the 
true  Value  of  the  Area  ABRC,  in  the  aforcGud  Circum- 
ftaoee,  when  AC=tp,  and  AR— 5. 

EXAMPLE     XV. 

1 28.  Whirt  tht  prtpafed  Curve  is  that  wbafi  Equation  it 

Here,  by  reducing  the  given  Equation,  we  get  y  = 
Therefore  yx  =  - 


Whence,  the  Fluent  of 


Log.  of  *  +  *^«*+**  (by-iA*  ii6.).tj»t©f  •/=====    ..    • 

will  confequently  be  s=  the  lame  Logarithm  multiply'd 
by«\ 

But  to  find  whether  the  Fluent  thus  determined  does 
not  need  a  Correction  J,  let  x  be  taken  sso  >  then  the  j  Art.  7*. 
Fluent ' 


» 


H4 


*lte:T%e  efPziLXtfixi 


Fluent  wi'l  beenmers  hyp.  Lpg._«:.Xal :  Whidh,  th«*i 

fore,  muft  be  fuliflraflrd,  to  have  the  true  Value  of  the 

*■»•■   Area  ACRB  *  t  and  then  there,  rrfuhs  a1  X  hvp.  Lpg. 

*  +  v^Vr-**  —  **-X  byp.  Log.  fx^c'XhjptLjf 


.  E  X  A  M  P  t -JE     XVI. 

129.  Lit  It  hi  propcftd  tojindtbt^drta  of  the  ffyptriphl 
ABD,  and  ttlfe  the  A'ta  tf  the  hyptrkelical  SOltr 
CAD;  fuppffin'i  C  ft  it  tbt  ftnttri  and  A  tbt  pri*~ 
apsl  Vertex  tf  the  Curve. 

Here,  putting  the  Senii-Jranfuerfe  Axis  CAsza,  the 
Scmi-conjugatc  =  r,  anil  CB  ==  *  j    we  have,  by  the 


6  A  |B 

Property  of  the  Curve,  j  (=  BD)_==  — ^/  i*-*r» 

and  therefore  *  =y*  =  ^ ^J  *"— **  =  tin  Fhixicu 

J  Ait  irt.  of  die  Are*  ABD  J. 

But  to  find,  the  Fluxion  of  the  Seaof  CAD*  it  '* 
to  be  obferved,  that  as  the  faid  Sector  is  =CBD.— 

-ABD  =  ^j-  —  «.  it»„  FJiuqon  will  therefore;  be  _s 
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in  jkt&ng  Areas*  J45 

:  7—^  (becaufe  u  =yi  •)  which,***  "«■ 
by  iiibftituting  for  y  and  /,  their  Equals  ~J&  — «* 


2  .  if 

a  "**  a 


is  at  length   reduced  to  - 


■  y =  :   Whereof  the  Fluent  (by  j*W.  126.)  is  — 

X  hyp.  Log.  *  4.  %/**—«'  }    which  corrected    (by 

making  *:=«)   will  become  —  X  hyp.  Log.  *  -f. 

......       ae  m  . 

V**—  a*  —  —  X  hyp.  Log.  a  =  —  X  hyp.  Log, 

*+V'*1~a*  =  the  Seflor  ADC :  Which,  fubtracled 


ZOZ  ,     BCXBD      .  _,     , 

I — _  (= =  tbeTriangleABD) 


--X  hyp,  Log.: 


ieami^X- 

for  the  required  Area  of  the  Hyperbola  AfiD. 

EXAMPLE      XVIJ. 
130.  Ltt  the  Curvt  prspefid  kt  tht  F.llitfu  AEB. 

*Then,  putting  the  tranfverfe  Axis  AB=a,  and  the. 
.Conjugate  (2CE)  =ci  we  fbatl,  by  the  Property  of 

the  Curve,  hare  j  (DR)  : 

fort  *  (ji)  =  -  X  *  V* 
the  Area  ARD. 


-  y/ax  -^xxyvaA  there- 

—  xx  =  the  Fluxion  of 


-;#*W 
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But  *  s/ax — xx  is  known  to  cxprdi  the  Fluxion  a   f 
the  correfpondiiig  Segment  AD*  of  die  circumfcribiDg 


CDS 


Bemi-circlc  >  wbofe  Fluent  U,  therefore,  giren,  bfArf. 
1*4  j  which  being  denoted  by  A,  that  of  ~?X*^iue — ** 

will,  confequently,  be  =  —  X  A.     Hence,  the  Area 

of  the  Segment  of  an  EHipfis,  is  to  the  Area  of  the 
correfponding  Segment  of  its  circumTcribing  Circle,  ai 
the  Idler  Axis  of  the  Ellipfis  is  to  the  greater  ;  whence, 
it  follows  that  the  whole  Ellipfis  muft  be  to  the  whole 
Circle  in  the  fame  Ratio, 

EXAMPLE    XVm. 

131.  Let  tht  Curve  AR  &c.  whaft  Area  CARSj«<  wsuld 
Jindt  bt  tht  Conchoid  ef  Nicomedcs. 

Whereof  the  Equation  (putting  BC=a,  and  RV 
(=AC)  =*)  a  *y  =  ^t7'  *  ^?  (yid.Art.sv) 
Which,  by  Reduction,  becomes  x  ss  fj_ — ZZL  + 


y,  Google 


in  finding  Alas. 
A 


H? 


F. 

R. 

H           / 

D 

F         C 

B 

/     s 

\/b*—f :   But,  to  bring  it  down  to  a,jWj7,  more 
fimpk  Form*  nuke  v'**— 7*  (=SV)  ss  2  j  tbqi  jsai 
V^1 — a1 ;  whence,  by  Subftitutioa,  x  sc  ■   ■ 
-J-  k  ;    and   confequcntly  *  = 


But  now*  to  exhibit  the  Fluent  hereof;  upon  Q  as  * 
Center,  with  the  Radius  AC  (b)  let  a  Quadrant  of  a 
Circle  AED  be  defciibed,  and  let  RH,  produced,  meet 
the  Periphery  thereof  in  E,  alfo  let  EF  be  parallel  to 
AC,  and  let  CE  be  drawn  :  It  is  evident  (becaufe  CE 
(CA)  =  VR  and  EF  =  RS)  that  CF  is  alfo  =  VS 
=  x;  and  therefore,  EF  being  {=\/C&~Cp*)  = 
\Zb* — a*,  it  appears  that  i  y/p—x*  (  the  fecond 
L  1  Terra 
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Term  of  our  given  Quantity)  exprcfies  the  Fluxion  of 

the  Area  AEFC  :  Whence,  if  to  this  Area  (found  by 

the  Table  of  Segment!)  the  Fluent  of  the  fir  ft  Term 

abzi  b4-x 

Art.  irf.  p — ,  or  the  hyp.  Log.  of  r— ,  X  J  ah  *,  be  added, 

the  Sum  will  be  the  whole  Area  ARCS,  that  was  to  be 
determined. 

EXAMPLE    XIX. 

132.  Let  it  he  required  to  determine  the  Area  ASRA 
included  by  the  common  Cycloid  ASM  and  in  generating 
Semi-circle  ARH. 

Put  the  Radius  AO  (or  RO)  —a,  the  Sine  BR=;, 
the  Co-fine  OB=x,  and  the  Arch  AR  (=RS,  by  the 
Property  of  the  Cycloid)  =  s .-  Then  AB  being  =  a 


•— zt  its  Fluxion  will  be  —  £  i  whence  (*)  that  of  the 
Mia.  Area  ARS  »;=—***•    Now  to  find  the  Fluent  there- 
of, make  w  =  —  *»  {=  the  Fluent,  if  %  was  con- 
stant) 
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ftant)  then  •»>  betag  =:  —  %k — *£•,  we  flull  have**"-  »• 
*  (= — *i)  sw+ni.  But  (ty^frr.  35.)  jc 
(AR  Fluxion)  :>  (BR  Fluxion}  il  Radius  :  Co-fine  of 
the  Angle  ARB,  or  its  Equal  ROB ::  OR  (a)  :  OB  (*■;  • 
Therefore,  by  multiplying  Extremes  and  Means,  we  get 
xisuij:  Whence,  by  Subftitution  «  (=ii'-{*xi)  —  <w 
+  *7 ;  and  confequently,  by  taking  the  Fluent,  u  =: 
»  +  *»=  — *r  +  *y  =  AOX  BR  — BOX  AR  = 
the  Area  ARS. 

Hence  it  follow*  that  the  Area  (AEFA)  when  RB 
coincides  with  the  Radius  FO,  is  barely  =  AO  X  FO 
=  AO":  And  that  the  whole  Area  AMHFA  is  truly 
denned  by— ARH  X— OH,  or  by  ARHXOH  ;  that  is 
by  four  times  the  Area  of  the  generating  Semi-circle. 

EXAMPLE    XX. 

133.  Lit  tbt  Curve  pnftfij  it  tbt&tettarit'DAB. 

Then,  drawing  BS  and  is  parallel  to  the  Axis  AC, 
and  AS  and  cbn  perpendicular  to  the  fame  ;  and  making 
(as  uftul)  A£=*>  tb=y  and  Ai=as,  we  (hall  have,  by 


A  -f        S 

the  Property  of  the  Curve,  2«r+**=:z*  r  Whence  *= 


\/«*+a* —  "»  and  * 


L  3 


- :  From  which  the 
Value 
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**• ,ls*  Value  of  y  (which  in  all  Corves  is  =  >/*.*— -xx  *) 
will  here  be  found  =      /;. £r*-  =  J 4r~ 

—  ■■     ■■  ■■  j  and  this  multiply  *d  by  V«*+  **  —  « 


(=  h)  givei  «*  —  * 


:  (=  the  Reflangle  Si) 


vV+*< 

*  Art  us.  =  the  Fluxion  of  the  Area  Ait  *.    From  whence,  by 
taking  the  Fluent,  the  Area  ioelf  is  found  —  m,  —  a1 


tAit-irf.  x  byp.Ug, : 


»f:  Which    therefore    de- 


ducted from  the Re&angle  u  ( =jv==y  v«*+*^ — *y) 
leaves  y  \/<**  +  21  —  «g»  —  ffz,   +  a*  X  A#.  Leg. 


for  the  required  Area  Abt .  But,  unccj:= 


Scholium. 

134.  At  the  Beginning  of  this,  and  in  the  preceding 
Sections,  we  have  fcen  how  the  Fluxions  of  Quantities  are 
determined,  by  conceiving  the  generating  Motion  to  be- 
came uniform  at  the  prapofid  Pojition ;  according  to  the 
true  Definition  of  a  Fluxion*  :  But  hitherto  no  parti- 
cular Notice  has  been  taken  of  the  Method  of  Incre- 
ments, or  indefinitely  little  Parts,  ufed  (and  miftaken) 
by  many  for  that  of  Fluxions :  In  which  the  Operations 
are,  for  the  general  Part,  exactly  the  fame  ;  and  which 
(tho*  lefs  accurate)  may  be  apply'd  to  go"d  Purpofe  in 
finding  the  Fluxions  themfelves,  in  many  Cafes.  For 
Which  Rcafons  it  may  not  be  improper  to  add  here  a 
3  few 


fit  finding  Areas.    •  .    j  r  \ 


a  few  Lines  on  that  Head,  to  (hew  the  Beginner  how 
the  two  Method;  differ  from  each  other ;  efpecially  as 
we  (hall  be  enabled,  from  thence,  to  draw  out  fome 
Conclusions  that  will  be  of  Ufe  in  the  enfuing  Part  of 
the  Work. 

It  hath  been  frequently  inculcated  in  the  foregoing 
Pages,  that  the  Pluxttns  of  Quantities  are  always  mta- 
furtd  by  how  much  the  Quantities  tbemftlvet  would  be 
mifermly  augmented  in  a  given  Tim.     Therefore,  if  two 


A 

B        / 

D 

I 

p 

Quantities  or  Lines,  AB  and  CD  be  generated  together, 
by  the  uniform  (or  equable)  Motion  of  two  Points  B 
and  D,  it  follows,  that  any  two  Spaces  Bb  and  D4 
mBuaUj  gone  over  (whereby  AB  and  CD  are  aug- 
mented) in  the  fame  lime,  will  truly  exprefs  the  Fluxions 
■of  the  generated  Linea  AB  and  CD  :  Whence  it  appears 
that  the  Increments  (or  Spaces  actually  gone  over)  and 
die  Fluxions  are  the  lame  in  this  Cafe,  where  the  gene- 
rating Velocities  are  equable. 

But  if,  on  the  contrary,  the  Velocities  of  the  two 
Points,  in  generating  the  Increments  Mb  and  Nrf,  be 
fuppofed  cither  to  increafe,  or  to  decreafe,  the  Lines  or 
Increments  fo  generated  will,  it  is  plain,  no  longer  ex- 
press the  Fluxion*  of  AB  and  CD  t  being  greater,  or 
lets  than  the  Spaces  that  might  be  uniformly  described,  in 
the  f-irne  Time,  with  the  Velocities  at  M  and  N. 

If,  indeed,  thofe  Increments,  and  the  Time  of  their 
Defcription,  be  taken  fo  exceeding  (mall  that  the  Mo- 
tion of  the  Points  during  that  Time  may  be  confidcred 
as  equable,  the  Ratio  of  the  faid  Increments  will  then 
exprefs  that  of  the  Fluxions,  or  be  as  the  Velocity  at 
M  to  that  at  N,  indefinitely  near ;  but  cannot  be  con- 
L  4  ceived 
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ccivcd  to  be  ftriffl]  fi  ;  unlcfs,  perhaps,  in  certain  par~ 
ticular  Cafes. 

Hence  we'  fee  that  the  Differential  Mttb»dy  which 
proceeds  upon  thefc  indefinitely  little  Increments  (actually 
generated)  ai  we  do  upon  Fluxions  (or  the  Spaces  that 
might  he  uniformly  generated)  differ*  little,  or  nothing, 
from  the  Method  of  Fluxions,  except  in  the  Manger 
of  Conception,  and  in  Point  of  Accuracy,  wherein) 
it  appears  defective:  And  yet  it  it  very  certain  the: 
Conclufions  this  Way  derived  are  mathematicaUj  true  -r 
which  has  afforded  Matter  of  Wonder  to  feme :  But  the 
Reafon  why  they  are  fo  is  very  eafily  explained.  For, 
although  the  tubele  etmfiete  Increment  is  actually  un- 
lierftood  by  the  Notation  and  firft  Pefinition  (of  this 
Method)  yet  in  the  Solution  of  Problems  the  exact 
Meafure  thereof  is  not  taken,  but  only  that  Part  of  it 
which  would  arife  from  an  uniform  IncreaTe,  agreeable 
to  the  Notion  of  a  Fluxion ;  which  admits  of  a  ftrid 
Pemonftration :  But,  after  all,  the  Differential  Method 
has  one  Advantage  above  that  of  Fluxions,  which  is, 
we  are  not  there  obliged  to  introduce  the  Properties  of 
Motion.  Since  we  reafon  upon  the  Increments  them- 
felves,  and  not  upon  the  Manner  in  which  they  may  be 
generated. 

It  has  been  hinted  above,  that,  though  the  Increments 
of  Quantities  arc  not,  griSljt  as  the  Fluxions,  yet 
from  them  the  Ratio  of  the  Fluxions  may  be  deduced  ; 
and  it  appears  that  the  fmaller  thofe  Increments  are 
taken,  the  nearer  their  Ratio  will  approach  to  that  of 
the  Fluxions.  Therefore,  if  we  can,  by  any  Means, 
find  the  Ratio  to  which  the  faid  Increments,  by  con- 
ceiving thi-m  Ids  and  left,  do  perpetually  converge,  and 
which  they  may  approach,  before  they  vanifh,  nearer 
than  any  aflignable  Difference,  that  Ratio  (called  here- 
after, for  Diftindion  Sake,  the  Ratio  limiting  that  of 
the  Increments)  will  be,  Jiricllj,  that  of  the  Fluxions. 

This  will  more  particularly  appear  from  the  follow- 
ing Inftances ;  wherein  the  Manner  of  deriving  the 
Ratio  of  the  Fluxions,  from  that  of  the  Increments, 
\%  fhewn. 

it. 


Digil  zed  by  GOOgle 


in  finding  Areas.  153 

!•.  Lit  it  le  fropoftd  to  drttrimnt  tht  Ratio  if  tho 

Fluxions  of  x  and  x\ 

Now,  if  *  be  fuppofed  to  be  augmented  by  any 

(finall)  Quantity  *»  lb  a*  to  become  *  +  *,  its  Square 

(x*)  will  be  augmented  to  x-\-x    =  **  -f-  ixx  -f-  xx ; 

whence  the  Increment  of  x*  will  be  ixx  +  x x  j  which 

therefore  '»  $0  (x)  the  Increment  of  *,  as  ix-f-x  to  1, 

pfence,  becaufe  the  Jefflcr  *  it  taken,  the  nearer  this 
Ratio  approaches  to  that  of  ix  to  i ,  which  is  its  £»m'f, 
the  Ratio  of  the  Fluxions  wjll  therefore  be  cxprefled  by 
ihat  of  ix  to  i,  or,  which  is  the  fame,  by  that  of  2xx 
to  x  (at  inArt.ii.) 

2°.  Let  tht  Ratio  of  the  Fluxions  of  x  and  x"  hi 
riqvtrtd. 

Then,  if  *  be  augmented  to  *-f  x,  *"  will  be  aiig- 

1  2 

■   1       -a  3  '  .  , 

99*)  '  Whence  the  Increments  of  x  and  *  will  be  to 
each  other  a*  1  to  nx        +  ~  X  — —  *        x  ■{•  — 

x!ZlX— ,-li;^,    Where    the    (mailer 

x  is  taken,  the  nearer  the  Ratio  will  approach  to  that 

of 
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of  I  to  nx* ~"1  j  which  appears  to  be  ill  Limit :  There- 
fore this  laft  Ratio,  or  that  of  i  to  «V""xiI  U  theRa- 
tio  of  the  FluxioM required.     (Vid.  Art.  8.  J 

3°.  Let  it  he  propoftd  ta  determine  iht  Proportion  of  tha 
Fhutitns  of  the  Sides  AC  and  BC,  of  a  right-angled, 
plant  Triangle  ABC ;  fuppofmg  the  Perpendicular  AB 
ta  remain  invariable. 


If  Cd  be  afTumed  to  reprefent  any  Increment  of  BC  ; 
and  Dd,  the  correfponding  Increment  of  AC  (—AD) 
the  Ratio  of  thofe  Increments  will  be,  univerfally,  ex- 
prefled  by  that  of  the  Sine  of  the  Angle  CDa  to  the 
Sine  of  the  Angle  XH-ld  (by  plane  Trigonometry)  and  the 
lefs  the  Increments  are  fuppofed  to  be,  the  nearer  will 
the  Angle  CDd  approach  to  a  right  one,  or  to  an  Equa- 
lity with  B ;  which  is  its  Limit :  And  the  nearer  wilt 
DCd  approach,  at  the  fame  time,  to  an  Equality  with 
BAC.  Therefore  the  Rath  hire  limiting  that  of  the 
Increments  is  that  of  the  Sine  of  B  (or  Radius)  to  the 
Sine  of  BAC :  Which  alio  exprcfles  that  of  the  re- 
quired Fluxions.    (Vid.  Art.  35.^ 

In  the  fame  way  the  Proportion  of  the  Fluxions  of 

ether  Kinds  of  algebraical  and   geometrical  Quantities 

may 
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may  be  inveftigated  ;  but  it  will  be  unnecefliry  to  dwell 
longer  upon  this  Head :  I  fliatt  therefore  only  add  one 
other  Obfervation  from  hence  (which  will  be  of  life 
hereafter)  relating  to  the  Value  of  an  algebraic  Fraction, 
in  that  particular  Circumftance  when  both  its  Numerator 
and  Denominator  become  equal  to  Nothing,  or  vanilh, 
at  die  fame  time.  Which  Value  (it  follows  from  above) 
will  he  found  by  dividing  the  Fluxion  tf  tbt  Numerator 
by  that  if  the  Denominator. 

For,  fince  the  Value  of  any  Fraction,  in  that  Cir- 
cumftance, is  to  be  looked  on  v  the  limiting  Ratio  to- 
wards which  its  two  Terms  converse,  before  they  va- 
nifli,  and  feeing  the  Fluxions  are,  always,  cxpreued  by 
that  Ratio,  the  Truth  of  the  Rule,  or  Pofition,  is 
raanifcir. 

An  Example,  however,  may  not  be  improper: 
** — a*- 

Let  therefore  the  Fraction be  propounded,  to 

find  the  Value  thereof  when  *•— a.  In  which  Cafe, 
the  true  Value  fought,  or  the  Fluxion  of  the  Nume- 
rator divided  by  that  of  the  Denominator,  is  =  — r- 

=2x=2<i.  And  that  this  is  the  true  Value,  may  be 
confirmed  by  common  Divifion,  whereby  the  Fraction 
propofed  is  reduced  to  #+■» ;  whofe  Value  when  xzza, 
is  therefore  =20,  the  very  fame  at  btfm. 


SEC- 
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SECTION    VIII. 

The  Vfe  of  Fluxions  in  tbe  Re£Kficationt  or 
finding  tbe  Length,  of  Curves. 

CASE     I. 

135.  T    ET  ACG  bta  Curvt  of  ax?  KindvihtfeOr- 
I  /     dittMtts  or*  fordid  tothtmjthtt  ami  frr- 
jxndicular  to  tht  Axis  A  G^ 

If  the  Fluxion  of  the  Abfciffa  AM  be  denoted  bj> 
Mm,  or  by  Ci  (equal  and  parallel  to  Mm)  and  «S» 


equ.il  and  parallel  to  Cr,  be  taken  to  reprcfent  the  cor- 

_  refpondiug  Fluxion  of  tbe  Ordinate  MC ;  then  will  the 

*  Art.  4*    Diagonal  CS  (touching  the  Curve  in  C  *)  be  the  Line 

w"        which  the  generating  Point  (p)  would  defcribe,  waa  ita 

Motion  to  become  uniformatC  (Fid.  Art,  $  and  4a..) 

which  Line,   therefore,   truly  expreflea  tbe  Fluxion  of 

t_Af«.  s.     the  Space  AC  gone  over,  according  to  tin  Dtfn'uion  \. 

Hence,  putting  AM=», ,  CM==r,  and  AC=z,  we 

have  *  (  =CS=  x/Cb'+Sv)  =  y/**+?  ;  from 

which,  and  the  Equation  of  the  Curve,  the  Value  of  x 

may  be  determined. 

CASE 


in  finding  the  Lengths  of  Curvet.  1 57 


C  A  S  E     It. 

136.  Lit  all  th  Ordinate  tf  tht  preptftA  Curve    ' 
ARM  be  rtftrrtd  to  a  Cmttr  C. 

Then,  putting  the  Tangent  RP  (intercepted  by  the 
Perpcndicukr  CP)  =  t,  the  Arch  BN,  of  2  Circle  de- 
fcribed  about  the  Center  Car;  the  Radius  CN  (or 
GB)=b*,c%.  (Vtd.Jtrt.uz)  we  have  k  :j  :.y  (CR) 


:l  (RP*)i  and  coniequently  i  =  — :  From  whence* Ait.  jj. 

the  Value  of  x  will  be  found,  if  the  Relation  of  >  and 
/  b  given. 

But  in  other  Cafes  it  will  be  better  to  work  from  die 

following  Equation,  viz.  i  =  J  j*  +  ^-f- .  Which 

it  thus  derived. 

Let  the  Right  Line,  CR,  be  conceived  to  revolve 
about  die  Center  C  i  then  fince  the  Celerity  of  the  ge- 
nerating 
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nerating  Point  R  in  a  Direction  perpendicular  to  Cft  it 
to  (*)  the  Celerity  of  the  Point  N,  as  CR  (y)  to  CN 

(a)  it  will  therefore  be  truly  reprefenwd  by  — :  Which 

being  to  (J)  die  Celerity  in  the  Direction  of  CR,  pro- 

•**«•  duced,  «CP  {,) :  RP(()»  itfaifow.th«^:i»:: 
»* :  t* :  Whence,  by  Compofition,  -y  +  j* :  j*  •-  i* 
+  (•(/)  :«*i    therefore  *y  +>*  =  ££,    and 


./£?+*■*■$-*.. 


consequently 

fae  fhewn. 

But  the  lame  Conclusion  may  be  more  eafily  deduced 
from  the  Increments  of  the  flowing  Quantities,  accord- 
ing to  the  preceding  Scholium. 

For,  if  Rffi,  rm  and  No  be  afliinud  to  reprefent  [%, 

y  and  x)  any  very  fmall  correfponding  Increments  of 
AR,  CR  and  BN,  it  will  be  ai  CN  (a)  ;  CR  (y)  :i 


if  the  Triangle  Knn  (which,  while  the  Point  m  h  re- 
turning back  to  R,  approaches  continually  nearer  and 
nearer  to  a  Similitude  with  CRPJ  be  confidered  as 

rtliilintal,  we  (hall  alio  obtain  z*  (=Rm*=Rr,+rM1) 
=r  — —  +  ?  '■    Whence,  by  writing  i,  i  and  j  for 

*,  x  and  y  (according  to  the  Scholium)  there  comes 
out  i'  =  —j-  +^*»  «  &/ir*. 

E  X- 


tn  JiuHxg  tie  Lengths  of  Curvet:  i  j » 

EXAMPLE    I. 

ltf.LtttbtGfirvt  ARM  wbeft  Length  it  ftaght,  h  th, 
Stna-cubital  Parabtla. 

A 

Wfacmrf  Hit  Equation  being  <**»==;»,  or  *  =  ~z  * 

a 

Vc  thence  have  «=  «~:  Whence  *  (=%/>*+•»"*)* *■*■«• 


Jj-  +  V£=t* * B?.     Whole  Km 


(found  by  the 


Rule}  is 


I,  gig     ,   j^y,, 
27a 


corrected  (  by  making  y  =  o )    becojnes 


E  X- 

T0i»«lh,C 


i6o  1%c  UJe  of  Vt.v*ioai 

EXAMPLE     1L 

138.  Lit  lit  Carat  prtptftd  bt  a  Parafoh  */  jnrt 
(iliirj  Kind. 

Then  k  is  -Z—  being  1  general  Equation  to  all 
a 

Kindt  of  Parabolas,  we  here  hare  i  =  3L—Z.  ,  and 

a 

,  /""       »  *•-•.• 

therefor.  «   (=  vV+7)  =  »/  j>  +  li i.= 


'  a  »■— i\* 

jXl  +  ?*_    I  :  Whofe  Fluent,  uniroMr  . 

m 

■  ia— 1 

prefied  In  an  Infinite  Series,  is  j  -f-  . 


M-IXa 

6»— 5X160 

But,  when  as  —  2,  the  Index  of/,  in  the  given 
Fluxion,  is  either  equal  to  Unity,  or  to  any  «/if  we  Parr 
of  it,  the  Fluent  may  be  accurately  bad  in  finite  Terms, 
(•  Jrtitk  84. 

For,  by  putting  J^rj  =  »>  "d  1^i  =  «.  « 


'(■  +  *£,  x;, 


Fluxion  (  l  +  -ij-_|  x»  is,  in  the  firft  ptee, 

ndticul  to  1+9*  ]    Xj;    Which    being  compared 
With 

■    * 


itKjmSng  the  lengths  tf  QtrVeh  it$! 


with  a-j-cz      Xd-z         «,   the  general  ExprefEoii  in 

the  fbrebid  Artickt  we  have  43i)>  ~y,  « ss  -i 

.  #■ 

*»=£,  Jsi*  iS  ac/,  r»  — 1  =  0,  or  — — *l=t0  5 

whence r  =v,  s  (r  +  w)  =  «  + 1 ;  and  confequently 


*^ ■,**> 

K 
I 

- 

MX 

ni- 

-a 

+  (*.* 

*Art.iii 

Mt 

J — 1 

x<- 

•+si  x/^ 
<+^r 

- 

^T, 

x,~ 

-e- 

»- 

-iX< 

t>— £Xw— JXf» 

— rf  : 

l  +  g*  Xi;  whicb  was  to  he  determined,  ami 
which  will  (it  is  plain)  always  terminate  In  v  Terms, 

when  v,  or  its  Equal  ^_v«  »    is  a  whole  pofitire 

Number. 

If  *^-    (derived  from  v  x *"■  )    be  fubfbV 

2V        *  2H — 2/ 

tuted  for  its  Equal »,  the  Equation  of  the  Curve*  will 

be  changed  to  ax  —  y  * ;  which,  if  »  be  expounded 
fay  j,,  2,  3,  4  fcfa-  fucceflively',  will  become  sxl=.y*, 
a**=jr',  «**  =  j',  «#*  =j»  yv.  refpeQively :  In  all 
which  Cafes  the  Length  of  the  Curve  may  therefore  bi 
Mccurattfy  had  fiom  the  Fluent  above  exhibited. 

M#  More** 
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Moreover,  if  »beaffumed  =2(or»={)  thegt- 
neral  Equation,  *  =:  "^,  will  then  become  Jr  = 
—  ;  anfwering  to  the  common  (or  conical)  Parabola. 

And  therefore  in  that  Cafe  i  (=  i  +  "  '        \  XJ) 


_W 


■  ,.W+rt,     W 

=  =  7  into    ^^-^  j       + 


Where,  the  Fluent  of  the  firft  Term  (of  the  Fluako 
fo  transformed)  being  =  {  V^V+j7  (or  i) V/*H?) 
by  the  common  Rule ;  and  that  of  the  fecond  Term 


•  A*.ii«.=  H*Xhyp.  Log. 

that  the  Length  of  theCurve  win,  in  this  Cafe,  be 


U2L£+£.  +  {  b  X  hyp.  Log.  >. 


EX. 
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example  nr, 

1 39.  Let  tbe  Curve  pnpeftd  be  tbe  Imoiutt  rf  a  CircU  j 
whole  Nature  is  fuch,  that  the  Part  PR  of  the  Tangent 
intercepted  by  the  Point  ofConuA  and  tbe  Perpendicular 
CP,  is  every  where  equal  to  the  Radius  CO  of  the  g«- 


163' 


■  Berating  Circle:  Therefore  i  (=  j  •)  being  here  =  •  ^  1J9( 

— ,  we  firft  get  a  =  —  ;  wbich  corrected  br  making 

>  =  *(  =  AC)  become!  *-™^  (  ^)  the  true 
Meafure  of  the  required  Arch  AR. 

Ma  £  X- 
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EXAMPLE     IV. 

140.  /«  which  the  Spiral  ef  Archimedes  is  prtycfid. 
Where,  die  Value  of  *  (AT)  being  denoted  by 
'      ^J==     (Ki -*».«».)   we  get  «   (=*■) 
-  V *'+>':  Which  Fluxion   being  exactly  the 

A 


fame  ai  that  exprvi&tg  (he  Arch  of  the  damson  Para- 
bola, fount!  in  Article  138.  its  Fluent  will  therefore  \e 
truly  reprefented  by  the  Meafurc  of  the  laid  Atch,  or  by 

fa^5+i)x»it.'+vf5,  tk 

Value  there  exhibited. 
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EXAMPLE      V. 

141.  ttt  the  Cnrve  he  a  jfiral  xuhofe  Equation  i. 

«— '*=/■  {Vid.jkt.t3f>.) 
la  which  Cafe  i  being  =  '»-*  *    lt   a  ev" 

1  ^£?i  and  therefore  *=>+' 


m*j**+* 


W°J.P" 


_^ _.  Wf.  Whkh  Value 

4«+ 1  X8a*"       fc™+ 1 X 1 6**" 
ouy  be  otherwife  bad}  without  an  Infinite  Scries,  when 

■ isa  wboIepoiitiveNumbcr,  Fide  Art.ljfi. 


,  the  Right-fine  R*  =  .r, 

AT 


EXAMPLE     VL 

14a.  When,  tht  Right-fine,  Ferfed-fine,  Tangent,  or 
Secant  of  an  Arch  of  a  Circle,  being  given,  'tis  re- 
quired to  find  tbt  Length  of  tht  Arch  kfeif  in  Terms 
thereof. 

Put  the  Verfed-fine  Ai=*; 
the  Tangent  AT 
sf.thcSfswtOT 
=i,  the  Arch  AR 
=rx,  and  the  Radius 
AO,  or  RO,  =  a ; 
alio  let  V.n=zx,  nr 
=T  and  Rr  =  i  : 
Since  the  Angle 
r»R  {  =  Right- 
angle]  =0£R,  and 
rR»  (  =  Rigbt- 
angl?  —  »ROj  =ORi,  the  Triangles  rRn  and  OR* 


M  3 
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i66  fbeUfiof  Fluxions 

ire  therefore  equi-angular  ;  and  it  will  be,  RA  (j) ;  OR 


caufe,  by  the  Property  of  the  Circle  %/aax — **=},) 
Alfo,  Ob  (v^?)  :  OR  («}  :=  w  (r)  Rr  (*)  = 

— = ,     Thefe  two  Values  exhibit  the  Fluxion  of 

yV  ■— j»* 

die  Arch  in  Term*  of  the  Verfed-fine  and  Rigbf  - 
fine  relpeftiwly  :  But.  to  get  the  lame,  in  Termi  of 
the  Tangent  and  Secant,  we  have  {by  Jim.  Trtangla) 
OT  (=*  s  v^?+?)  :  OA  [«) ;:  OR  («) :  Oi= 
■—=2—75===:  HenceA£=a — — =tf ■  ■  ■■■-=  i 

whofe  Fluxion  is  therefore  =  ~z~=  *:  Whence 

■      *~q^T 

(again  by  fimilax  Triangles)  AT  (=y/sl—a*  =fj  : 
OT  (szssx/ai+r)  :;  R»:Rr=       St         = 


Now,  from  any  one  of  the  four  Forms  of  Fluxion) 

(ox  ay  a*i  a**         \ 

\Zau* — xx'  y/** — f '  **  +  **'  i\S**  —  «V 
here  found,  the  Value  of  the  Arch  itfelf  (by  taking  die 
Fluent,  in  an  Infinite  Series)  will  likewife  become 
known. 

But,  the  third  Form,  exprefled  in  Terms  of  the 
Tangent,  being  intirely  free  from  radical  Quantities, 
Will  be  the  moft  ready  in  Practice,  efpetially  where  the 
required  Arch  is  but  fmall ;  though  the  Scries  arifing 
from  the  firft  Form,  always,  converges  the  faftcft. 
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'    If.  therefore,  — be  now  converted  to  in  In- 

tli      t*t       re/ 

Enite  Series,  we  fhall  have  i  =  t  —  -_+  —  —  -— 

a1       <t*        «° 

P  t*         P 

Ut.  »ndcoriIequentIj»  =  t—  5?  +  5»  —  ^S  + 

— .  (it.  =  AR.    Where,  if  (far  ExmfU  Salt)  AR 

be  fuppofed  an  Arch  of  30  Degrees,  and  AO  (to  ren- 
der the  Operation  more  eafy)  be  put  =r  Unity,  we 

tnall  have*=v/*  —  -57735  °2  (becaufe  O*  vT  ' 
*R  (i)  r.  OA  (1) :  AT  (<)  =  y/i  ) 
Whence 
f    (  =(XC=<X})  =  .1954500 


I  =a'Xr*=  —  )  =  .0641500 

f=/>XP=-)  =  .02^833 

I  =rXr*=i  — 1  c=  .0071277 

■  r=<>x<^  y)  =.0023759 

•  f  =I"Xf=— 1=.  0007919 

.  f=i"X<*=Y)=-°«>a639 


at. 

.11 


.1924500  , 

And  therefore  AR  =  .57735°* 1 + 


.0641500      .0213833  .  .o°7'*77  _  -0053759    , 

— 1 — T"+      9  '■       T 

M4 

D#!^db/GOC 
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.8007919  .0002639  .0000879  .0000193 
*        13  '       15      +       »7       ""       i» 

+  •00^097  _  •°o°°°3^  _  .5-23S987 .  Which  mut 

tiply*d  by  6  gives  3.141592  +  for  the  Length  of  (he 

Siini -periphery  of  the  Cir-de  whofe  Radius  is  Unity. 

At  Jrliclt  126.  certain  Forms  of  Fluxions  were  pointed 
put,  whofe  Fluents  are  explicable  by  means  of  hyper- 
bolical Spaces,  or  a  Tablf  »f  'Logarithm :  Which  Forms, 
ic  is  obfervable,  agree  in  every  thing,  but  the  Signs  (and 
confknt  Quantities)  with  thefe  exhibited  above,  for  the 
Arch  of  a  Circle.  And  thefe  laft,  like  them,  may 
ferve  as  to  many  (other)  Theorems  for  finding  Flueiws 
by  means  of  a  Table  tf  Sftuty  Twigentt  and  Sfteati. 
Put,  as  fuel)  a  Table  is  ufually  calculated  to  a  Radius 
pf  1,000000  CsTr.  (or  Unity)  the  following  Equations, 
derived  from  thofe  above,  being  adapted  to  that  Radius, 
will  be  rather  more  commotjiou'j. 


^3 

y/iow^t^ 

3' 

j 

a*+w* 

.zv\/w — a* 

■I  f  VerfeMnc 

a    Right-ra= 


2  I  Tangent 
„  I  Secant 


■    is  —  k  and 
a 

Radius  Unity. 


,  The  way  of  deducing  thefe  Expreffions,  from  the 
foregoing  ones,  is  extremely  eafy  :  For,  if  A  be  put  to 
denote  the  Arch  whofe  Radius  is  Unity,  and  whofe 

to 
VerfeU  fine,  Right-fine,  Tangent,  or  Secant  is  "(ac- 
cording to  the  different  Cafes  here  fpeclfied.)     Then, 
becaufe  fimilar  Area,   of  uucuimI  Circles,  are  as  their 
Rad.i, 
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Radii,  it  will  be  1  \a--'.A'.  [a A)  the  Length  of  the 
Arch  AR  {fit  tbt  Ftptrt.)    Therefore,  the  Fluent  of 

a*  ,  **  *  i_  • 

■■  ;.'nt'  14.  (or      ;-.x:  aye,  putlwg  *rx=ar)  being 

>=  «.*  (AR),  tint  of  ■"■:■■■,)  ,,*— .  rnuft  nectflkrily  bo 
■  ;=  .Y:  And  in  the  very  fame  Manner  the  other  FtxtM 


EXAMPLE     VIT. 

)43.  L(t  tbt  jrvpoftd  Curve  ht  tbt  eemmm  Gytitid. 
Then,  if  the  Radius  AQ  of  the  generating  Sfirni-circle*    •  S«  r;t, 
be  denoted  by  a,  we  flull  have  BR  =  \/iax — xx ;  and 


^/'^.ex—x- 


added  to  (      ,       .  ■-'-  J   the  Fluxion  -of  AR  or  its 
\\f  lax— xx/ 

Equal    RS    (  given    by   the   preceding  Article  J    wC 

«*-«*              xXuZT*  i 

thence,  get  V^~~l  =     .      ?s  T  X 

_I 
a« — jt   ,  for  the  true  Fluxion  of  the  Ordinate  B3 
of  the  Cycloid. 

Hence  i  {>/*Hf  •)  =  J  *'+  *'x^~*  =•  A«t.  x%{. 

i  J  H  =  afl>  X  *  *  * ;  and  cnnfequently,  by  taking 

1       J  . 

the  Fluent,  z  S=  CI1,  X  ^-  =  2  y>r*  =s  the  Arch, 

AS  of  the  Cycloid, 

E-X- 
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EXAMPLE    Vin. 

144.  Wherein  it  it  required  to  determine  the  Length  tf 
the  Arch  of  the  cammm  Hyperbeia.     ' 

i    In  this  Cafe  (the  Scmi-traitfverfe  Axis  being  repren 
fented  by  b,  and  the  Semi-conjugate  by  e)  we  have 

~Zr~  =  a**  +  **  I  and  therefore  *  = X£ 

r  t 


—  b:  Hence- x 


y^^=>y 


»+= 


by  convening    ;  t  ,t  into  an  Infinite  Strut,  becomes. 

i7.  +  e_^  +  S_*i  a,,  bu.  din 

we  have  the  Square  Root  to  extrad;  In  order  thereto 
let  it  bealTurneJ  Si  ■  +  A/  +  By  +  Cy+Dr1  «t. 
Then,  by  Iquaring,  and  tranfpofing  (Fid.  Art.  98.  J 
there  arifes 

I+2A/+jBf+lC»«+dy  We.  ~) 

+A'r*+aABj*+aACy'  »*.  / 

+Byt*.  k=0 

*•  J"  I'  i'  ( 

-■-^Xy+^-Xr— 7Xy'+?TXr'  «fcV 


Hence  A  = 

5l 

—5 

-{A'  =  - 

*• 

-£.c= 

2;* 

— =5 

+  ^+- 

toe'" 

6fc  (*<-.     Th 

crefore 

l+'^fcfe. 

=>X 

*~£  + 

l+Ay'+By 

_x 
Se- 

rf 

4 

'., 
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X  /j  Wc.     And  confc- 


IOC* 


«x£,«* 


By  the  very  tame  way  of  proceeding  the  Arch  of 
an  EllipGs  may  be  found,  the  Equation)  of  the  two 
Curves  differing  in  nothing  but  their  Signs. 


SECTION     IX. 

V/be  Application  of  Flvxiohs  in  ittveftigating 
the  Contents  of  Solids. 

145.  T  ET  ABC  represent  any  Solid  j  conceived  to 
1  >  be  generated  (or  deTcribed;  by  a  Plane  PQ 
paffing  over  it,  with  a  parallel  Motion:  Let  Hi  (per- 
pendicular to  PQJ  be  ulfen  to  exprefc  the  Fluxion  of 
AH  (x)  or  the  Velocity  with  which  the  generating 
Plane  »  carry'd  ; 
alfo  let  the  Area  of 
the  Pan,  Em¥n, 
of  the  Plane  inter- 
cepted by,  or  con- 
tained in,  the  Solid, 
be  denoted  by  A; 
Then  it  follows, 
from  Art.  2  and  5. 
that  the  Fluxion  of 
the  Solid  AEF,  will 
be  expreffed,  by  Ax. 
From  whence,  by 
expounding  A  in  Terms  of  x,  f according  to  the  Nature 
pf  jhe  Figure)  and  then  taking  the  Fluent,  the  Content 

of 
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of  the  Solid  (which  we  fbaH,  riways,  hereafter  reprdent 
by  t)  will  .be  given. 

But,  when  the  propofed  Solid  is  that  arifmg  from  the 
Revolution  of  any  given  Curve  AEB  about  AHD,  is 
an  Ax'k,  the  Fluxion  (i)  of  the  Solidity  may  be  ex- 
hibited in  a  Manner  more  convenient  for  rra&ice :  Far, 
•Ait.  114.  pUtting  the  Area  (3,141502  &V>*)  of  the  Ciccle,  whole 
Radius  is  Unity,  —  f,  and  the  Ordinate  EH  =y,  it 
wiHbe  i*:  y*"t'-(ty%)  rte*AreaoftheCirdeE«Fa, 
which  being  wrote  above  infiead  of  d,  we  have  t 
—  fy1*.  The  Ufe  of  which  will  be  fufficiently  fhewn 
in  the  following  Examples. 

.     EXAMPLE     I. 

146.  Lot  it  bt  propofed  to  find  the  Content  of  a 
Cm*  ABC. 

Put  the  given  Altitude  (AD)  of  the  Cone  =0,  and 
the  Semi-diameter  (BDJ  of  its  Bafe  ;=  *  :  Then,  the 
Diftance  (AF)  of  the  Circle  EG,  from  the  Vertex  A, 
being  denoted  by  x,  E0V .  -we  have,  by  funifar  Tiiaiigles, 

Whence,  in  thhrCafe,  1 


(  =  #•*)  =5 


ft*** 


confequently  4  =  -^r   i 

which,  when x^*  (—AD) 

gives  ^-?(=/XBDJX}AD) 

for  the  Content  of  the  whole 
Cone  ABC.    Which  appear*, 

from  hence,  to  be  juft  }  of  a  Cylinder  of  the  fame  B»fe 

and  Allude. 

EX- 
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EXAMPLE     II. 

947.  Where,  let  the  Solid  prcpoftd  be  a  parabolic  Cans! J, 
tr  that  arijing  froth  the  Revolution  of  any  Kind  of 
Parahla  about  its  Jxis. 

Then,  from  the  Equation  am~ "  x"  =/* ,  of  the  ge- 
Cwve>wegetj'=a  "  X*",  and  i  (=zpf£) 
fa   "    X**-  i    and  therefore  *  =  pa    "    X 


M+m 


■=M 


■  »,     =  *»» X  — 1 —  =  the  Conteht  of  the  SoIH  1 

which  therefore  is  to  (#**J  the  Content  of  the  eh-cum- 
fcribing  Cylinder,  as  m  to  2«+m,  Whence  the  Solid 
generated  by  the  oflnksd  Parabdk  (where  m  =  a,  and 
n  =  1)  appean  to  be  juft  f  of  its  circumfcribing  Cy- 
linder. 

EXAMPLE     m. 

J4S*.  itf  the  propojed  Solid  AFBH  be  a  Spitrtii. 

In-wKA  Cafe,  prittiag  the  Axis  AB,  about  wht«h 
the  Solid  is  generated,  =  a,  and  the  other  Axis  FH, 
erf  the  -generating  EUipGs  =  bt  it  follows,  from  the 
Property  of  tht  Ellipfis,    that   a*  :  6*:ixXa  —  x 

(ADXBD)  if  (D£*)  =  ^X*x^*x;  Whence 


we  have*  (  =  £7***)  =  ~r  -X  *»■—  xl*  ;   and»Ait.n 


j=  *— -X  ltoex—*x*  =  the  Segment  AIE.  Which, 
■when 


the  Vfi  of  Fluxions 

*bcaAD(x)=AB(*)t 
/**•     

becomes  ^■^"Xffl' — i*1) 

I  pab*  =  the  Content 
of  the  whole  Spheroid. 
Where,  if  b  (FHJ  betaken 
—  a  (AB)  we  Hull  *Jfo 
get  j  pa1  for  the  true  Con- 
tent of  the  Sphere  whofii 
Diameter  is  a.  Hence  a 
Sphere,  or  a  Spheroid,  is  J 
of  its  circumfcribing  Cy- 
linder j  for  the  Area  of  the 
Circle  FH  being  exprcfied 

by  -  -,  the  Content  of  the  Cylinder  whole  Diameter 

b  FH,    and  Altitude  AB,  will  therefore  be  —  j 
of  wbicb  |  fab1,  is,  evidently,  two  third  Parts. 

EXAMPLE     IV. 

140,  Ltttht  Solid,  whefi  Centetti  yen  would  find,  it 

tbt  byptrbelhai  Coneid. 

Then,  from  the  Equation,  y*  =  —  X  wf  **,  of 

pb% 
the  generating  Hyperbola,  we  have  1  (py*x)  =  -7 


-£.\ 


X  «**+***,  and  confequently  *  =  -j-  X  $«**+$** 

=  the  Content  of  the  Conoid  ;  which  therefore  is  to 

i-p  X  *r  +  **  X  *)  that  of  1  Cylinder  of  the  fame 

Bafcand  Altitude,  as  \a  +  $*  to  «  +  *.  This  Ratio, 
if  x  be  extremely  final!,  will  become  as  i  to  2  very 
nearly :  Whence  it  may  be  infcrr'd,  that  the  Content 

of 
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bf  a  very  (mall  Part  of  any  Solid,  generated  by  a  Curve, 
whofc  Ray  of  Curvature  at  the  Vertex  is  a  finite  Quan- 
tity, is  half  that  of  a  Cylinder  of  the  fame  Bate  and  Al- 
titude, very  nearly  :  Becaufe  any  fuch  Curve,  for  a  fmall 
Diftance,  will  diner  infenfjbly  from  an  Hyperbola,  whofe 
Radius  of  Curvature,  at  the  Vertex,  is  the  fame. 

This  might  have  been  inferred,  either,  from  the 
common  parabolic  Conoid,  or  the  Spheroid,  in  the  pre- 
ceding Examples ;  but  other  Obfervationa  would  not  al- 
low Room  for  it  there. 

EXAMPLE    V. 

150.  In  which  tbt  prtpefed  StliJ  it  that  arifing  frtm  tbt 
Retatim  if  tbt  Cijftut  tf  Diodes,  abtut  itt  Axis. 

Here,/  being  =  ^;,»  we  ha?*;  (fy*i)  ss,A«t* 

.  But,  in  Cafes  like  this,  (where  the  Denominator 

is  rational  and  the  variable  Quantity  in  the  Numerator 
"of  (cvcral  Dimenfions,  it  will  be  neceflary  to  divide  the 
latter  by  the  former,  in  order  to  obtain  the  Fluent,  by 
leflening  the  Number  of  Dimenfions:  Thus,  dividing 
px'x  by  — x-^-a,  according  to  the  Manner  of  compound 
Quantities,  the  Work  will  ftand  thus : 
<—*+*)  fx'x—o  (—fx*x- 
fx*x— fax*x 


+pax*i—Q 
+f>axlx—fa*xx 

xx— -o 
xx — ftflx 

+pa'x 

Where,  the  Quotient  being— fx1 

Remainder  pa**,  the  Vahte  of  the  given  Fraction  r- 
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ty&  'the  OP^Floxiohs 

will  therefore  be  truly  expreSed  by  -~fx%x-r-p*xx-* 
Upx  +  ^™_  t   Whofc  Fluent,  properly  correfled.  Is 


*-|^r»  _  \pgx*  — ifa'x-b-  p**  Xhyft  Log,  

rid.  Art.  lafl. 

EXAMPLE     VI. 

S51.  Let  the  Solid  he  that  ari/mg  from the  Rttettt*  if 
the  Conchoid  of  Nicomede*  ateut  tit  Axis. 

yx  — tf£l— -J* 

The  SutMiMem  -r-«fthjsCwTebellif= — 7=5 — 2 

— ahf — y*j     , 

fWI.  jrVf.  48  <rarf  57.)  we  have  *  te  ,1r-j/*fcr-.» «« 

,  ^    •/...,-  .—tab*?—pj*j         jgjg  ■ 

•  Art.i4S.  theiefcrej  ft*"* *)  =*  ^/^trj*  =*  —  ♦J/£=^» 
•—  ■  ,^-j.t.  But,  in  order  for  the  awtc  eafy  find* 
ing  the  Fluent  thereof,  autvA*— fx  =»  «J  »»«*  **«» 
,  we  flutl* 

iy  Subftitution,  get  f  =  '  >nTi— +1**** — ***' 


the  Arch  {A)  of  the  Circle  whofe  Radius  is  Unity  and 
'•Ms-Sine  1  *i  the  Fluent  of  the  Whole  Expreffioo  will  be 


faPXA+fXPu — i"1.  Which,  when  jc=Q,  or n=i, 
gives  f^Xb+^X^)  **"Xf*-«-H*  for  the 
Content  of  the  whole  Solid,  when  its  Axis  becomes  to- 

* 
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EXAMPLE     VII. 

1 J3.  Where  it  h  rtqulrfd  to  find  the  Content  of  a  pa- 
rabolic Spindle  ;  gmtrattd  by  the  Rotation  of  a  given 
ParaMa  ACB  about  its  Ordinate  AB. 

.  PutCM,(thetAbfciflV  of  the  given  Parabola)  =«, 
and  the  Semi- ordinate  AM  (or  BM)  =  b;  and,  iup- 
pofing  ENF  to  be  any  Section  of  the  .-olid  parallel  to  DC, 
let  its  Diftance  MN  (or  EP)  from  DC,  be  denoted 
by  iu:  Then,  by  the  Property  of  the  Curve,  we  {hall 


have  AM1  (i»)  :  EP*  (wl)  ::  CM  (a)  :  CP  3 

aw1  aw* 

■JT  :  Therefore  EN  (  =  CM  — CP)  =«— -^  = 

- X  {*"""*,  and   confequently  p  X  EN*  =  P~   X* 


b*  —  2iH«l  +  w*  =  the  Area  of  the  Seflion  EF  : 
Which  multiply'd  by  (<&)  the  Fluxion  of  MN,  gives 
pa%        ■ 
it  X  i*w— 2i*«'iiv  -J-  w*w  for  the  Fluxion  of  (he 

Solidity,  *  whofe  Fluent,    j?  X b*w—  JiW+ftw*,  •  A 

(8fcr*M 
— r—  y   half  the  Content 

Of  the  Solid. 

N  IX- 
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EXAMPLE     Vffl. 

153.  Z,rf  //«  WW  ACBD  ( fu  the  Lift  Figure)  It  a 
SpindL,  generated  by  the  Retatim  of  the  Segment  tf  a 
Circle,  ACB,  about  in  Cbtrd,  tr  Ordinate,  AB. 

Then,  if  the  Radius  OE  be  put  =r,  OM-rf,  and 
EP  =  w  tfc.  (as  before)  we  ftiaH  have  OP  (  = 
v/OE1— tPl)  =  v^^N  and  EN  (=OP— OM) 
1*  —  rf :  Therefore  j,  in  this  Cafe,   is  = 


Whence,  the*  luent  of  thcPeirt,  p-wX&ts/r* — wl — 2d1 

(=  2dp  X  w  X  \A»— w'—  ^  =  2ftp  X  «  X  EN  ) 
*•  being  expreffed  by  idp  X  Area  MNEC  *  the  Fluent 
of  the  JVhtL,  or  the  true  Value  of  x,  will  be  ex- 
preffed by  pw  X  r»— </■— jw*  —  gjg  X/frw.  MNEC., 
or  by  its  Etjual  />XMNX  AM1  —  j  MN1  —  2?  X  OM 
X  Area  MNEC;  Which,  when  MN  =  MA,  gives 
p  X  f  AM1  —  2;  X  OM  X  yfr«  ^CAf,  for  the  Con- 
tent of  half  the  Solid :  Where  die  Aria  ACM  any  be 
found  by  Art.  1 24..  or  more  eaiily  by  the  common  Table 
of  the  Areas  of  the  Segments  of  a  Circle ;  to  be  nut 
with  in  moft  Books  of  Gauging. 

EXAMPLE     IX. 

154.  Let  it  be  prefvfed  t»  find  the  Cmfittt  iflbe  St/id 
AEGBj  whofefour  Sides  AH,  AF,  CH,  CF  are 
plane  Surfaces,  and  its  Ends  ADCB,  EFGH  given 
Rectangles,  paialld  to  each  other. 

Let  the  Sides  AB  and  AD,  of  the  Safe,  be  denoted 

by  a  and  b  ;  and  thole  of  the  Top  (EH  and  EF)  by  c 

and  4  relpectively  ;  moreover,  let  h  exprefs  .Che  pcrpen- 

1  dkuiai 
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dkrular  Height  of  the  Solid ;  and  let  x  (coofidcr'd  as 
variable)  be  the  Diftance  of  (IL)  any  Section  thereof 
(parallel  to  the  Bafe)  from  the  Plane  EG. 


It  is  evident,  from  the  Nature  of  the  Figure,  that 
the  Se&on  IL  is  a  Redangle  ;  and  that 
*:*::AB— EH:IM— EH::BC— HG:ML  — HG. 

From thefe  Proportions  we  have  IM— EH  =  "—,— 
indML— HG  =  i=£21i:  Hence  TM  =  a~'*Z 


Area  of  the  RccTangle  (IL)  = 


lxs+ 


Xx-\-eJ;  Which  being  multiply 'd  by 


i,  and  the  Fluent  taken,  there  refulta  - 


+  SE5*5B£  +  cJx  for  the  Content  of  IFGL : 

20 
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Which,  when  *  =  A,  becomes  («-'X«Xt  . 
v  3 

2 

ABXAD-J-EHXEF+AB+EHX  AD+EfX*  A  = 
the  Quantity  propofed  to  be  found. 

If  EF  (d)  be  fuppofed  to  vanifh,  and  the  Lines  EH 
and  FG  to  coincide,  the  Pianes  AEHB  and  DFGC 
will  form  an' Angle  or  Ridge,  at  the  Top  of  the  Solid 
(refembling  the  Roofs  of  fome  Buildings,  whofe  Ends 
as  well  as  Sides  run  up  Hoping)  and,  in  this  Cafe,  the 
Content,  found  above,  will  become  more  fimple,  being 
then  expreffed  by  2ui-J-^XJft,  or  its  Equal  aAB+EH 
XADX;/;. 

But,  if  EF  be  fuppoCedssErl,  and  AD=AB,  the  Solid 
will  then  he  the  Fruftrum  of  a  fquarc  Pyramid ;  and.  its 
Content  =  ?+«+?X}  A,  =ABl+ABXEH+EH.* 
X\  h ;  From  whence,  by  taking  EH=o,  the  Contcitf 
of  the  whole  Pvramid  whofe  Bafe  is  AB1,  and  its  Al- 
titude A,  will  alio  be  given,  being  =  AB1  X  j k. 

EXAMPLE     X. 

15?.  Let  the  propofed  Solid  be  that,  commonly  known  by 
the  Nam*  of  a  Groin ;  whofe  Sections  parallel  to  the 
Bafe  are,  alt,  Squares,  and  whereof  the  two  Sections 
perpendicular  to  the  Bale,  through  the  Middle  of  the 
oppoiite  Sides,  are  Semi-circles. 

Let  hedef  be 
any  Section  paral- 
lel to  the  Bafe  ; 
and  let  itsDiftance 
At  from  the  Ver- 
tex of  the  Solid, 
j,  be  denoted  by  *  j 
alfo  let  a  reprefent 
the  Radius  AB 
(or  BN)  of  the 


A, 

x^  \ 

\  d<\ 

M„/          \          \     1/ 

B 

V* 
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circular  Se&ion   ABNA,  .perpendicular  to   the  Bafe. 
Then,  bn  being  (by  .the  Property  of  the.  Circle  )  = 
\Zlax  —  jrjf,  the  Side  of  the  Square  df,  will  be  =    ■ 
ty/iax — xx,  and  therefore  the  Area-= 4 X  z*x — xx  ; 
whence  *  =  4*  X  lax — xx,  and  confequently  s  =  4a*1 

ax*  IP' 

—  2~_:  Which,  when#  =  ff,  becomes =  the 

3  3 

Content  of  the  whole  Solid. 

If  the  Solid  be  a  Groin  of  any  other  Kind,  or  fuch, 
that  its  two  Sections  perpendicular  to  the  Bate,  through 
the  Middle  of  the  oppofite  Sides,  arc  any  other  Curves 
than  Semi- circles,  the  Content  may,  Hill,  be-  found  in 
the  fame  Manner ;  and  will  be  always,  in-  propot<ion  (p 
the  Solid  generated  by  the  Revolution  of  the  (aid  Curve 
about  its  Axis,  as  a  Square,  is  to  its  inferibed  Circle. 
But,  if  the  forefaid  perpendicular  Sections  be  Curves  of 
different  Kinds,  the  Sections  parallel  to  the  Bafe  will 
no  longer  be  Squares,  but  Rectangles  j  whofe  Sides  are 
the  correfponding  (double)  Ordinates  of  the  refpeitive 
Curves.  Thus,  for  Inftance,  let  one  Section  be  a  Cir- 
cle and  the  other  a  Parabola,  whofe  Ordinates,  to  the 
common  Abfcifla  x,  are  expreffed  by  y/dx — xx  and 
■x/tf^jrefpeciiveJy;  then  the  Sides  of  the  redlangu  la  rSeflion, 
parallel  to  the  Bale  of  the  Groin,  will  be  z\/dx — xx  and 
as/ax~-  Whence  the  Area  of  that  Se&ion  is  —-  4* 
y/ad  —  ax,  and  therefore  t  =  4**  <fad —  ax  : 
"Where,     by  taking  the  Fluent,     *   s  =  «Ai 

>5 

Content  of  fuch  a  Solid. 

N  3  EX- 
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EXAMPLE     XL 

156.  Where  tht  Solid  BACD  frtptfid  it  a  kind  efCm, 
or  Pyramid ;  iovm'd  by  conceiving  Right-lines  to  be 
drawn  from  every  Point  in  the  Perimeter  of  any  given 
Plane  BDC,  to  a  given  Point,  or  Vertex,  A  above 


Let     EFG    be    any 

Seflion  parallel  to  BDC, 
whofe  perpendicular  Di- 
stance (AQJ    from  the 
Vertex  let  be  denoted  by 
x  ;    moreover,    let   the 
whole     given     Altitude 
(AP)  of  the  Solid  be  pat 
=  i7,   and   the   Area  of 
p  the  Bafe  BDC  (which  » 
alfo  foppofed given)  ='.. 
In  the  firft  place,  it  is 
eafy  to  conceive  that  the 
Planes  BDC  and  EFG 
muft    be  fimilar  :    And 
therefore,  fince  fimilar  Figures  are  to  each  other  at  the 
Squares  of  their  like  Sides,  or  Dimenfions,  it  follows 
bf 
that  AP*  («*)  :  AQ!  (*')  ::  BDC  (t)  :  EFG  =  f. 


Whence  s  r= 


,  and  consequently  1 


hx>  _  it 

3*1  ""  J* 

when  *  =«.  Therefore  the  Solidity  of  a  Cone  or  Py- 
ramid, let  the  Figure  of  its  Bafe  be  what  it  will,  is 
always  had  by  multiplying  the  Area  of  the  Bafe  byf 
of  the  Altitude. 
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EXAMPLE     XII. 

157.  Whtrt  tt  is  prapofed  to  find  tht  Qontepl  of  tbi 
Unguh  EFGC,  cut  oft'  from  a  given  Cone,  ABC, 
by  a  Plane  EFG  paffing  through  the  Bafe  thereof. 


Lee  AD  be  the  perpendicular  Height  of  the  Cone, 
alfo  let  AM  be  perpendicular  to  HE,  the  Axis  of  the 
Section  FEG,  and  let  FAG  be  another  Section  of  the 
Cone,  thro"  FG  and  the  Vertex  A. 

Since  the  Solids  CAFG  and  EAFG,  whofe  Bates  are 
FCG,  and  FEG,  come  under  the  Form  fpecified  in  the 
preceding  Example,  their  Contents  will  therefore  be  ex-  . 
prefled  by  FCG  X  \  AD  and  FEG  X  \  AM  refpeflive- 

,       «n.  *•    TV*  FCGXAD— FEGXAM 

ly  :    Whole  Difference, , 

3  3 

is  the  Sohdity  of  the  XJnguh  CEFG  :  Where  the  Bafes 
FCG  and  FEG  being  conic  Sections,  their  Areas  will  be 
given  by  Art.  j  15.  124  and  129.  from  whence  the  whole  ■ 
Will  be  known.  Thus,  if  HE  be  fuppofed  parallel  to 
AB,  the  Section  FEG,  then  being  a  Parabola,  its  Area 
will  be  =  \  X  FGXEH  * :  Whence  the  Solidity  of  the  .  Alt.  ns. 
N  4  Segment 


* 
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Segment  EFGA  is  =  J  X  FG  X  EH  X  AM :  Whicfi 
being  deduced  from  that  of  CFGA  (found  by  Help  of 
the  common  Table  of  circular  Segments)  the  Re- 
mainder will  be  the  Content  of  the  Uitgula.  But,  if  the 
Axis  EH  produced,  cuts  AB,  the  Section  FEG  will  be 
a  Segment  of  an  EHipfis  EFFCG  ;-  whofe  conjugate 
Axis  (fuppofing   EN  and  KL  perpendicular  to  AD)  is 

•Art. 41.  =2\/ENXKL  *.  Now,  in  order  to  compute  the 
Content,  the  eafieft  way,  in  this  Cafe,  let  the  Ratio  ot 
EH  to  EK  (which  is  given  by  Trigonometry)  be  ex- 
prefled  by  that  of  m  to  Unity,  'and  lee  the  Ratio  of  CH 
to  CB,  be  as  n  to  Unity :  And  frbm  the  common  Ta- 
ble of  Segmtnts  (adapted  to  the  Circle  whofe  Diameter 
is  Unity)  let  the  Areas  anfwering  to  the  verted  Sines  m 
and  »,  be  taken  and  denoted  by  .Wand  JV refpejlive.- 
\y.  Then,   the  Area  of  FEG   being  =^WXEKX 

wiy**  2\/EN  X  KL,  and  that  of  FCG  =  ATX-BC*  •,  the 
Content  of  the  Unguis,  by  fubfti  fluting  theft  Values, 
will  become  =  }  tf  XBClXAD-  \M  XpOt  AMX 
TX/'WxKL:  But,  fince  AM:  AE::K.Q.  (perpen- 
dicular to  AC)  :  KE  s  and  AN  ;  AE  ::  KQ.:KI,  it 
follows,  by  Equality,  that  AM  X  KE  =  AN  X  KI; 
whence  the  Content  of  the  Vhgula  h  alfo  exprefled  by 
$N X  BC1  X  AD  —  i  ^XANXKI  X  2%/ENXKil 
Which,  if  H  be  fuppofed  to  coincide  with  B,  and  KI 

(0.78c  to 
with.BC,  will  become        '     J?  Cft.  XBC'XAD— 

°'7  539  fcfe.  XANXBCX  2V/ENXBD)  =0.26179 

fafc.  X  BC  X  BCX  AD—  aANXv^ENxlB". 

When  the  Sctftion  EFG  is  an  Hyperbola,  its  Area 
may  be  found  by  means  of  a  Table  of  Logarithms  (in- 
ftead  of  a  Table  of  Segments)  whence  the  Content  of 
the  XJngula  will  likewife  be  had  in  that  Cafe. 


EX- 


Digi,  zed  by  GOOgle 


in  finding  the  Contents  of  Solids. 


185 


EXAMPLE    XIII. 

158.  Lit  AFC,    or  AGD,   be  a   Curve  of  any  Kind ; 

'  whole  Area,  and  the  Content  of  the  Solid  arifmg  from 
its  Rotation  about  its  Axis,  or  Ordinate,  AB,  are 
both  known  ;  'tis  propofed  to  find,  from  thence,  the 
Content  of  the  Solid  generated  by  the  Revolution  of 
that  Curve  about  any  other  Line  PR  parallel  to  the 
laid  Axis  or  Ordinate  AB. 

Let  AP,  FQ.,  and  CR 
be 'all  perpendicular  to  AB 
and  to  the  Axis  of  Motion 
PQR;  alfo  let  AP  (or 
EQJ  =:«,  AE,  coniider'd 
as  variable,  =tv,  the  Area 
AFE,  or  AEG  =  Mt  and 
the  Solid,  arifing  from  its 
Revolution  about  AB,  = 
#.  It  is  plain  that  the 
Area  of  the  Circle  gene- 
rated by  QF  wdl  be  =/.  X 

±Ja*  +  2paXZF+pX      Pi i 'R 

EF*  i    from    which   de-  Vi 

dueling  the  Area,  pa',  ge- 
nerated by  QE,  the  Remainder,    2^»XEF+pXEF*, 
will   be  the  Area  of  the  Annulus  generated  by   EF :    ■ 
Whence  the  Fluxion  of  the  Solid  generated  by  AEF 
is  truly  represented  by  zpa  X  EF  X  •&+ p*>  X  EF*  %  '■  t  **•  "4* 
And,    in  the  fame  manner,  it   will   appear   that  the 
Fluxion  of  the  Solid  generated  by  AEG  is  l^XEGXw 
— ?wXEG\     But  the  Fluent  of  EFXw  (or  EGX<w) 
is  =  the  Area  (Af)  of  AEF  (or  AEG)*,  and  that  0f,Art-1*1- 
pivXEF*  (or^i-XEG1)  equal  to  (iV)  the  given  Solid 
arifing  from  that  Area  +  ;  therefore  the  Fluent  of  thet  Art-  '45- 
WhiUt  or  the  Solidity  required)  is  'ipaM-\-N,  in  the 
former  Cafe,  and  zpaM—N'ia  the  latter  ■,  where  %pa% 


F 
E 
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in  cither  Cafe,  exprefles  the  Periphery  «f  the  Cylinder 
defcribcd  by  AB,  about  the  Axis  of  Rotation  PR. 

Hence,  if  ABC  and  ABD  are  equal  and  fimilar  to 
each  other,  then  the  Value  of  At  fcrV.  being  the  lame  in 
both  Cafes,  it  follows  that  the  Content  of  the  Solid  ge- 
nerated by  AFG  will  be  exprelTed  by  2pa  X  iMt  or 
ipa  X  Area  AFG. 

Now,  if  (for  Example  fake)  ACO  be  fuppofed  a 
Circle,  whofc  Semi- diameter  is  d,  the  Area  of  that 
Circle  being  :=  peT,  the  Solid  generated  by  its  Revolu- 
tion' (representing  the  Ring  of  an  Anchor)  will  therefore 
be  ~  ipa  X  pd1  =  ip^ad*.  But  if  you  would  know 
the  Content  of  the  Part  generated  by  the  upper  Semi' 
circle.  BAC,  or  the  lower  one  BAD,  let  the  Content 


•  («=> 


t  *  of  a  Sphere  whofc  Semi-diameter  b  <(,  be  wrote 
for  JV,  in  each  of  the  two  foregoing  Expreflions,  and  yon 

Aid'  i.tdy 

will  then  get  p*ad*  +  —",  and  fad*  —  *-. 
Again,  if  AFC,  arid  AGD  be  taken  as  Right-lines; 

,.  v       **      ABXBC   ,     ABXBD\ 

you  wdl  have  M  =  — (or -—  j    and  N 

•  Art.  >+6.  ;=£XBC*X  f  AB  (or  ^XBD*  X  *  AB)  * :  Hence  the 
Solid  generated  by  the  Triangle  ABC   is  (  =  ipa  X 

ABXBC+^XBC»X  AB)  =  >XABXBCX 

RB  +  J  BC  j  and  that  generated  by  ABD  (  =  %p*  X 


RB  —  jBD.. 

Laflly,  let  ABC  (or  ABD)  be  confidered  as  a  Pa- 
rabola, whofe  Ordinate  is  AB,  and  Axis  CB  (or  DB): 
•  Art.  uj.  Then  A/being  here  =5  ABXBC  (orJABXBD)* 

t  An.  rS».  and  N  =  -~  X  AB  X  BC*  t  (or  g  XABXBD') 
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it  follows  that  the  Solid  generated  by  ABC  will  be 


ABXBCX^^.iUMUfaXg-WKX^brABO    ' 


=s#XABXBDX 


5BR—2BD 


SECTION     X. 

TbeVJeof  Fluxions  in  finding  tie  Superficies 
of  folid  Bodies. 

159.  "t"  ET  FAF  wpre- 
I  j  fem  a  Solid  ge- 
nerated by  the  Revolution  of 
arty  given  Curve  AF  about 
its  Axis  AH  1  alio  let  a 
Circle,  whete  Diameter  if 
the  variable  Line  (or  Ordi- 
nate) RBR,  be  conceived 
to  move  uniformly  from  A 
towards  FF,  and  to  dilate 
itfelf  fer  on  all  Sides,  at  the 
lame  time,  as  to  generate, 
by  its  Periphery)  the  pro- 
pped Superficies  RAR  : 
Then,  the  Length  of  that 
Periphery,  or  the  generating 
Line,  being  exprelTed  by 
3,141592  *  fft.  X  RR 
{=2/yj    and  the  Celerity 

with  which  it  moves  by  i  *  • 

the  Fluxion  of  the  Superficies  RAR,  or  the  Space  that 

would 
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imuld  be  uniformly  generated  in  die  time  of  describing 
*,  will  therefore  be  truly  reprefented  by  zpy*- 

Hence,  if  to  be  taken  to  reprefent  the  whole  Surface 

RAR,  generated  from  the  Beginning  (according  to  the 

Method  obferved  in  the  three  laft  Sections)  we  fbaH 

•  A*  "35- We  w  =  ipyi  =  a#  y/i*+y%  *  i   whence  w  itfelf. 

may  be  found. 


EXAMPLE     I. 


i  bo.  Lit  it  be  propefid  to  determine  the  a 
ficiet  of  a  Cant  ABC. 


x  Snper~ 


Then,  the  Semi-diameter  of  the  Safe  (BD,  or  CD) 
being  put=i,  the  flanting  Line,  or  Hypothermic, 
AC  =  c,  and  FH  (parallel  to  DC)  =j  &e.  we  fall, 
from  the  Similarity  of  the  Triangles  ADC  and  Hmb, 

#lA,»lMW*:«::i(M*;:i{H*J=Sp  Whence™  (*#£•) 

=  —t~  i  and  confequcntly  w  =  ~t-  .     This,  when 

y=-b,  becomes  =ptb  =.  p 
X  DC  X  AC  =  the  con- 
vex Superficies  of  the  whole 
Cone  ABC :  Which  there- 
fore is  equal  to  a  Rectangle 
under  half  the  Circumference 
of  the  Bafc  and  the  flanting 
Line. 
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EXAMPLE      n. 

l~6l.  Let  the  Solid,  whafi  Surfati  you  wsuld  find, 
be  a  Sphere  AEBH. 

In  which  Cafe,  putting  the  Radius  OH=n,  AF=Jr, 
Urn  =  i,  &c.  we  fliall  (by  reafon  of  the  fimilar  Tri- 
angles OHF  and  Hmb  •)    have  y  (FH)  :  a  fOH)  -•  •  A 

*  (Hot;  :  *  (Hi)  =  —  .•   Therefore  w   (lpyi)  = 

ipax  ;  and  confequently 
the  Superficies  (w)  itfelf 
=r  2pax  =  AF  X  Ptiipb. 
AEBH.  Which,  if  the 
whole  Sphere  be  taken, 
will  become  AB  X  Pt- 
ripb.  AEBH  s=  four  times 
the  Area  BEAHO. 

Hence  the  Superficies 
of  a  Sphere  is  equal  to 
four  times  the  Area  of 
its  greateft  Circle:  And 

the  convex  Superficies  of  an;  Segment  thereof,  is  to  that 
of  the  WkoU,  as  the  Axis  (or  Tliickncfi)  of  the  Seg- 
ment to  the  Diameter  of  the  Sphere. 

EXAMPLE    III. 

162.  Whtrtin  let  thi  parabolic  Conaid  be  preptfed. 

The  Equation  of  the  generating  Parabola  being 

s*=y\  or*  =  ^",  we  have  i  ==  — •,  and  therefore 

Hence  «  {*&)  =  ^~-  X  a* +  4/1    i   whereof  the 
Fluent 


D#«ib, 
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i   which   corrected    (by  fup- 


•Art.79-   pofingT  =  o»)  gives  p2¥+™L--&-  ,  fortbcSu- 
ua  6. 

porfides  fought. 

EXAMPLE      IV. 

163.  L#f   if  £*   required  tn  deter  mint  the  Super fiaei 

of  a  Spheroid. 

Let  ACFHG  reprefent  one  half  of  the  propofcd 
Spheroid,  generated  by  the  Rotation  of  the  Semi-dlipfis 
FAG,  about  its  Axis  AH ;  put  AH=ff,  FH  (or  HG) 
=f,  BH=x,  BC=;,  YC—z,  and  t*ie  Superficies  ge- 
nerated by  FC  (or  GD)  =  w ;  Then,  from  the  Ns- 


.tureof  theEllipfis,  we  have^^-— vV— -Ali  whom* 

or*  . 

•  A«tijs.>=— — r,  g  ■  •;,  and  CQnfcauentjy«{=  V**4^*fJ 
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Therefore,   in 

2pkx        f~Z, 
thiCafe,  *  (ipp)  =  -£=-,/-_  ,.  i  whde 

Fluent,   in  an  Infinite  Series,   is  zptx  X 


1  — 


.ETSISI.    But  the  fime 

2.yj*         2.4.5a*         2.4.6.7a1 
Fluent  miy  be,  otherwifi,  very  eafily  exhibited  by  means 
of  the  Areacf  a  Ciicle  :  For,  if  from  the  Center  H, 

with  a  Radius  equal  to  -r,  a  Circle  S£R  be  defcribed, 

and  the  Ordinate  BC  be  produced  to  intcrfedt  it  in  E, 

it  U  Mident  that  BE  =  J—*,,  and  that  the 

**    bo 
Fluxion  of  the  Area  ESHB  will  be  expreffed  byi 

/£_-»*  which  being  to  ^fe  x  J  £-*\ 

die  Fluxion  before  found,  in  the  conftant  Ratio  of  1  to 

^— ■.  their  Fluents  muft  therefore  be  in  the  fame  Ra- 
m*  * 

tjo ;  and  fo  the  latter,  expreffing  the  Superficies  CFGD, 

ipbe  FH 

will  coofcqueatly  be  :=  "jj-  X  BESFH  =s  2j>  X  *jjg 

XBESFH. 

This  Solution,  it  may  be  obferved,  obtains  only  in 

Cafe  of  an  gbleng  Spheroid,  generated  by  .the  Rotation 

of  the  EUipfis  about  it*  greater  Axis;  for,  in  an  tbiati 

Spheroid  j 
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Spheroid,  generated  about  the  leffer  Axis,  the  Value  of  i 
(y/ax — (*)  wi|l  be  impoflible;  fincc,  in  this  Ca/c 
HF  is   greater  than  HA.     But,  if  we,  htrty  put  A  = 

\/(l — «ii  and  d—-ri  the  Value  of  tu  (found  abort) 

wiI,  becomc  =  J^L  J ^7.=^v^+7 

=  ^Xi  v^M7^1  =  Whofe  Fluent  may  be 
brought  out  by  help  of  a  Table  of  I logarithms : 
For,    let  the   vai  foble  Part    *  x^d1  +  «■*  be  traaf- 

%/>**+** 
fo  that  the  Nu- 


■      .     £^**+*>* 

tiierator  of  the  firft  Term  — >y.     f  now  in  a  riven 

Ratio  to  the  Fluxion  of  the  Quantity  under  the  radical 
Sign)  may  be  had  by  the  common  Rule* ;  by  which 
means  we  get  \  v/sfV+ar*,  for  the  true  Fluent  cf  the 
faid  Term  ;  to  which  adding  the  Fluent  of  the  other 
_  idl*i  fi** 

Term  — 7     -     -*tr.  or  '    . —  .-1=.    feiven  by  Jrt. 
y/tTx'  +  x*'        y>  +  j»    *B  ' 

J26. )  there  arifes  £*v^rf*  +jr*  +  £^*X  hyp.  Log. 
jr  +  V^'-f-**,  for  the  Fluent  of  *%/<**  +  **:   And 

•/it  7i     **"'>   corre&ea>  *  and   multiply'd  by    j-,  gives  -j- 

/?+^  +  ^  X  hyp.  Log.  *  f^  *  "*,  forth* 
eroio*  ni 

si. 
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EXAMPLE    V. 

i6+.  Lit  the  Solid,  whofe  Superficies  is  fought,  be  the 
hyperbolical  Conoid. 

Let  the  femi-txanfverfe  Axis,  of  the  generating  Hy- 
perbola, =za,  the  femi-conjugate  ==f,  and  the  Diftance 
of  any  Ordinate  from  the  Center  thereof  =  x ;  then 
From  the  Nature  of  the  Curve  you  will  have  y  =s 


Vaa-\-ccXxx— a*  j  which  laft  Value,  if  d>  be  put  = 

a* 
Ki  1    x  *    will  be  more  commodiouily  cxpreficd  by 

—j-  %/x1 —  d1:  Whereof  the  Fluent,  by  proceeding 
as  in  the  latter  Part  of  the  foregoing  Example,  will 
come  out  =  **/**—**  _  f(d  x  h^  Ltgt 

*  +  \/** —  d%  :  Which  corrected  (by  taking  x  =  a) 
becomes  -j-  \/xx —  dd  —  pc\  — ped  X  hyp.  Log. 

*+>Lj!UT —  ,  the  true  Meafure  of  the  required  Su- 


,     ™         per  fides. 

EXAMPLE     VI. 
165.  Let  it  be  propofed  to  find  the  Superficies  of  tht 
Solid  called  a  Groin.    (Vid.  Art.  155.) 

Li*t  bedef  be  any  Section  of  the  Solid  parallel  to  the 

B,ii"c  thereof,  and  let  x  denote  its  Diftancc  from  the 

O  Vertex 


Tr#«lhy( 
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Vertex  A,  alfo  put  as  equal  to  the  correfpondmg  Arch 
An  of  the  fetni- circular  Section  N«A  &t,  whofe  Radio* 
AB  or  BN  let  be  denoted  by  a* 


A/^^^X 

^TvX^ 

.  //« /      \p  .     \/  \~    \ 

1    rj 

MX 

\  rf\    \   \ 

\/~ 

B        .  l/M 

U 

It  appears  from  Art.  161.  that  £  =  - 


Which  Value,  multiply'*1  by  (2  \/%ax  —  **)  thatof 
•  Ait  ijg.  ,&  (=2tnJ  gives  2ux  *  for  the  Fluxion  of  one  of  the  four 
equal  convex  Superficies  by  which  the  Solid  is  bounded. 
Hence  the  whole  Superficies  (excluding  the  Bafe)  comes 
out  —  Sn1 :  Which  therefore  is  exactly  equal  to  twice 
the  Bafe. 

If  the  Solid  be  fuppofed  a  Groin  of  any  other  Kind, 
fuch  that  its  two  equal  Sections,  thro'  the  Middle  of 
the  oppoiitc  Sides,  are  other  Curves  than  Circles,  the 
Superficies  may  Jl'dl  be  had  in  the  fame  manner ;  and 
will  be  always  in  proportion  to  the  Superficies  arifing 
from  the  Revolution  of  either  of  the  faid  equal  Curves 
about  its  Axis,  as  a  Square  is  to  its  inferibed  Circle. 
Thus,  the  Superficies  of  a  parabolic  Conoid  being  = 


Superficies  of  the   Groin,    fuppoflng   the    generating 
Curve  AaN  to  be  a  ParahoUj  will  therefore  be  = 


*+4»^ 
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166.  Wherein  let  it  be  required  to  find  the  convex  Super- 
ficies of  a  conical  Ungula  ECFD  ;  formed  by  a  Plane 
DFE  paifing  thro'  the  Bale  of  the  Cone. 

Let  a  right-angled  Triangle  AOM  (whofeBafe  OM 
is  the  Radius  of  the  Circle  BDCE)  ba  Cuppofed  to  re- 
volve about  the  Axis  AO  ;  whtlfl  a  Right-line  NP, 
drawn  perpendicular  to  OM  from  the  Interfe&lon  of 
AM  and  the  Arch  EFD,  traces  out,  upon  the  Bafe  of 
the  Cone,  the  curve  -line  EPGD. 

IfMgOANand 
mpOAn  be  confi- 
dered  as  two  Po- 
rtions of  the  ge- 
nerating Triangle 
indefinitely  near  to 
each  other,  it  is 
evident  that  the 
Space  MAot,  ge- 
nerated by  AM, 
will  be  to  the 
Space  MOm,  ge- 
nerated by  OM, 
as  AM  to  OM, 
or  OB.  Whence,  ' 
MN  and  MP  be- 
ing proportional  & 
Parts  of  AM   and 

OM  (becaufc  NP  is  parallel  to  AO)  it  is  likewlfe 
plain  that  the  Spaces  MNitm  and  MPpm,  generated  by 
thofe  Parts,  will  be  to  each  other  in  the  fame  Ratio  of 
AM  to  OB.  And,  fince  this  every  where  holds,  it 
follows  that  the  whole  Space  (ENM)  £*V.  generated  by 
MN,  will  be  to  that  (EPM)  generated  bv  PM,  as  AM 
to  OB  :  And  fo  the  whole  required  Superficies  (generated 

by  AM )  is  truly  reprefented  by  qtj  x  Area  EPGDCE. 

O  2  But 
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But  now,  to  find  this  Area,  KPGDCK,  it  is  ob- 
fervable  that  the  Area  of  the  Plane  DFE  (being  the 
Segment  of  a  Conic- fe&bn)  is  given,  byJrt.115.  *29 
or  130.  And  it  is  very  eafy  to  apprehend  and  de- 
monltrate  that  the  Area  lb  given  will  be  to  that  of 
EGDH,  u  the  Radius  to  the  Co-fine  of  the  Angle  of 
the  Inclination  of  the  faid  Plane  to  the  Bafe,  01  as  HF 

to  HG.    Therefore,  feeing  EGDH  is  =  ^XEFD, 

we  have  EPGDCE  ( =  ECDHE  —  EGDH )  =x 

ECDHE  —  fjp  X  EFD  i   and  confequently  -Qg  X 

STOCK   -&XICME-^g£?i 

EFD  =  the  convex  Superficies  that  was  to  be  found. 

If  the  Point  H  be  fuppofed  to  coincide  with  B, 
ECDHE  will  become  the  wbiU  Circle  Cfij  and  EDF 
will  become  a  whole  Eliipfis,  whofe  greater  Axis  is  BF, 
•  Art.  41.  and  its  lefler  Axis  zs  i\/OBXOG.  *  Therefore,  the 
t  Art.  i»4-Areaof  the  former  Figure  will  beexprefled  by^XBO1  fi 
and  that  of  the  latter  by  p  X  §  BF  X  v'OB  X  OG  j 
and  fo  the  convex  Superficies  of  the  Part  BFC  will  be 

AM  „        AMXBG 

(=  6b  X>XB0  -  OBXBT  X> X *BF X 
\/OB  X  OG)  =p<AMXOB— ^XAMXiBGX 

O™:  Which  being  dedufted  &om  (pXAM  X 
OB)  the  Superficies  of  the  whole  Cone  BAC,  there 
lefts ^XAMXfBGX  J <~,  for  the  Superficies  of 
the  oblique  Cone  BAF  j  which  from  hence  is  alio  given. 
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167.  In  mod  of  tHe  Examples,  delivered  in 
the  four  laft  Sections,  the  Fart  of  the  propofed 
Figurt  next  the  Vertex, 
whether,  a  Curve,  Solid, 
or  Superficies,  is  firfl 
found  j  from  whence,  by 
taking  the  Altitude  (x) 
of  (hat  Part  equal  to  (0) 
the  Altitude  given,  the 
Content  of  the  Whtk  is 
deduced  :  But,  if  the 
Content  of  the  lower  Seg- 
ment (BCED)  of  any 
Figure  (ABC)  arifine  ty 
talcingaway  a  Part  (ADE) 
next  the  Vertex,  he  required ;  then  the  Difference  be- 
tween the  Whole  and  the  Part  taken  away  (found  u 
before  explained)  will  be  the  Quantity  fought. 

Thus,  for  Example,  let  ABC  be  the  common  Pa- 
rabola, and  let  it  be  propofed  to  find  the  Content  of  the 
Part,  BCED,  included  between  any  two  Ordinates 
BC  (b)  and  DE  (e)  at  a  given  Diftance  BD  (d)  from 
each  other;  Then,  the  Equation  of  the  Curve  being 


•rs/,  we  have 


;_22L 


comprehended  between  the  Vertex  and  the  Ordinate  y; 
Whence,  expounding  y,  by  b  and  t  fucceffively,  we  get 

■ —  ^d  —  for  the  correfponding  Values  of  ABC  and 
3a  30  re. 

jji — 2C1 

ADE :  whofe  Difference is  the  required  Area 

3<*  ^ 

BCED :  But,  to  exprefs  the  fame  independent  of  a,  it 
willbe,  by  thePropertyof  the  Curve,  h1 '.(*:•.  AB:ADj 

O  3  whence, 

D,gfeedby( 
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whence,  by  Divifion,  **  :  ft*— f1  ::  AB:  BD  (d)  and 

consequently  - — -j —  =  T5='7 » which  firft  Value  being 

.RPirn- „  .  . 

3**— y* 

=  3  *       A-K     ' 

After  the  fame  Manner,  the  Segments  of  other  Fi- 
gures may  be  found  ;  but  in  many  Cafes  they  will  be 
more  readily  had  from  a  direct  Investigation,  without 
either  finding  the  Whole  or  the  Pait  taken  away. 

Thus,  in  the  Cafe  above,  if  the  Excefs  of  any  Or- 
dinate RP  above  DE  (e)  he  denoted  by  w,  we  (hall 
have,  by  the  Property  of  the  Curve,  ft1; — cx  (BC* — 

DE1)  :  c"+^>*  —  c1  (RP1— DE1) ::  DB  (d)  :  DP= 

Jy77   -l.  -,v-  2rtu-|-2H>u'\ 

■  X"    \       ;  whofe  Fluxion  (dX       ,t        ,       1 

i1  —  c  "  — c      J 

multiply'd    by    c  +  w    {  =  PR  )    gives  d  X 

2*V;i  +  4«(w"  -f"  2w*<ili 

■ ,t t ,  for  the  Fluxion  of  the  Area 

DPRE:    Whereof  the    Fluent    (which  is   idw  X 
Will,  whenw=ft— e  (orRP  =  BC) 
be  truly  expounded  by  *L X T^c X*j\+ 1 EEH 

2d      i'-f-ftc-ff* 
or  its  Equal,  —  X  — ,-v    — ; ;  /A/  yi»w  <u  ftgfcr. 

Again,  for  another  Example,  let  CED«  be  confi- 

der'd  as  the  lower  Fruftrum  of  ap  Hemifphere,  whofe 

Center  is  the  Point  B  :  Then,  BP  being,  here,  denoted 

byw,  we  ih-11  have  f  (^BR1  —  BP'j  =**  — «/% 

•  Ait.  145.  ^^  confcquently  pf™  *  =^  X  ft'iii —  uj'iu  j  whofe 

Fluent 

* 


'•+""+{-'1 
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Fluent  (pXh^vi  —  f  wj'  =  j^wX3i1 — tf1  =  J?«'X 
2A--  .+-  £*  _  «,*  =  §  ^a,  X  241  +  f  =  $pX  BPX 
-)  is  the  true  Content  of  the  Part  CEDee ; 
1  the  Figure  is  a  Spheroid. 


2BC+PR1) 

which  will  alfo  hold  wher 

This  lafl  Method,  of  finding  The  Content  of  a  Por- 
tion of  a  Figure,  remote  from  the  Vertex,  will  be  of 
Service,  when  the  general  Value,  for  the  JVbble,  can- 
not be  exprefied  without  an  Infinite  Series  j  becaufe 
fuch  a  Series,  in  that  Cafe,  not  coverging,  becomes 
ufelefs  *. 

By  dividing  the  whole  propofed  Figure,  AHW,  into**1*-91' 
a  Number  of  fuch  Portions,  HV,  GT,  FS,  &e.  the 
Content  thereof  may  be  obtained,  when  to  find  it  at 
once,  by  a  Series,  commencing  from  the  Vertex,  would 
be  altogether  impracticable.  ' 


T     V 


W 


iJK 


fc     CMD     B     ]?     G 

But,  to  render  fuch  an  Operation  as  fhort  and  eafy 
as  may  be,  it  will  be  proper  to  find  each  Part  (DQj  CSV.) 
of  the  Figure,  by  means  of  a  Series  proceeding  both 
Ways,  from  the  middle  Ordinate  (MN)  between  the 
two  correfponding  Extremes  (CR  and  DR.) 

Thus,  let  the  Value  of  MN  (found  by  the  Property  of 
the  Curve)  be  denoted  by  a ;  and  let  the  Value  of  DR, 
iff  a  Series,  be  reprefented  by  a-^-bx-\-cxl-\-dx'i-\-ex*-\- 
/>'-f-E5V.  where  *=MD  ;  then  the  Area  MDRN  will 
be  reprefented  by  the  Fluent  of  xXa-\-bx-\-i**+dx*+ 
O  4  tfr. 


y,  Google 


(too 


TiiXf/itf  Fxoiibirt 


U:  orby«X.+  -+y  +  —  +    <fe     A.J, 

by  wrfting  —*  inrtead  of  *,  the  Ordinate  CQ  will  be  ex-  , 
prefled  by  «—**+«*— -4k'  tie.  and  the  Area  MCQN, 
I*       rjr*        5*^ 


Am  CDJLQ.U  =  2»  X  a  +  y-  +  —  +  — + tic 

Therefore,   if  DE,  EF,  FG*  and  GH  be  fuppofed, 
each,  =  BC  (2»J  and  the  Area.  DS,  ET,  lie.  (found 


»  above)  be  denoted  by  2*  X  a  + 1 c/r.  and 

3        5 


aX<+-r.— bl,  refpeaively,  it  follow!  tint 
the  Area  CR  +  DS  -f-  ET  will  be  reprcfented  by  w  X 
<  +  i  +  i'&  +,.'Xi+f+tSr.+;»iX 
1+i  +  iUt. 


Rt,W 


An  Example  will  {hew 
the  Ufe  of  this  lafl  Expref- 
fion  :  Let  CHWQ.  be  a 
Portion  of  a  Quadrant 
HAW  of  a  Circle,  whole 
Bale  HC  (conceived  to  be 
divided  into  four  equal 
Parts)'is  equal  half  the  Ra- 
dius AH,    reprcfented   by 

a    cm.dk  h   ^d.3™ 

=*,  HM  (=})  =pt  and 
H«  (=f )  =  j,  we  have,  by  the  Property  of  the  Cir- 
cle,   a  (MN)  =  y^HN1— HM1  ==  V*^*?*   and 
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PR  (=  y/HR'— HP')  =  J  i  —J=X  = 
V^i — £*  +  2^* — **  ==  \/«M-2f*-— J? ;  which, 

2P* —  Jf*         2^* — **1  i 

inaSeries,  is  (=«  +  — r; — j^ —  +  »'•) 


-cX^  —  -1  j.ilx*'  fcfc    Therefore,  in  this 

*  2S  T  20*    

Cafe,  *  =  -£,  r=  —  -  +  A  »'•  Which  V^ 
he  of  r,  by  writing  I— «'  for  in  Equal  ?*,  will  to 
reduced  to  —  — J.    From  whence  it  is  alio  evident 

thatc  = (fuppofing  a  (im)   ==  V^i — ?l) 


Confcquently  2»Xo+o  +  a  fr.  +5*1  Xc-f-t  +  c 
(Jr.  +  |*<X  <■  +  <+<  We  (=«  +  «X2*+r  +  r'x 

h:n  _  ~7s  +  y§  x  -  - 

3/      ^    '>''  64         v   64  * 


2X55     /«   +  L>£63     /6j  "04X8X3  - 
04      ^64  64      V    64 

n/js+vT^ ^=_ I_  - 

32  sXssv/Ts       3  x  caV^ 

v^  +  n/qI  _     vTs     _      v^      = 
32  3X55X55      3X63X63 

0,48730  =  the  Area,  CHWQ,  that  was  to  be  found. 
This  Example,  chofen  as  an  Illuftration  of  the  fore- 
going Method,  may  indeed  be  wrought  the  common 
Wav :  whence  the  very  fame  Conclufion  is  brought  out 
"  (fiJi 
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(Vidt  Art.  124..)  But  that  Method  is  alfo  applicable  to 
any  other  Cafe,  whether  the  Part  propofed  be  near  tc 
the  Vertex,  or  remote  from  it;  and  whether  the  Figure 
itfelf  be  a  Curve,  Solid  or  Superficies  j  fince  the  Mea- 
fure  thereof  may,  always,  be  exprefled  by  the  Area  of  ' 
a  Curve. 

There  is  another  Way,  well  known  to  Mathemati- 
cians, whereby  the  Area  of  a  Curve  may  be  deter- 
mined, by  mean;  of  a  Number  of  equidistant  Ordt- 
nates;  which  Method,  derived  from  that  of  Differences, 
may,  alfo,  be  ufed  to  good  Purpofe,  in  Cafes  like  thdfc 
ab'jvv  fpecifed  :  But,  it  having  been  treated  f  by  leveral 
ethers,  anJ  alfo  in  my  Differtations,  the  Reader  will  ejt- 
cufe  me,  if  no  further  Noiice  is  taken  of  it  here. 


SECTION     xr. 

Of  the  Ufe  of  Fluxions  in  finding  the 
Outers  cf  Gravity,  Pcrcujfion,  and  Ofcil- 
lation  cf  Bodies. 

16S.  rpHE  Center  of  Gravity  is  that  Point  of  a 
A     T>  •  V,  by  which,  if  it  were  fufpended,  it 
Would  reft  in  Eyuilibrie,  in  any  Pofition. 

Lemma. 

1 69.  Let  p,  f,  r,  i,  tfe.  be  any  Number  of  given  Weights, 
baii-bt;  at  an  inflexible  Line  (or  Rod)  AM  fufpended 
in  Equillbrio,  in  an  horizontal  Pofition,  at  the  Point 
O ;  ta  determine  the  Pofition  of  that  Point. 

Since  (by  Ttuehania)  the  Force  of  any  Weight  (p) 
to  ra;(w  the  o^-olite.End  (Ml  of  the  Balance,  is  as  that 
Weight  drawn  into  its  Diftance  (BO)  from  the  Ful- 
crum, 
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erum,  we  (hall,   from  the  Equality  of  thefe  Forces, 
have  ^XOB+?XOC+rXOD=jXOE+fXOF, 


that  is  pX  AO~AB+?XAO— AC+rXAO— AU= 
jXAE— AO  +  /XAF— AO,  and  confequently  AO= 
pXAB-^qX  AC+  rX  AD  +  j  X  AE  +  f  X  AF 

"  p+o+r+s+t 

From  which  it  appears,  that,  if  each.  Wt'tght  be  mttlt't- 
plfd  by  its  Difance  from  the  End  (or  any  given  Point) 
of  the  Axis,  the  Sum  of  ail  the  Produtli  divided  by  the 
Sum  of  all  the  Weights,  will  give  the  Di/lance  of  the 
Center  of  Gravity  from  that  End  (or  Point.) 

Note.  The  Proftufhi  here  mentioned  are,  ufualty, 
call'd  the  Forces,  of  their  refpective  Weights ;  not  in 
refpefl  to  their  Action  at  the  Center  O  (which  is  ex- 
prefled  by  a  different  Quantity)  but  with  regard  to  the 
Effects  they  have  in  the  Conclufion,  or  the  Value  of 
AO ;  which  appear  to  be  in  that  Ratio. 

PROPOSITION     I.  ■       ■ 

170.  To  determine  the  Center  of  Gravity  of  a  Line, 
Plane,  Superficies,  or  Solid  (admitting  the  three  foraler 
capable  of  being  affeded  by  Gravity.) 

Let  AMBC  be  the  propofed  Figure,   and  G  the 

Center   of  Gravity  thereaf;    thro'    which,  parallel  to 

■  the  Horizon,  let  the  Line  EF  be  dr.iwn,  interfering 

AC,  at  Right-angles,  in  O  ;  alfo  let  AK  and  NM  be 

perpendicular  to  AC,  and  parallel  to  EF. 

171.  Cafe  ' 


«o+ 
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/             0 
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/        G 
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.  171.  Ofe  I.  ^ 

rfo  fi>«r»  AMBC 

0r  a  flW;  Ut  it 
be  fuppofed  to  reft 
in  Equilibria  upon 
the  Line  EFj  and 
then,  if  the  Line 
MN  be  confider'd 
as  a  Weight,  its 
Force  ( difincd  a- 
ahovc)  will  be  ex- 
.     ^  ^  pruned    by    MN 

drawn  into  IB  Mane  (AN)  from  the  End  of  the  Axis 
ACi  that  is  by  j*  (fuppofing,  as  ufual,  AN  =  »  and 
MN=J-;  This,  therefore,  mulliply'd  by  the  Fluxion 
of  AN,  gives  v~  for  the  Fluxion  of  the  Force  of  the 
Plane  AMN;  whole  Fluent,  when  ,  =  AC,  exprefle. 
the  Force.of  the  whole  Plane,  or  the  Sum  of  all  the 
Products  of  the  Ordinates  (or  Weights)  by  their  re- 
fpeaive  Diflances  from  AK:  Which  Fluent  beinir, 
therefore,  divided  by  the  Area  ABC,  or  the  Fluent  if 
yx  (according  to  the  foregoing  Lemma)  the  Quotient 

(Flu.  yrx\ 
Flu.yi)  wI"  B~  CAO)  the  Diflance  of  the  Center 
of  Gravity  from  the  Line  AK. 

172.  Cafe  a  //  ib,  Figur,  I,  ,  S,U;  let  MN  be  . 
SeSion  thereof  by  a  Plane  perpendicular  to  the  Ho. 
re«» 1 1  then,  the  Area  of  that  Seflion  being  denoted  by 
'  I,  f  ™?  ,hereof  (c°nWer-d  as  above)  will  be  ex- 
S  J?  y*;  ""dt*!  F,u"°"  °f  thc  F»«  of  *«  Solid 
rf,k    ^:f"'  ""J"""'.  «<»  by  the  Content 

Cafe     B.V.I    I  5T'  °f  ?•  Sira  A°>  ta  ">» 

Cafe.    But,  ,f  the  Solid  be  the  half  (or  the  whole)  of 

thai lathing  from  the  Rotation  of  a  Curve  AMB  about 

.iw.,a,  J,,,'.4:  (Puning/ifortheAreioftbeCircle 

A*.  r«.  whofe  Radius  is  Unity)  A  will  become  =  f  #•  •  ;  and 

confcouently  AO  J^ltf"*  _  Flu.fxi 
F;u.h_tfi  ~Flu.fi- 

173-  Cafe 
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173.  Cafe  3.  If  the  Figure  profoftd  be  the  Curve-tint. 
A  MB  j  then,  the  Force  of  a  Particle  at  M  being  expreffed 
by  AN  or  MQ.  (x)  we  fhali  (putting  AM  =  z)  have 
Flu.xk 


174.  Cafe  4.  But  if  the  Figure  given  be  the  Superficies 
generated  by  the  Sttstien  of  AMB  about  AC. 

Then*  the  Periphery  of  the  Circle  generated  by  the 

point  M  being  =  2#»,  it  follows  that  „'       ■■    ss 

EXAMPLE     t. 

175.  £rf  f&  Figure prapefed  be  the  ififcelti  Triangle  ABC 

It  is  evident  the  Center  . 

of  Gravity  (O)  will  bo  A 

fomewherc  in  the  Per- 
pendicular AQ_:  And, 
ifAQ==«,BC=^AN 
—xt  and  MM=;j  then 

bx 
j  being  =  — ,  we  fhall 

have,  by Cafe  r,AO  (= 

Fht.yxx\    Flu,  x*x 

Flu.yi)    ~    Flu.  xx 

3*' 


quently  OQ,=  — r=. 

In  the  very  fame  manner,  the  Center  of  Gravity  of 
any  other  (plane)  Triangle  will  appear  to  be  at  f  of  the 
Altitude  of  the  Triangle. 


> 


2o6 
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EXAMPLE     IL 

176.  Lit  the  Figure  prepofcd  It  a  Parabola  of  any  Kind  s 

whereof  the  Equation  is  y  =  ~^—^ . 

Q 

■Flu.  1  "*" 


Here, 


Flu.  yxx 
Flu.  yx 


Flu.x 


the  Diftance  of  the  Center  of  Gravity  from  the  Vertex 
of  the  Curve. 

EXAMPLE     HL 

177.  Lit  BAC  be  a  Segment  ef  a  Circle. 

Then,  if  the  Radius  thereof  be  put  =r,  we  (ball 

have  y  (NM)  =\/-irx  —  xx :  Whence  the  Fluent  of 

yxx  (xx\/2rx~—xx)  will,  by  Art.  163.  be  found  —  — 

irx  —  xx\  +r)<AreaANM.  Whkh  divided  by  ANM, 
3 

NM' 


~3XAreaANM 

A 


M/^l 

~~\M 

■  /       is 

0         \p 

=AO*.  This,  therefore,  when 
BAC  is  a  Semi-circle, 
becomes  ss  -   -— X 


r,  neatly. 
_  But,  with  refpeft  to 

B  Q.  C       the  Center  of  Gravity 

of    the  Arch   BAC ; 
we   have,     Flu.  xi,     ( by  Cafe  3. )    =    Fluent    of 


y/vx  —  a 

AO  beri=r  —  - 


=  rXAM —  MN  j   and    confequently 


r  XMN 
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EXAMPLE     IV. 

178.  Let  ABC   (fee  the  preceding  Figure)   reprefent 
a  Segment  of  a  Sphere,  or  Spheroid. 

In  which  Cafe,  denoting  the  Axis  of  the  Sphere,  or 
Spheroid,  by  a,  and  the  other  Axis  of  the  generating 

to   

Curve,  when  an  Eilipfis,  by  i,we  havc,vI=—  X  ax  — xxj 


AO. 


,  £  ax1  —  i  #J ' 
If  the  Solid  be  an  hyperbolical  Conoid,  the  Difhnce 
(AO)  of  its  Center  of  Gravity  from  the  Vertex,  will 
alto  be  exhibited  by  the  Expreffion  here  brought  out, 
when  the  negative  Signs  are  changed  to  pofitive  ones. 

I79.  In  thole  Cafes  where  the  Figure  cannot  be  divided 
into  two  Parts,  equal  and  like  to  each  other  (as  a  Curve 
is  by  its  Axis,  &c.)  the  Polition  of  two  Lines  EO,  eo 
(fee  the  enfulng  Figure)  muft  be  determined,  as  above  ; 
in  whofe  Interferon  (G)  the  Center  of  Gravity  will 
be  found. 

EXAMPLE       V. 

Let  ABC  he  a  Semi-parabola  ef  any  Kind;  whereof  the 

1?       ■       ■  ** 

Equation  is  y  =    ,ITV 
a 

It  appears,  from  Ex.  2.  that  (AO)  the  Difhnce  of 

EGO  from  the  Vertex,  is  expreflcd  by  ^7^  X    AC ; 

But  to  find  the  Pofition  of  oQle  (perpendicular  to  EO) 

let  Mn  be  parallel  to  eo,  or  AC ;  then,  AN  being  =  *, 

and 


* 
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and  NM  (j)  =  -J^ ,  if  AC  be  denoted  by  *,  we 


M 

e 

A 

/ 

0 
r 

. 

G 

flail  have  M»  =  i— *,  andM»XNMX>=i  — *X; 

—■—  x  — — —  =  — — ■■  ,    for  the 

a  a'    l  a 

Fluxion  of  the  Sum  of  the  Forces  in  this  Cafe  (Fid. 

Art.  JJI.)  whofe  Fluent  j 


?*; 


2H+I— J,'X     2  EM+I  — 

BOX  AC 


4*+  2 


when  x-=.b)   divided 


„  ,      BC  X  AC\  »  +  j 

by  the  Area  ABC  (=     W+I     )   give.  ^^  X 

BC  for  the  true  Value  of  Co,  or  OG.     Which,  in 
cafe  of  the  common   Parabola*    where   «=  ?,    and 

Where  AO  (jx^XAC)  =  * AC, will  becomes  jCB. 

Before  I  leave  this  Subject  it  may  not  be  improper 

to  take  notice,  that,  whatever  Line  you  found  your 

Calculations  upon,  by  fuppofing  the  Figure  to  reft,  In 

Equilibria, 
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Equilibria,  upon  that  Line,  the  very  fame  Point,  for  the 
Place  of  the  Center  of  Gravity,  will  be  determined. 

180.  Thus,  let 
O  be  the  Point  in 
the  Axis  AC,  of 
a  given  Curve 
BAD,  deter- 
mine* 1,  as  above, 
by  fuppofing  the 
Figure  to  reft 
upon  EF  per- 
pendicular to 
AC;  and  let 
RS  be  any  o- 
tberLinepauTng 


A 

aZ 

/ 

u 


\ 


d>f 


through  the  Point  O  ;  then  T  fay  the  Sum  of  the  Mo- 
menta of  the  Particles  on  each  Side  of  RS  will,  alfa,  be 
equal.  For,  if  from  two  Points,  in  any  Ordinate  MQ, 
equally  diltant  from  the  middle  PointN,  two  Perpendiculars 
mr  and  m  be  let  fall  upon  RS,  the  Efficacy  of  thofe  two 
Points,  in  refpect  to  RS,  will  be  reprefenied  by  mr+«> 
or  its  Equal  2NH  (fuppofing  NH  alfo  perpendicular  to 
RS.)  Whence  the  Efficacy  of  all  the  Particles  in  MQ, 
will  be  expreffed  by  their  Number  multiply'd  by  NH, 
or  by  MQxNH:  Which  is  to  their  Efficacy  (MQX 
ON)  when  referred  to  the  Line  EF,  in  the  conftant 
Ratio  of  NH  to  ON,  or  of  the  Sine  of  the  Angle 
RON  to  Radius.  Whence  it  is  evident  that  the  Force 
of  all  the  Ordinate*  (or  the  whole  Curve)  in  the  former 
Cafe,  rnuft  be  to  that  in  the  latter,  in  the  fame  Ratio : 
But  the  faid  Force,  in  the  one  Cafe,  is  equal,  to  nothing 
by  Hypothecs,  therefore  it  mult  be  likewife  fo  in  the 
other :  And  confequently  the  Sum  of  the  Momenta  of 
the  Particles,  on  each  Side  of  RS,  equal  to  each  other. 

Much  after  the  fame  manner  the  thing  may  be  proved, 
in  a  Solid  :  Whence  it  will  appear  that  there  is  actually 
fuch  a  (fix'd)  Point  in  a  Body  as  the  Center  ofGiavity 
is  defined  to  be :  Which,  however  evident  from  mech%- 
nical  Confident  ions,  is  not  fo  eafy  to  demon  ft  me,  gto- 
mdricalh-,  from  the  Refolution  of  Forces. 

P  PRO- 


fib,  Google 
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^~     pI~^ 

(  a  9  \/,  ;q\ 

V  'L-Ji-e — 

PROPOSITION    It. 

'  l8l.   Ta  iittrmtiu  tht  Ctnter  of  Pircifften  tjFa  BtJy. 

The-  Center  of  Percuffion  it  that  Point,  in  the  Axis  of 
Sufpenfion  of  a  vibrating  (or  revolving)  Body,  at  which 
it  may  be  ftopt,  by  an  immoveable  Obftacle,  fo  aa  to 
reft  thereon  in  Equilibria  as  it  were,  without  a&ing  upon 
the  Center  of  Sufpenfion. 

Let  O  be  the 
Point  of  Sufpen- 
fion, G  the  Center 
of  Gravity,  and 
SLM  a  Section  of 
the  Body,  by  the 
Plane  wherein  the 
Axis  of  Sufpenfion 
OGS  performs  its 
Motion ;  to  which  Section  let  all  the  Particles  of  the 
Body  be  conceived  to  be  transferred  in  fuch  Parts  thereof 
where  they  would  be  projected  into  (trtkagr*pbicdl/j) 
by  Lines  parallel  to  the  Axis  of  Motion  j  which  Suppo- 
fition  will  neither  affect  the  Place  of  the  Center  of  Gra- 
vity nor  the  angular  Motion  of  the  Body. 

Since  the  angular  Velocity  of  any  Particle  P  is  as  the 
Diftance,  or  Radius,.  OP,  its  Force  in  the  Direction, 
PB,  perpendicular  to  OP,  wiB  be  exprcffed  by  PXOP. 
Therefore  the  Efficacy  of  that  Force  upon  the  Axis,  at 
ti,  in  the  perpendicular  Direction  BN  (fuppofing  the 
Axis  ftopt  at  C  the  Center  of  Percuffion)  will  be  P  X 

OP 
OP  X  Qg,"  whofe  Power  to  turn  the  Body  about  the 

OP 
Point  C  is  therefore  as  PXOPX  qq  X  BC  =  P  X 


M 


„  OP'XOC— OB  . 


OF»XOC 
K       OB 


OB       -rA OB" 

— PXOP1  i  which,  if  PQ_  be  made  perpendicular  to 
OS, 
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OP1 
OS,  will  tt  hft  (becauft  gg-  =  OQ.)  be  reduced  to 

PXOQXOC— PXOP*.    By  thewyfame  Argument, 

the   Force  of  any  other  Particle  r  will  be  denoted  by 

1*XOQXOC-^XOP*  Mr.  &c.  But,  as  all  thefe 
Forces  rauft  deftroy  one  another  (by  the  Nature  of  the 
Problem)  the  Sum  of  all  the  Quantities  PXOQXOC, 

PXOQ,XOC,  tic.  muft  therefore  be  =  the  Sum  of  all 

the  Quantities  PXOP\£xOr"*C9V.  and  confecuently . 

oc=  z x ^,  Bl4t  (by  the 

pxoqj-pxoq.4-  tge.  eff. 

preceding  Proportion)  the  Sum  of  all  the  Quantities 

PxOQ,+PxOQ_+  ctff.  is  equal  to  OG  x  by  the  Con- 
tent  of   the  Body.     Therefore    OC  u   llkcwife  =s 

PxOP»-H?xOP'J+  &e.  &c. 
OGxBedy  ' 

The  farm  ttbtnmjt.  • 

Since  the  Force  of  the  Particle  P,  in  the  perpendicular 
OP* 
Direction  NB,  is  defined  by  P  x  q  fi  ,    or   its  Equal* 

PxOQj  the  Sum  of  all  the  Quantities  PxOQj  PxOQ\, 
tfc.  8V.  will  exprefs  the  Force  which,  acting  at  C  per- 
pendicular to  OS,  is  fufEcient  to  flop  the  Body,  without 
the  Center  of  Sufpeniion  O  being  any  way  affected : 
This    Sum,    therefore,   drawn   into   OC    ( =  OC  X 

P  x  OQ.+  Px  OQ.+  IsV.  &t.)  is  as  the  Efficacy  of 
the  faid  Force  to  turn  the  Body  about  the  Point  O.  But 
the  Force  of  the  Particle  P,  in  the  Direction  BN  being 

OP* 
P  x  -Qg ,  its  Efficacy  to  turn  the  Body  about  the  fame 

Pa  .      ■    Point  . 


D,0*.db/(    khjJc 
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Point  (the  contrary  way)  is  as  PxOP*  j  and  confe- 
quently  the  Efficacy  of  all  the  Particles  as  the  Sum  of 

all  the  Quantities  PxOP1,  PxOP1  Vr.  Ue.    Therefore 
( Action  and  Re-aclion  being  equal)  we  have  OC  X 

PxOQf  PxOQ+  tit.  =  PxOP*+PxO]**+  «r.  tit 

fame  as  before. 

For  the  Center  of  Ofcillation,  it  will  be  requifite  to 
premife  the  following 

Lemma. 

182.  Suppofe  two  exceeding  /wall  Weights  C  and  Pi 
oiling  in  each  ether  by  means  of  an  inflexible  Line  (or 
Wire  PC)  to  vibrate  in  a  written"  flane  ROPCM, 
about  the  Center  O;  'tis  required  to  determine  bow  nweb 

''     the  Motion  of  the  one  is  ojfefied  by  the  other. 

R    H       Q  o  Let  CH  and  PQJbe  per- 

r""' J'*"T: "™^a  pcndicular  to  the  horizontal 

\      \ssM^X     I  LineOR;  alfoletPBand 

\  "  //%£■■■  an<1  ^C  refpeftively. 

\\£r**  ^-.J  If  the  Force  of  Gravity 

CV  ;  be  denoted  by  Unity,  the 

\s  Forces  ailing  in   the  Di- 

S    ""- jM     reflions  CS  and  PB,  where- 
by the  Weights,    in  their 
Dtfcent,  are  accelerated,  will,  according  to  the  Refb- 
OH         OQ. 
lution    of  Forces,  be  reprefented  by  q^  an*  OP~* 

Moreover,  fince  the  Velocities  are  always  in  the  Ratio 

of  the  Radii  OC  and  OP,  if  the  forcfaid  Forcei  were 

OH 

to  be  in  rhat  Ratio,  or  that  of  P  was  to  become  q£ 

X   qTt,  inftead  of  qjT.     I  fay,  in  that  Cafe,  it  is 

plain,  the  Weights'  would  continue  their  Motion  with-' 
,      .  out 
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out  affecting  each  other,  or  acting  at  all  on  the  Line 
of  Communication  PC  for  PB).     Whence,  the  Excefs 

OQ.  OH      OP 

OP"  aoove  OC  *  OC   m  l^e  accc'crat'*'c 

Force  whereby  the  Weight  P  atts  upon  the  Line  for 
Witt)  OC,  in  the  Direction  PB ;  which  multiply*d  by 

the  Weight  P  gives  PX  ^p  —  5ft  for  the  »*• 
foluteForce  in  that  Direction :  Which  therefore,  in  the 
perpendicular  Direction  NB,  is  P  X  £§-_  °"*"P 

OP 

X  Qp  ;   whereof  the  Part  acting  upon  C,  being  to 

the  Whole  as  OB  to  OC,    is  truly  denned  by  PX 

QQ-    QHxOP-     SES 

OC  —       OC*       '      "°    '  " 

If  P  be  fuppofed  to  act  upon  C  by  means  of  PC  (in- 
ftead  of  PB)  the  Conclusion  will  be  no  way  different : 
For,  let  F  (to  fhorten  the  Operation)  be  put  to  denote 

the  Force  (PX  2^r_ °H  *  0P)  in  the  Direaion 

PB,  found  above,  then  the  Action  thereof  upon  PC 
(according  to  the  Principles  of  Mechanics)  will  be  ex- 

Radius 
pre  fled  by  F  X  ?.    ;■  cpyt  >  which  therefore  in  the  Di- 

„  .  .  JWf" 

rection  SC,  perpendicular  to  OC,  is  F  X  q   r  CPU  ^ 

S.  PCO        S.  PCO        S.  PCO  _  OP_ 

Radius  —  Cs./CPB -~~S.  OfC  —  F  X  OC  '    "" 

Very  fame  as  before. 

P  3  PRO- 
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PROPOSITION   I1L 

1 83.  T»  determine  iht  Center  0/  Ofcillatitn  tf  *  Btdy. 

The  Center  of  Ofcilla*ion  is  (hat  Point,  in  the  Axift 
(or  Line)  of  Sufpenfion  of  a  vibrating  Body,  into  which 
if  the  whole  Body  was  contracted,  the  angular  Velocity 
and  tbc  Time, of  Vibration  would  remain  unaltered. 


Let  LMS  be  a  Section  of  the  Body  by  a  Plane,  per- 
pendicular to  the  Horizon  and  the  Axis  of  Motion* 
paffing  thro'  the  Center  of  Gravity  G  and  the  Point  of 
Sufpenfion  O  ;  and  fuppofe  all  the  Particles  of  the  Body 
to  be  transferred  to  this  Section,  in  fuch  Places  of  it,  as 
they  would  be  projected  into  (orthtgrapbicoUy)  by  Per- 
pendiculars falling  thereon.  (Which  Supposition  will  no 
way  affect  the  ConcJufion,  the  angular  Motion  conti- 
nuing the  fame. }  Moreover  let  C  be  the  Center  of  Ofcil- 
lation,  or  that  Point  in  the  Axis  OS  where  a  Particle 
of  Matter  (or  a  fmall  Weight)  may  be  placed  fo  as  to 
be  neither  accelerated  nor  retarded  by  the  Action  of  the 
other  Particles  of  Matter  fituate  in  the  Plane.  Then, 
if,  from  C  and  any  other  Point  P  in  the  Plane  LMS, 
two  Perpendiculars  CH  and  PQJje  let  fall  upon  the  ho- 
rizontal Line  OR,  the  Force  oi  a  Particle  (or  Weight) 
at  P  to  accelerate  the  Weight  at  C,  will  (according 
It    the  foregoing   Lemma )    be    represented    by   P  X 
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gg--OHQyP*  =  Which,  fuppofing  GN  per- 
pellicular   to   OR,    will  alfo   be    expreffed    by  P    X 

OQ.X  OGXOC-  ON  X  OP*      , 

Qty    '     '  '  ".     In  the  very  fame 

manner  the  Forte  of  any  other  Particle  P  will  be  re. 
p»fa,,«db,PX  20XOGX M-ONXOP- 
Or.  He. 

Therefore  the  Forces  of  all  the  Particles  de- 
ftroying  each  other  (by  Hypulbtfii)  the  Sum  of  all 
the  Quantities  P X  SGXTTQ.X  OC  —  ON  X  OP' 

+  fxOGxOtSxOC— ONxOl1,  «r.  W<.  molt  be 
equal  to  nothing:   Whence  PxOG  X  OQ.XOC  + 

i xOGxOli.xOC  «V.  »c.  =PxONxOP'+' 

ON 
PxONxOP"  lit.  tit.  arid  conlequeritly  OC  =  jjQ  X 

PxOP-+<Mrf-+  arc,  b,,^^.,,,.^.^.,^ 

PxOQ_+PxOQ^-  £sv. 

Sum  of  all  theQuantities  PxCKy-rStOC^Wr.  is  equal  to 
the  Content  of  the  Body  multiply'd  by  the  Diftance 
(ON)  of  the  Center  of  Gravity  G  from  the  Line  LM 

(perpendicular  to  OC)  i  whence  OC  is  alfo  =  q~  X 

PxOP,+PxOr"i!fc.gr._PXOP'+l''xOl'"t?«,trr. 
ONxWy  "  OGxoWy 

Which  ExprcJEon  continuing  the  fame  in  all  lnclina- 
P  4  tions 


> 
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lions  of  the  Axis  OS,  the  Point  C,  thus  determined  is 
a  fixed  Point,  agreeable  to  the  Definition  ;  and  appears 
to  be  the  tune  with  the  Center  of  Percuffion ;  fee 
Art.  181. 

Corollary. 

i  84.  If  PD,  PL)  (it.  be  perpendicular  to  OS,  the  Nu- 
merator of  the  Fraction  found  above,  will  become  Px 


OG'+GP1— lOOxGD+r-xOGM-GP*  +  2OG  X 

GL>+fer<:.  tit.  {finceOP^OGN-GP*— 2OGX 
GD  lit.)  Which,  becaufe  all  the  Quantities  Px— 2OG 

xGD+PxaOGxGUCsY  orPx— GD+PxGL>c^r. 
(by  the  Nature  of  the  Center  of  Gravity)  deftroy  one 

another,   will   be  barely,  —  P  X  OG1  +  GP*  f  i*x 

OGl+GP1+  (it.  (it.  =  P-f  P+  (it.  x  OG*  +  Px 

GPM-PXGr^-t-  (it.  =  Mafs  X  OGl  +  PXGP*+ 

fxGP'-j"  (it.    Whence  It  is  evident  that  OC  is,  alfo, 

Ma/s  XOG',  +  PxGP1+p'xGi'1+  (it.  (je.^ 

„      PXGP1+r'XGPl  +  tie. 

=  OG  +  ■ » »nd  confequently 

Mafi  X  OG  ' 

„,     PXGP'+t-'xGPH-  (it.  (it. 


Mafi  XOG 

Whence  it  appears  that,  if  a  Body  be  turv'd  about  Us 

.  Center  of  Gravity,  in  a  Diredten  perpendicular  to  the 

Axis  of  the  Motisn,  the  Plate  of  the  Center  of  Oftillation 

will  remain  unaltered;  becaufe  the  Quantities  PXGP% 

PXGP'  are  no  way  affecled  by  fuch  a  Motion  of  the 
Body. 

■  It 
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'It  sib  appears  that  tht  Dijfance  of 'the  Center  tf  Gra- 
vity from  that  of  Ofcillation  (if  the  Plane  of  the  Body's 
Motion  remains  unalter'd)  will  Be  reciprocally  at  the  Di- 
Jtante  of the  former  from  the  Point  of  Sufpfjion.  There- 
fore, if  that  Dijlance  be  found  whin  the  Point  ofSufpen- 
Jj»h  it  in  the  Vertex,  or  jo  pojited,  that  the  Operation  may 
buomt  the  mtft  Jimple,  the  Value  thereof  in  any  other  pro- 
pofed  Pefttion  of  that  Point  will  liiewife  ho  given,  by  one 
Jingle  Proportion. 

185.  But  now,  to  {hew  how  tbefe  Conclufions  may 
be  reduced  to  Practice,  we  mult  firft  of  all  obferve,  that 
the  Produit  of  any  Particle  of  the  Body  by  the  Square  of 
its  Dijlance  from  the  Axis  of  Motion  is  (here)  called  the 
Force  thereof  (its  Efficacy  to  turn  the  Body  about  the 
Did  Axis  being  in  that  Ratio.)  According  to  which, 
and  the  firft  genera]  Value  of  OC,  it  appears  that,  if 

the  Sum  of  all  the  Forces  he  divided  by  the  Producl  of  the  ' 

Body  into  the  Dijlance  of  the  Center  of  Gravity  from  the 
Paint  of  Sufpenfun,  the  Quotient  thence  oriftng  will  give 
the  Dijfance  of  the  Center  of  Percufion,  or  OJdllation 
from  the  faid  Point  of  Sufpenfton. 

The  Manner  of  computing  the  Divtfor  has  been  al- 
ready explained  ;  it  remains  therefore  to  fhew  how  the 
Sum  of  all  the  Forces  in  the  Numerator  may  be  col* 
lc£ted  :  Which  will  admit  of  feveral  Cafes.  Wherein, 
to  avoid  a  Multiplicity  of  Words,  I  {hall  always  exprefs 
the  Diftance  of  the  Center  of  Gravity  from  the  Point 
of  Sufpenfion  by  g,  and  the  Diftance  of  the  Center  of 
Pcrcuffion,  or  Ofcillation,  from  the  fame  Point,  by  C. 

186.  Cafe  1.  Let  OS  be  a  Cine  fufpended  at  one 

of  its  Extremes. 
Then,  if  the  Part  OP  (confidered  as  variable)  be  de- 
noted by  *,  tbe  Force  of  i  Particles,  at  P,  will  (at 
above)  be  defined  by  xXx1:  Whofe  Fluent  fj*3) 
therefore  expreffes  the  Force  of  all  the  Particles  in  OP 
(or  the  Sum  of  all  the  Produces,  under  each  Particle, 
and  the  Square  of  its  Diftance  from  O  the  Point  of 
Sufpciulon.  This  Quantity  therefore  (when  x  be- 
come! 


D.^edby' 
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comet  =  OS)  b«ng  divided  by  OSX  |  OS 
(according  to  the  foregoing  Rule  or  Ob~ 

fervation)    we    get     (jog;  =)  JOS 

for  the  Value  of  C,  the  true  Diftanot  of 
the  Center  of  Ofcillation  (or  Percuffioa) 
from  the  Point  of  Sulpenfioa. 


/ 


\\ 


•Art.  ilj.  ' 


1 


187.  Cafe  2.  Lit  AB  he  a  Line,  vibrating  in  a  vertical 
Plane,  having  hi  two  Extremes  A  and  B  equally  iiftant 
frm  the  Point  *f  SufptnJUn  O, 

O  If  OG  (perpendi- 

i\  cular  to  AB)  be  put 

=0,andGP=*,tfae 

Force  of  *  Particle* 

at  P,  will  be  denoted 

\  \  hyiXaT+x:=iX 

\   \        .    OP1*:WnofeFlu. 

V\    'y.-''      ent,    divided  by  mx 

f^- 1 ■■'■"'  B       (or  PGXOG)  gives 

\       ax       )'  + 

r  =C,  when  *  becomes  =  GB. 

1 3  8-  Cafe  3.  Let  APSQ,  fe  e  Circle,  vibrating  in  a 
vertical  Plant.  Let  PQ.be  any  Diameter  thereof;  then 
OP*+OQ;being  =  20G,l  +  2PG%  theSiimofthe 
Forces  of  two  Particles  at  P  and  Q.  (putting  OG 
=  a,  and  AG  =  r)  will '  be  =  **+r*xa ;  whence  it  is 
evident  that  the  Sum  of  the  Forces  of  all  the  Particles, 
in  the  whole  Periphery,  will  be  expreued  by  their  Afem- 
fcr  X  «*+r%  ot  by  **+?  X  Peripb.  APSQ_:  Which, 

if 
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if  p  be  put  =  3.141  &c  will 
be  =  «l  +  r1  X  2pr=  2fa*r 
+2fr3.  Hence  the  Force  of 
the  Circle  itfeif  is  alfo  given, 

being :=  Fluent  of  ?jwV  +  a^r'1 
X/=*Vr*+$/r*=S?+F 
X  C&rfr  APSCi.  Now,  if  the 
two  Exprefljona  thus  -found 
be  divided  by  a  X  Peripb. 
APSQ,  and  aX  Circle  APSQ. 
rcfpe&ively  *,    we  (hall  have 


for  the  twd  correfponding 


a  +■  —   and  a  +  — , 

.Values  of  C, 

180.  Cafe  4.  Let  AHBE  */  a  Circle  having  its  Plant 
(always)  perpendicular  U  the  Axil  of  Sufpenfun  OG. 
Let  AGB  -be  that 
Diameter  of  the  Cir- 
cle which  is  parallel 
to  the  Axis  of  Mc- 
UonRSi  and  let  £F 
be  any  Chord  parallel 
toABandRS;  whofe 
Diftance,  GP,  from 
the  Center  .of  the 
Circle,  let  be  denoted 
by  xi  putting  OG 
s  ay  and  AG  =  r  : 
Then,  by  the  Nature  of  the  Circle,  EF=  aX/V1— **[ 
whofe  Diflancc  OP,  from  the  Axis  of  Motion  RS,  it 
alio  given  —  \ra*^x*.  Hence  it  appears  that  the 
Force  of  all  the  Panicles  in  the  Line  EF  {defined  in 
Art.  i85.)willberepref«ntedby..1+;r1  X  2\Zr% — *\ 
Therefore  x  X  «*+*»  X  ivV— x*  is  the  Fluxion  of 
the  Force  of  the  Plane  ABFE  ;  whofe  Fluent  (when 
5  ***) 
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*  =  r)  is  =  <j*  +  J  r1  XArea  AEFBG ;  which,  if  p 
be  put  for  the  Area  of  the  Circle  whofe  Radius  is  Unity, 
wi!lbe  =  tf1+-irlX£^r»j  whereof  the  Double  (pm*r* 
+  ipr*)  is  the  Force  of  the  whole  Circle  AEFH: 
whole  Fluxion  iparr  -f-  pr'r  (fuppofing  r  variable)  being 
divided  by  r,  we  like  wife  get  zp^r+pr'  (  35  a*  +  £  r* 
X  Periph.  AEFH )  for  the  Force  of  the  Periphery 
AEFH.  But  the  Center  of  Gravity,  whether  we  re- 
gard the  Circle  itfelf  or  its  Periphery,  is  in  the  Center 
of  the  Circle ;  therefore  the  Diftance  of  the  Center  of 
Ofcillation  from  the  Point  of  Sulpenlion,  will  in  thefe 

two  Cafes  be  exhibited  by  a  +  —  and  a  ■+■  —    re- 

Ipeflivety. 

If  the  Circle,  inftead  of  being  perpendicular  to  GO, 
either  coincides,  or  makes  a  given  Angle  with  it,  the 
Value  of  C  will  come  out  exadly  the  fame ;  provided 
the  Diameter  AB  Itill  continues  parallel  to-  the  Axis  of 
Motion  RS :  This  appears  from  Art.  1 84.  and  may  be, 
otherwife,  very  eafily  demonfirated. 

190.  Cafe  5.  Let  the  Figure  preptfed  h  a  Curve  AEF, 
moving  (jiat-wayt,  at  it' were)  fa  that  the  Plant  de- 
Jcribtd  by  the  Axis  OAS  may  be  perpendicular  ti  thai 
of  the  Curve. 

Here,  putting  AP=#,  PN=r, 
AN=z,  OA=dy  OG=/,  and 
AG=o,  the  Force  of  the  Par- 
ticles in  MN  will  be  defined  by 
ar  X  <H- Jf".  Therefore  the 
Fluent  of  iyiXd+J*  will  be 
as  the  whole  Force  of  the  Plane 
NAM  (or  AEF,  when  *  = 
AS }     and  conlcquently    C  = 

FIu.d+x%Xyx 

-„  •-?= :  VVhich,  there- 
in. d+xXji 

fore 
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fore,  when  the  Point  of  Sufpenfion  is  in  the  Vertex  A, 
will  become  C  —  v,1  Let  this  Value  be  de- 

noted by  v ;  then,  the  Diftance  of  the  Centers  of  Gra- 
vity and  Ovulation  being  v — a,  we  have  (by  Art.  184.) 

g  :  a  ::  v — a  ;  l".  —  ■/  (be  Diftance  of  the  fame 
Centers,  when  the  Point  of  Sufpenfion  is  at  O,  and  con- 
sequently C,  in  that  Cafe,  =g  +  gXt,"**a  ■  Which 

Form  will  be  found  more  commodious  than  the  fore- 
going in  moft  Cafes- 
After  the  fame  Manner  the  Value  of  C,  with  refpect 

of  the  Arch  AEF,  will  appear  to  be  =  •■■—^=- 

It  may  not  be  improper  to  give  an  Example  or  two 
of  the  Ufe  of  the  foregoing  Theorems. 

iqr.  Let  therefore  EAF  be,  firft,  confider'd  as  an 
Hbfceles  Triangle;  In  which  Cafe  AP  (x)  and  PN  0) 

As- 
being  in  a  conftant  Ratio,  we  have  J=  —  (fuppoung 

Flu.  2+3*  Xy*\ 
SF=*andAS=c.)    Hence  C  (=  - _—  -  y.) 

Flu.  d*xx  +  2dx%*  +  x*i      I  d*  +  $  <tx  + 1  **  _ 
—  Flu.dxx  +  **i         ""         i^+i* 

$dl  +  $dx+sx*  faccording  t0  the  fecond  Form) 

bd+4x  v 

becaufc  *  {pluf'yxl)   =  ^>   and  *  "  kn0Wn  t0 
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•Xjpf)^* 


Again,  becaufe  *  anj  x  arc  in  a  conftant  Ratio,  we 
Ki.  Tp'x*  Flu.  1+i\'Xi 

""^'"TO+KT   =    «..  *+,**    = 

— yrr--i  whence  the  Center  of  Ofcillation  of 

•tt* 
the  Lines  EH  and  AF  is  given. 

192.  For  a  fecond  Example,  let  EAF  be  fuppoted  a 

*' 
Parabola  of  an/  Kind,  whofe  Equation  is  7=  — — -  ; 

Then  (according  to  Form  2.)  wejhajl  firft  have  v  (= 


Flu.  yx*x\ 
Flu.  yxx  )  ' 


Fiu.x'  +  'i         n+iXx 


•  A«.  176.  <*  being  =  "T,,1..*  •,  we  alio  get  C  (=/+ 
»  +  2 


=£+  T  , .,  „-- *  where  £=J  +  - 


■^=.-——-. — —-— ,    • £— ^H 7—— , 

But,  with  refpccl  to  the  Arch  of  the  Curve,  v  (= 


Flu.  x*i  \   ,    _  Flu,  y'iVV 
Flu.  *k  )  "  ~  ~F~~^ 


From 


which  Value  (found  by  infinite  Series,  and  even  with- 
•  AitijS.  out  in  Tome  Cafes*)  that  of  C  will  alio  be  given. 

193.  Cafe  6.   Let  the  propeftd  Figure  be  a  Curve  vi- 
brating {edge-ways)  ft  that   the  Motion  of  the  Axil 
may  be  in  the  Plane  tf  the  Curve. 
Then  {by  Cafe  2.)  the  Force  of  all  the  Particles  in 
the  Line  PN  (fee  tie  preceding  Figure)  being  denned 
by  OP'xPN+JPN',  orii+^xv-r-jv'  (reuiningthe 
No- 
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Notation  above)  we  have  C  =  *tJE**g±&*s  '. 

Which,  when  the  Point  of  Sufpenfion  n  in  the  Vertex 

A,  will  become  -jst — ■tj —  :   Let  this    (when 

found)  be  denoted  by  v;   then,    it  appears  from  toe 
preceding  Cafe,  that  the  general  Value  of  C  will,  alftt 

be  reprefented  by  g  +  . 

In    the  lame    manner    the  Value    of    C,    with 
refped    to  the  Arch   EAFJ    will    be  expounded   by 

FkJ+xX  i.  i 

Fk.  jr»4-y*X« 

— 35T3 

194.  Example.  Ltt  tfa  Equation  of  tbt  given  Curvtht 
J>  Flu.  yxlx  +  \  y*i  \ 

*  =  j=it  Tbeuv  C= — fi«7£i J    = 


Ft*.  fx'*1*  «+3 


+ 


yt+iX*"**    __  H-3  3*3»+i 

=  ^xlXjF-*-     l*"t"2     *  *":  From  wWch  ** 

+3  3X3*+' 

Value  of  C  b  alio  given ;  and  faun  whence  it  appears, 
that   if  n  he  expounded    by  o,   v   will   become  ~ 
2*       2**        2        x1 4-  J* 
J+p-  =  -J  X— j-*- §  in  which  Cafe  the  Figure 

will  degenerate  to  a  Rectangle :   But,  if  *  be  inter- 
preted by  1,  the  Figure  EAF  will  then  be  an  ifofcelai 
Triangle, 
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%x        v* 

Triangle,  and  v  =  —  +  —  :   Laftly,  if  n  be  taken 

—  J ,  the  Curve  will  be  the  common  Parabola!  and  vs= 


195.  Cafe  7.  Lit  the  Figure  AEFH  be  a  Solid  generated 
by  the  Rotation  of  a  Curve  EAF  phut  its  Jxit  AS  ; 
having  iti  Baft  HH  parallel  to  the  Axis  if  Motion 

"OC. 

It  appean,  from  Cafe  4. 
that  the  Force  of  all  the 
Particles  in  the  circular 
Sedion  hh  (parallel  to  HH) 
will  be  expreflcd  by 
OP'+iPi^X  Circle  hb^ 
orOP'XPN1  +  jPN*x^ 
(p  being  =8=  3.1415  &<■) 
which,  in  algebraic  Terms, 

is  rf-p*X^  +  iy*X>. 
Hence    we   have    C   = 


•  f/«-'7g^1+tr*x^. _  Flu.  d+d*%f&  +  jy*A 


«b.  d  +  xXpy**'  Flu.J+xXy'x 

Which,  therefore,  when  the  Point  of  Sufpenhon  is  ia 

RM.f**K+l?X 

—  v  i  and 


the  Vertex  A,  becomes  • 


Flu.  fxx 

confequently  C  ^g-\-  - — vSf. ,  as  in  the  preceding 

£ 
Cafes. 

But,  with  regard  to  the  Superficies  of  the  Solid ;  it 
is  found,  in  Caje  4,  that  the  Force  of  the  Particles  in 


the  Periphery  MANA  is  expreffed  by  OP'  +  fPN1  X 
Periph.  MhNb  =  d+21  X  %fy  +  Pf. 

Hence 
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Hence  the  Fluent  of"rf-j-*i*x  ipy+py%X*,  divided 

will  give  tbe  true  Value  of  C  with  rcfpefS  to  the  curve 

Flu  2r*l£4-i3£ 
Surface  EMAF.  Which,  putting  v  =s      ^     ^/  -  ^ 


"=  J5.8™1 

2o^  + 


196.  Ejt.i.£rfEAF  be  canfidtrtda!  a  Corn  i  theri; 
putting  AS  =  /,SF  =  j  and  AF=r,  wehavej  =  -^, 

with  ref^eft  to  the  convex  Superficies,  C  will  be  found  = 

t2d+8f 

197.  Ex.  2.  LtlBAF  &e.  be  emjuUrtd  as  a  Sphere 
vAnJe  Center  it  S,  and  Radius  AS=r ;  in  which  Cafe, 

filu.  y  W+iy+x\ 

f  being  =  %rx— *",  we  have  v  (= £■ — -■'-.      ■  I 

v  Fiu.fxx      / 

£fa.  r***x -j-  r*»*  —  t **x       ir*  +  irx  —  J^x* 

Flu.  2rxtx—x1i  ~ '        Jr — J*  ■ 

whence  C  a  alfo  given.    But,  when  *  =  2r  (or  the 

whole  Sphere  is  taken)  v  =  ™  Therefore  a  being=r, 

■  and  g  =s  OS,    in  this  Cafe,  we  have  C   (=^-f- 
«  x  n  —  a  \  ,    r  X  %r  2r* 


i»8. 

^V«i[ly( 
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g  x  Salii 
Flu.  I  f*i 


198.  Cafe  8.  Let  the  Fi- 
gure proofed  be  a  Solid,  as 
in  the  preceding  Cafe,  but  Ut 
itt  Axis  AG  be,  htre,  pa- 
rallel ta  the  Axis  ef  Motion 
ORS. 

Then,  if  RP  (OG)  be 
pift  =  f,  3,1459  *■=/» 
AP=sx&V.    the  Force  of 

the  Particles  in  the  Circle 
NM  (parallel  to  EF)  will 
be  exhibited  by  g%  -J-  f  j* 

Cafe-^J)  Hence  we  have  C= 
gxFlu.  py*x        T  ~~ 


5  + 


gxFlu,  f-x  ' 
Moreover,  with  refpefl  to  the  Superficies;  the  Force 
of  the  Particles  in  the  Periphery  of  the  (aid  Circle  MN 
•  Ait.  lij.  being  tpg*j  +  iff  *,  we  have,  in  this  Cafe,    C  = 
Flu.  2pgxy  +  2py*  x  £__&«.  tyg*y*  +  2py'i 
'  gx  Superficies.  gxFiu.ipyi  *  "*" 

Flu,  fk 
gxFlu.jk' 

199.  Ex.  1.    Let  EAF  be  a  Segment  ef  a  Sphere, 
vjbefe  Radius  is  r;  then  yl  being  =2rx — *%we  (hall  have 
/jjto.  I  j-**\  _        J»r.  gfVj — 2rx*i+$x*x 
C  ft+  gxFiu.fx)  ~*+  ~   ^X^.2r*i  — **i 


==*  +  2 


— ===== — =/+    — s     v      . 

gar  —  $  x  20r — io*Xg 

Which,  when  *•  is  expounded,  either,  by  r  or  ir,  be- 
comes =z  g  +  *^7»  f°r  the  tnie  Value  of  C,   when 


5?" 


either 
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either  the  Hemifphere,  or  whole  Sphere,  is  taken.  But, 
with  refpeft  to  the  Center  of  Ofcillation  of  the  Super- 
ficies thereof,  we  have  *  in  this  Cafe  =  - 


t*  ,    ,      ,  ,     &*•  J1* 

s=  —  :    And  therefore  g  +  ■  .■>>, — 1    =  g  + 

J  *         gX.Flu.yz.  *   T 


£  x  fife,  ri 
=  r,  or  #  IB  * 

aoo,  Ex.  2.  Ltt  the  Solid  EAY  be  a  Paraboloid,  wheji 
generating  Curve  is  defined  by  the  Equation  y  =  -„•"  : 

if  ■  be  takeu  =  o,  the  Figure  will  become  a  Cylinder, 
and  C  5=  g  -J-  — :  But  if  n  be  expounded  by  1 ,  the 

Figure  will  be  a  Cone,  and  C=j+3L..  LalUy,  if 
n  be  taken  =s  |»  the  Figure  wilt  be  the  Solid  generated 
from  the  common  Parabola  and  C  =  £  +  —  . 


a? 
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SECTION     XII. 

Of  the  Ufc  of  Floxions  in  determining 
the  Motion  of  Bodies  affected  by  centripetal 

Forces. 


PROPOSITION     I. 

201.  ^T^  HB  Motion,  or  Velocity,  acquired  by  a  Body 
J_  freely  defending  from  Reji,  by  the  Force  of 
an  uniform  Gravity,  ii  proportional  to  the  Time  of  its 
Defcent  i  and  tbt  Space  gone  ever,  at  the  Square  of  that 
Tim. 

The  firft  Part  of  the  Propofition  is  almoft  fclf-evi- 
denr:  For,  ftnce  any  Motion  is  proportional  to  the  Force 
by  which  it  is  generated,  that  generated  by  the  Force 
of  an  uniform  Gravity  muft  be  as  the  Time  of  Defcent ; 
becaufe  the  whole  Effefl  of  fuel)  a  Force,  ading  equally- 
every  Inftant,  is  as  that  Time. 


P    A 


Let,  now,  the  Velocity  acquired 
during  a  Defcent  of  .one  Second  of 
Time,  be  fuch  as  would  carry  the  Body 
uniformly  over  any  Diftance  b  in  one 
Second ;  and  let  AB  (x)  denote  the  Di- 
ftance defcended  in  any  proposed  Time 
t ;  which  Time  let  be  denoted  by  PQ_j 
making  B*  =  i  and  Oj=r;  Then  it 

will  be,  as  i  :  t  :>  *  :  (bt)  the  Diftance 
that  would  be  uniformly  defcribed  in  i, 
with  the  Velocity  at  B:  Alfo  i  :  *  a 
the  find  Diftance  (bt)  to  btt  =  i*. 
By  taking  the  Fluent  whereof  we  get 

5"* 


1/ 
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£  *(*=*.     Therefore  the  Diftance  dcfcended  (kit*)  is 
a  the  Square  of  the  Time.  J^j.  £.  D. 

Otherwi/e,  without  Fluxions. 
Conceive  the  Time  (PQJ  of  falling  thro'  AB  to  be 
divided  into  an  indefinite  Number  of  very  (mall  equal 
Particles,  reprefented,  each,  by  m;  and  let  the  Diftance 
defcended  in  the  firft  of  them  be  Ac,  in  the  fecond  ed% 
in  the  third  dt,  i-fc,  &f.  Then,  the  Velocity  being  al- 
ways as  the  Time  from  the  Beginning  of  the  Defcent, 
it  will  in  the  Middle  of  the  firft  of  the  faid  Particles  be 
defined  by  \  m  ;  in  the  Middle  of  the  fecond  by  1 1  m ; 
in  the  Middle  of  the  third  by  2  i  m,  iSt.  (?c.  But, 
fince  the  Velocity  at  the  Middle  of  any  Particle  of 
Time,  is  a  Mean  between  thofe  at  the  two  Extremes, 
or  betwixt  any  other  two  equally  remote  from  it,  the 
correfponding  Particle  of  the  Diftance  AB  may,  there- 
fore* be  considered  as  defcribed  by  that  mean  Velocity. 
And  fo,  the  Spaces  Aey  cd,  dt,  if,  &c.  defcribed  in  equal 
Times,  being  rcfpeftively  as  the  faid  mean  Celerities  \ml 
'  *"  m>  2  I  m,  %\tn,  isfc.  it  follows,  by  Addition,  that 
the  Diftanccs  Ac,  Ad,  At,  A/,  Ifc.  gone  over  from  " 

m     4m    qm    16m 
the  Beginning,  are  to  one  another  as  — f  — -,  — ,  — -, 

tie.  or  1,  4,  9,  16,  25,  fcfe.  that  is,  as  the  Squares  of 
the  Times.  Q  E.  D.s 

Corollary  i. 

202.  Since  the  Diftance  that  might  be  uniformly  run 
over  in  one  Second,  with,  the  Velociry  at  B,  is  ex* 
prefled  by  it,  the  Diftance  that  might  be  defcribed  with 
the  fame  Velocity  in  the  Time  '  will  therefore  be  cx- 
preOed  by  btXt,  or  bt1 :  Whence  it  appears,  that  the 
Space  AB  ( \  btl)  thro'  which  the  Body  falls  in  any 
given  Time  t,  is  juft  the  half  of  that  which  would  be 
uniformly  defcribed  with  the  Celerity  at  Bt  in  the  fame 
Time. 

Therefore,  fince  it  is  found  from  Experiment,  that  a 

Bpdy  near  the  Earth's  Surface  (where  the  Gravity  may 

0.3  "* 
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be  taken  as  uniform}  defends  about  16  A  Feet  in  the 
ftrft  Second,  it  follows  that  the  Value  of  b  (is  in  this 
Cafe) =2X16^=32$  :  And  confequcntly  the  Number 
of  Feet  defended  in  '  Seconds,  equal  to  1 6T,lXr*. 

CoROlLAKV   2. 

203.  It  is  evident,  whatever  Force  the  Body  de- 
fends by,  the  Value  of  b  will  always  be  as  that  Force; 
fince  a  double  Force,  in  the  fame  time}  generates  4 
double  Velocity ;  a  treble  Force,  a  treble  Velocity,  &c. 
Therefore,  feeing  our  Equation  f  btr  ^*,  alfo  gives  l=s 

/  ■*     and  b  =  7-^,  it  follows, 

1.  That  the  Diftance  defended  is,  univerfafly,  as 
the  Force  and  the  Square  of  the  Time""  conjunctly. 

2.  That  the  Time  is  always  as  the  Square-foot  of  the 
pittance  applied  to  the  Force. 

S-  And  that  the  Force  is  as  the  Diftance  apply'd'  to 

the  Square  of  the  Time And  it  may  be  further  oh- 

fcrved,  that,  whatever  is  here  faid  with  regard  to  the 
Time,  alfo  holds  in  the  Velocity,  being  proportional  to 
the  Time. 

proposition  a 

J^  204.  To  determine  the  Vthdty% 

-         and  Time  of  Defcentt    of  a  Body 
E    along  an  inclined  Plant  AC. 

From  any  Point  F,  in  AC, 
draw  FE  perpendicular  to  the  ver- 
tical Line  AD,  and  make  FB  and 
CD  perpendicular  to  AC,  meeting 
AD  in  B  and  D.  Becaufe  (by 
the  Principles  of  Mechanics)  the 
Force  of  Gravity  in  the  Direction 
CF,  whereby  the  Body  is  made  to 
defend  along  the  Plane,  is  to  the 
abfolute  Force  thereof,  as  AF  to 
AB» 


y,  Google 


tn  Centripetal  Forces*  23  T 

AB»  or  as  AC  to  AD  ;  and  fincc  (by  Cafe  1 .  Art.  203.; 
the  Diftancca  descended  io  equal  Times  are  as  the 
Forces,  it  follows,  that  the  Time  of  Defcent  thro'  AF 
will  .be  equal  to  the  Time  of  the  perpendicular  Defcent 
thro'  AB :  And  confequently  the  Time  of  Defcent  thro' 
AC  equal  to  that  thro'  AD ;  which  is  given  by  Prop.  1. 
Moreover,  becaufe  the  Velocities  at  F  and  B,  acquired 
in  equal  Times,  are  as  the  Forces,  or  as  AF  to  AB  j 
and  it  appears  from  Prep.  1.  that  the  Velocity 
at  £  is  to  that  at  E,  as  \/AE  :  V^AB,  or  as 
\ZAFTxaB  (=AF)  :  v/ABXAB  (=  AB)  it  fol- 
lows, by  Equality,  that  the  Celerity  at  F  is  equal  to 
to  that  at  E  j  which  is  therefore  given,  by  the  preceding 
Prepofitjon.  QE.I. 

Corollary. 

205.  Hence  the  Time  of  Defcent  along  the  Chord 
AC  of  a  Setni-cixcle  ACD  is  equal  to  the  Time  of  De-      * 
{bent  along  the  vertical  Diameter  AD :  And,  if  the  Chord 
DG  be  of  the  fame  Length  with  AC  (its  Inclination  to 

the  Horizon  being  alfo  the  fame)  the  Time  of  Defcent 
along  it  will  alfo  be  equal  to  that  along  the  vertical 
Djametcr. 

PROPOSIT 

206.  If,  from  two  Points  ■ 
A  and  D,  tqually  rtMtttt 
from  tbt  Center  of  Attrac- 
tion C,  two  Bodies  move, 
with  equal  Celerities,  tbt 
out  along  tbt  Right-line 
AC,  tbt  other  In  a  Curve. 
/iwDBQ.  their  Celerititty 
at  all  otbtr  equal  Dijlancts 
from  tbt  Center,  wiU  bt 
equal. 

For.letCBandCEbe 
any  two  fuch  Distances  ; 
let  the  Arch  BE  be  de- 


^AvIhyG 
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fcribed,  from  the  Center  C,  and  alfo  tb,  indefinitely 
near  to  it,  cutting  CB  in  n .-  Let  the  centripetal  Force 
at  the  Diftance  of  CB,  or  CE,  be  reprefented  by/,  and 
the  Velocity  at  B,  by  y. 

By  the  Refolution  of  Forces,   the  Efficacy  of  the 
Force  .(f)  in  the  Direction  Bi,  whereby  the  Velocity 

Bn 
of  the  Body  is  accelerated,  will  be  gj-  Xf:  Alfo  the 

Time  of  moving  over  Bi  (being  as  the  Diftance  apply'd 

Bi> 

to  the  Velocity)  is  reprefented  by  — :    Therefore    the 

Increafe  of  Velocity,  in  moving  thro'  B£,  being  as  the; 

B* 
Force  and  Time  conjunctly,  will  be  defined  by  STXf 

B*  B« 

X  -— ,  or  its  Equal  —  Xf.    In  the  lame  Manner, 

the  Velocity  at  E  being  denoted  by  tc,  the  Time  of 

E*    i 
falling  thro'  E*  will  he  reprefented  by  — ,  and  the  Ve- 
locity generated  in  that  Time  by  rr*/:  Which  is  to  that 

(B* 
—  Xf)  acquired  in  falling  thro'  the  Arch  Bi,  as 

-~  to  — -.  Therefore,  feeing  the  correfponding  Incre- 
ments of  Velocity  are  always,  reciprocally,'  as  the  Ve- 
locities themfelves,  it  is  manifeft,  if  thole  Velocities  are 
■  equal,  in  any  two  correfponding  Portions  of  the  Bodies, 
they  will  be  fo  in  all  others,  being  always  increased 
alike.  But  they  are  equal  at  A  and  D  by  Suppofition  : 
Therefore,  tic.  Q.E.D. 

PROPOSITION    IV. 

207.  to  find  tbt  Rutin  of  tbt  Velocities,  and  Ttmii  of 
Defient,  of  Bodies,  in  Curves  ;  tbt  Force  of  Gravity 
being  nnfidtrtd  at  uniform. 
Let  ARD  reprcfent  a  Curve  of  any   Kind,   along 

which  a  Body  defcends,  by  the  Force  of  its  own  Gra- 
vity 

•  JJigilzed 
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vity  from  A  ;  let  AC,  RB,  &t.  be  parallel,  and  CD 
perpendicular,  to  die  Horizon ;  moreover,  let  Rw  touch 
the  Curve  at  R;  and  let  CB  ="»,  AR  =  w,  and 
R»=w«.  •Ab.'iis 

Since  the  Points  B 
and  R  (as  well  as  C 
and  A)  may  be  looked 
upon  as  equally  re- 
mote from  the  Earth's 
Center  (to  which  the 
Gravitation  tends),  the 
Velocity  acquired  in 
defending  thro'  the 
Arch  AR  will  {by  tbt 
iajl   Prcfojition )    be 

equal  to  that  acquired  by  falling  freely  thro*  the 
Right-line  CB;  which  laft  Velocity  (by  Prep.  1.)  a 
always  as  y/C&  (or  «£).  Therefore  the  Celerity, 
whether  the  Body  moves  in  a  Right-line,  or  a  Curve, 
is  always  in  the  fubduplicate  Ratio  of  the  perpendicular 
Defcent ;  and  fo,  the  Time  in  which  R»  (w)  would  be 
uniformly  described,  with  that  Celerity,  will  be  univer- 
sally as  ~r ;  whqfe  Fluent  is  as  the  Time  of  falling 
thro*  AR.  ^  E.  I. 

EXAMPLE. 

208,  Let  the  Curve  ARD  be  any  Portion  of  the 
common  Cycloid  ;  whereof  the  Vertex  is  D  and  Axis 
DC;  and  whofe  Nature  (putting  DC=f,  and  the  Ray 
of  Curvature  at  D  — a)  is  defined  by  the  Equation  la 
XDB=DR*.  Here,  we  have  DR  (=v/wXv/f5B) 

:=  Vst*   X  t — ?    ;    whofe   Fluxion   —  \/ia  X 

-■■---  ,  with  a  contrary  Sign,  is  the  Value  of  Rb  or  tu; 

'  'Mi 
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therefore  ?j  =  \/£  X  ^j^f-  ■  Whofc  Fluent, 

a:  the  Joweft  Point  D,  where  u  becomes  =5  r,  will  (fo 

Jrt.14.2.)  beequalto  V^amuhiply'dbyf— '4I^9-  — ) 

half  the  Meafiirc  of  the  Periphery  of  the  Grcle  whofc 
Diameter  is  Unity.  Which  Fluent  (and  conieauently 
the  Time  of  Defcent)  will  therefore  continue  the  fume, 
let  the  Arch  DA  be  what  it  will. 


PROPOSITION    V. 

309.  7s  dtttrmint  tht  Path;  tf  ProjeBtitt  mar  tht 
Earth's  Swrfau\  (ntgltEting  thi  Rtfiftanct  tf  tht 
Atmfpbtrt.). 

Let  a  Body  be  pro- 
C  je$ed  from  the  Point 
A,  in  the  Direction 
of  the  Line  AC,,  with 
a  Velocity  fufficiem 
to  carry  it  uniformly . 
over  the  Diflance  4 
in  the  Time  t;  and 
let  the  Space  thro* 
which  it  would  freely 
defcend,  by  its  own 
Gravity,  in  that  time, 
he  denoted  by  b;  alb 
let  the  Sine  of  the 
Angle  of  Elevation 

r)  be  put  =  j,  iu 
Co-fine  =  c,  and  the  Diftance  of  the  Point  A  from  the- 
Ordinate  Hirl  (confidered  as  moving  parallel  to  itfelf 
along  with  the  Body)  =  * ;  then,  by  Trig.  HG  (per- 
pendicular to  AB)  will  be  =  — ,  and  AG  =  — . 

Becaufe  the  Projeaile  is  turned  afide,  continually, 

from  a  rectilinear  Path,  by  the  Earth's  Attraction,  it 

nruft 
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fiuift  defcribe  a  Curve-line  AmEniB,  to  which  AC  is  a 
Tangent  tf  the  Point  A :  Bat  that  Attraction,  ading 
always  in  a  Direction  (Hot)  perpendicular  to  die  Ho- 
rinon,  can  have  no  Effeft  upon  that  Part  of  the  Velocity 
with  which  the  Body  approaches  the  Line  BC,  parallel 
to  Hm ;  therefore  the  Right-line  HG  (in  which  the 
Body  is  always  found)  will  continue  to  move  uniformly 
towards  BC,  the  fame  as  if  Gravity  was  not  to  act  j 
and  the  Diftance  Gm  defcended  from  the  Tangent  AC, 
by  means  of  the  Attraction,  will  be  the  very  fame  as  if 
die  Body  was  to  defcend  from  Reft  along  the  Line  GH. 
This  being  prcmifed,   it  is  evident,  that  as  d  :  AG 

\~)  '■•  *  '•  \T7  X  '  J  the  Time  of  defcribing  Am ; 

and,  as  t%  ;  ^l  X  r*  ::  b  '.  \-p^r)  the  Space  (Gm) 

thro'  which  a  Body  would  freely  defcend  in  that  Time 
(fyProp.i.) 

ix       brxx%  esd*x  —  brlx* 

Hence  —  ■ — '"'TJT »  «  ~~ — jgi  ""  "  «  a  general 

Value  for  the  Ordinate  H#.-  By  putting  which  =  o, 

we  get  *  =  i—  =  AB  —  the  Amplitude  of  the  Pro- 

jedion.     But,  by  putting  its  Fluxion  equal  to  nothing, 

ad* 
we  have  *  =  ttt  ;  which  fubftituted  for  x  in  the  Va- 

lue  of  Hm,  gives  <— rj  for  the  Altitude  DE  of  the  Pro- 
jection.' QE.I. 
Corollary. 
210.  If  another  Body  be  projected,  with  the  fame 
Celerity,  in  the  vertical  Direction  AS  ;  then,  i  becoming 

/sxd*  \ 
==  r,  the  Altitude  of  that  Projection  I  rrr)  will  he- 
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come  -7  =  AS ;  which  call  A,  and  let  thu  Value  be 
v> 

fubftituted  in  thofe  of.  AB  and  DE,  and  they  will  be? 

**«  ***  _.    , 

come  — ;-?  and  -y  refpedtively. 

Hence,  if  from  the  Point  Q. where  the  Line  of  Di- 
rection AC  cuts  a  Semi-circle  defcribed  upon  AS,  the 
Lines  SQ_and  QP  be  drawn,  the  latter  perpendicularto 
AB,  the  Triangles  ASQ_and  AQP  being  funilar,  we 

fhall  have 

:  b  (AS;  :  —  =  AQ_ 


-i(«u:S?. 


pa=i?E 


r:;£(AQJ:   7*  =  AP  =  *  AB 


PROPOSITION    VI. 

ill.  To  determine  the  Rath  of  the  Fnreety  whereby  Bo- 
dies, tending  to  tht  Centers  of  given  Circks,  are  mad* 
to  revelvt  in  the  Peripheries  thereof. 


Let   ABH  and   abh  be  any  two  propolcd  Circles, 

whereof  let  AB  and  ab  be  fimilar  Arcs ;  .in  which,  let 

the 
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the  Velocities  of  the  revolving  Bodies  be  refpefitively  as 

V  to  v ;  make  DBK  and  dbk  parallel  to  the  Radii  AC 
and  ac,  putting  AC=£,  ac=r,  and  the  Ratio  of  tho 
centripetal  Force  in  ABH  to  that  in  abb,  as  Ftp/. 

It  is  plain,  becaufe  the  Angles  ABL)  and  abd  are 
equal,  that  the  Velocities  at  B  and  b,  in  the  Directions 
BK  and  hi,  with  which  the  Bodies  recede  from  the 
Tangents  AD  and  ad,  are  to  each  other  as  the  abfolute 
Celerities  V and  v  *.  But  thofe  Velocities*  being  the,Art*  J5- 
Effects  of  the  centripetal  Forces  acting  in  correfponding, 
fimilar,  Directions  during  the  Times  of  defcribing  AB 
and  ab,  will  therefore  be  as  the  Forces  themfelves  when 
the  Times  are  equal ;  but  when  unequal,  as  the  Forces 
and  Times  conjunctly.     Therefore,  the  Times  being 

AB  '  eb  R      > 

umverally  as  -y  to  — ,  or  as  y  to  —    ( becaufe    the 

Arcs  AB  and  ab  are  fimilar)  we  have,  as  FX    y  \f% 

—  ::  V '.  Vi   whence  (multiplying  the  Antecedents  by 

V  v\ 

j£  and  the  Confequents  by  —  1  it  will  be,  as  P  :  /;: 

-j5- :  — :  Therefore  the  Forces  are  as  the  Squares  of  the 
Velocities  directly,  and  as  the  Radii  inverfely. 
Otbtrwife. 
Let  the  indefinitely  little  Arch  AB  be  the  DUrance 
that  the  Body  moves  over  in  a  given,  or  conftant  Par- 
ticle of  Time  >  and  let  the  centripetal  Force  at  B  be 
mcafured  by  twice  the  Subtenfe  or  Space  AE  thro* 
which  the  Body  is  drawn  from  the  Tangent  AD  in  that 
Time  t- 

Then, 

f  The  Felicity  which  any  Farce,  uniformly  continued,  it  ca- 
pable af  generating,   in  a  given  Body,  in  a  given  Time,   h  the 
frofer  Mea/ure  af  the  Intexfity  af  that  Farce  *.      But  this  P'i*  Art.  »oj. 
lacity  it  it/ilf  mevjorii  bj  tbt  Space  lie  B>*J  v/tuld  move  um- 

.    ■  f°"*b 

D.^edb,1 
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Then,  by  the  Nature  of  the  Circle,  AB*  =:  AH  k 

AE  =  AC  X  J.AE,  and  confequently  zAE  s=  xjf : 

Therefore,  the  Force  is  as  the  Square  of  the  Velocity  ap- 
ply'd  to  the  Radius  of  the  Circle  (at  be/are.) 

Corollary  I. 

212.  Becaufe,  F  :/■■:  -g  :  — ,  it  follows  that 

V'.vv.s/KF'.s/7ft  and 

Corollary  II. 

213.  tf  the  Ratio  of  the  periodic  Times  be  denoted 

by  that  of  P  to  p ;  then  the  Ratio  of  the  Velocities  F,  v 

being  as  -p  to  — ,  we  Hull  have,  by  Equality,  \/RFi 
—    R r 

Vrf:;  -p  '.  —  j  whence  alfo) 
R       r 

*'■/■•■  P>  :f,™d 

R'.n-.FP*;^ 

farmlj  ever  in  a  given  Time }  •wbitb  Space  is  aliuayi  thi  double 
of  that  tbro"  liihttb  lb*  Ra/ty  would  freely  defiend,  from  Rift, 
%  Ait.  sot."1  ihe  fenu  timt  X-  Tbtrefart  2AE  is  the  proper  Mtafmre  ef 
tbt  centripetal  Force,  according  at  ive  hove  ajfumid  i'/.-t— 
'Tii  true,  ivbtn  tbt  Forces  to  be  compared  art  all  commuted 
in  tbt  fame  Maimer,  /rim  tbt  Nafcent,  cr  indefinitely  fmall 
Suhtenfis  tf  eontemporantaut  Arcs,  it  matters  not  •whether 
•we  confider  thaft  Subtenfes,  at-  their  Doublet,  ai  the  Mcajurti 
ef  the  Foreit,  tbt  Rath  being  the  fame  in  both  Cafes.  Bat 
•when  lb*  Forces  fo  found  art  to  bt  compared  ixitb  albert  de- 
rived from  a  ftnxianal  Calculus,  it  it  abfalutety  ntcefarj  ta 
loke  tbt  double  Subttnfi  far  the  Mta/un  af  the  Fere*.-  -  — 
Tiiii  Nate  it  infers  td,  that  the  Learner  may  avoid  tbt  Erreri, 
•which  /ante  wiry  ceufideroble  Mathematicians  have  fallen  tula 
by  nat  properly  attending  to  ibis  Particular.  * 

Co- 
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Corollary  III. 

214.  If  die  Meafure  of  the  Force,  or  the  Velocity 
that  might  be  uniformly  generated  in  1  given  Time  ( 1 } 
be  expounded  by  any  Power  a'  of  the  Radius  AC  (a)  j 
then  the  Diftance  thro*  which  a  Body  would  freely 
defcend  in  the  lame  Time,  by  that  Force,  uniformly 
continued,  will  be  enpreflcd  by  i  a*  *.  Therefore,  'Aamb 
the  Diftances  dcfcended,  by  means  of  the  fame  Force, 
uniformly  continued,  being  as  the  Squares  of  the 
Times  J,  it  is  evident,  if  the  Time  of  moving  thro*  (  Ait.  »■, 
AB  be  denoted  by  /,  that  the  Diftance  AE  dcfcended 

uithatTime,  will  be  denoted  by  -»  X I  a"  :  And  fo 

t t         'Jl 

we  (hall  have  AB  (v^aAEXAC)  =~Xa*     -t 

which  being  the  Diftance  defcribed  by  the  revolving 
Body  in  the  Time  t ,  it  follows  that  the  Space  gone  over 

in  the  given  Time  (1)  will  be  a  *  :  Which,  there- 
fore, is  the  true  Meafure  of  the  Celerity  in  thin  Cafe. 
The  fame  Conclufion  might  have  been  derived  in  much 
fewer  Words  from  Carol.  1.  but,  as  a  thorough  under- 
standing hereof  is  abfolutely  iwceflary  in  what  follows 
hereafter,  I  have  endeavoured  to  make  it  as  plain  as 
poffible. 

Corollary    IV. 

215.  Hence  the  Time  of  Revolution  is  alfo  derived  i 

for  it  will  be  as  a  *  :  3.14159  &e-  *  M  t*0*  whtJe 

3.14.  tiV.  X2U 
Periphery)  ::  1  :  ■ TTi or  3-'4'59  »ft  * 


za  *  ,  the  tme  Meafure  of  the  periodic  Time. 

Co- 
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CoROtLAKY      V. 

2)6.  Therefore,  if  n  be  expounded  by  r,  o,  — ;  t* 
—  2-  and  —  3  fucceffivety ,   then   the  Velocity  cor- 

refponding  will  be  as  a,  o%  I,  «'     %  and  a""1;  and 

the  Time  of  Revolution,  as  r  3  a *,  a,  a*  and  a*  rt- 
fpectively. 

Scholium. 

217.  From  the  preceding  Propolitiori,  and  Its  fhb- 
fequent  Corollaries,  the  Velocity  and  periodic  Time  of 
a  Body  revolving  in  ?  Circle  at  any  given  Diftance  from 
the  Earth's  Center,  by  means  of  its  own  Gravity,  may 
be  deduced :  Foe  let  d  be  put  for  the  Space  thro'  which 
a  heavy  Body,  at  the  Surface  of  the  Earth,  defcends  in 
the  firft  Second  of  Time,  then  id  will'  be  the  Mea- 
sure of  the  Force  of  Gravity  at  the  Surface :  And  there- 
fore, the  Radius  of  the  Earth  being  denoted  by  r,  the 
Velocity,  per  Second,  in  a  Circle  at  its  Surface,  will  be 

S/vd ;  andthcThneof  Revolution  = L,y — :  -  — 

s/ird 

=:  3.14159  »<■  X  J%  '(Sumdiji  which  two  Ex- 

preffions,  becaufe  r  is  =  21000000  Feet  and  ifc 16VW 
will  therefore  be  nearly  equal  to  26000  Feet  and'  5675 
Seconds^  refpeflivcly.  Let  R  be  now  put  for  the  Radius 
of  any  other  Circle  defcribed  by  a  Projectile  about  the 
Earth's  Center:  Then,  becaufe  the  Force  of  Gravitation 
above  the  Surface  is  known  to  vary  according  to  the 
Square  of  the  Diftance  inverfly,  we  have  {by  Cafe  4. 

Corol.  $.)  r~~*  :  R     *  ::  (26000  )  the  Velocity  (per 
Second)  at  the  Surface,  to  26000  X  J  ~ ,  the  Ve- 
locity 
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locity  in  the  Circle  whofe  Radius  is  R :  And  rT  :  R? 

::  ($075  /  *fc  periodic  Time  at  the  Surface. :  to  5075  X 

tile  Time  of  Revolution  in  the  Circle  R. 

Which,  if  R  be  affumed  equal  to  (6or)  the  Diftance  of 

S.  0 

the  Moon  front  the  Earth;  will  give  2360000,  or  27.3 
nearly,  for  the  periodic  Time  at  that  Diftance. 

In  like  fort  the  Ratio  of  the  Forces  of  Gravitation 
of  the  Moon,  towards  the  Sun  and  Earth,  may  be  com- 
puted. For,  the  centrifugal  Forces  in  Circles,  being 
univerfally  as  the  Radii  apply *d   to  the  Squares  of  the 

^_  ,  _       .    ,        , /8ioocooo\     , 

Times  of  Revolution,  it  will  be  as  I ; J   th« 

Semi-diametefof  the  ^/tfpnrfOriiV  divided  by  the  Square 
of  one  Year  (ihe  periodic  Time  of  the  Earth  and  Moon 
about  the  Sun)  is  to  (240000X178)  the  Diftance  of 

the  Moon  from  the  Earth  divided  by  —3 ,  the  Square! 

of  the  periodic  Time  of  the  Moon  about  the  Earth,  fa 
is  1,9  to  I  nearly  ;  and  fo  is  the  Gravitation  of  the 
Moon  towards  the  Sim  to  her  Gravitation  towards  the! 
Earth. 

Alfo,  after  the  fame  Manner,  the  centrifugal  Force  of 
1  Body  zt  the  Equator,  arlftng-from  the  Earth"*  Rota- 
tion, is  derived.  For  fince  it  is  found  above,  that  5075 
Seconds  is  the  Time  of  Revolution*  when  the  centrifugal 
Force  would  become  equal  to  the  Gravity,  and  it  ap- 

Eirs  (tjCdfei.  Cerol.z.)  that  the  Forces,  in  Circlet 
Ting  the  fame  Radii,  are  inverfly  as  the  Squares  of 
the  periodic  Timet,  we"  therefoie  have*  as  5b  1  bd  *  (the 

it    U 
Square  of  the  Number  of  Seconds  in   (23    56J   one 

whole  Rotation  of  the  Earth)  to  5075V  (the  Square  of 

the  Number  of  Seconds  above  given)  fo  is  the  Force  of 

R  Gravity 


Tr,i*«lhy( 
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'      Gravity  (which  we  will  denote  by  Unity)  to  ^5-,.  til* 

centrifugal  Force  of  a  Body  at  the  Equator  arifing  from  ' 
the  Earth's  Rotation. 

But,  to  determine,  in  a  more  general  Manner,  the 
Ratio  oFthe  Force  of  a  Body  revolving  in  any  given 
Circle,  to  its  Gravity,  we  have  already  given  3. 14  WV.  * 

y—  for  the  Time  of  Revolution  at  the  Surface  of 
d 
the  Earth,  when  the  Gravitv  and  centrifugal  Force  are 
equal :  Therefore,  if  the  Time  of  Revolution  in  any 
Circle  whofe  Radius  is  a,  be  denoted  by  t,  it  follows, 

from  Carol  2.  laft  Pref.  that,  - 


3-141  &c.  X  -j 

::  the  Gravity  of  the  Body  '.  to  its  centrifugal  Force 

in  that   Circle ;    which,   therefore,  is   as    Unity   to 
3.  (4.I1  I3t.  XM_ 


dt1 


;  or  as  I  to  1.228  X  jr  very  near- 
ly ;  where  a  denotes  the  Number  of  Feet  in  the  Ra- 
dius of  the  propofed  Circle,  and  t  the  Number  of  Se- 
conds in  one  intire  Revolution.  So  that,  if  the  Length 
of  a  Sling,  by  which  a  Stone  is  whirled  about,  be  two 
Feet4  and  the  Time  of  Revolution  \  of  a  Second,  the 
Force  by  which  the  Stone  endeavours  to  fly  off,  wilt 
be  to  its  Weight  as  9.824  to  Unity. 

From  this  general  Proportion,  the  centrifugal  Force 
and  periodic  Time  of  a  Pendulum  defcribing  a  conical 
Surface  maylikewue  be  deduced. 


For  let  SR,  the  Length 
of  the  Pendulum,  be  de- 
noted by  £;-the  Altitude 
CS  of  the  Cone,  by  c;  the 
Semi-diameter  CR  of  the 
Bafe  by  a ;  and  the  Time 
of  Revolution  by  t:  Then,' 
the  Force  of  Gravity  being 
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reprelented  by  Unity,  the  Force  with  which  the  re- 
volving Body  at  R,  the  End  of  the  Pendulum,  tends 
to  recede    from  the  Center  C,    will   be  defined    by 

hi*.  .'  .-   .?f,  as  has  been  already  fhewn.     There-" 

di1 
fore,  becaufe  the  Body  is  retained  in  the  Circle  RR  by 
the  A£tion  of  three  different  Powers j  i.  e.  the  centri- 
fugal Force  (-£-'*  &&  X  2a\  ;„  (heDireaion  CR) 

tHe  Force  of  Gravity  (i)  in  a  Direction  parallel  to  SC. 
and  the  Force  of  the  Thread  or  Wire  RS,  compounded 
of  the  former  two ;  it  follows,  from  till  Principles  of 
Mechanics,  that  as  SC  (r)  to  CR  (g)t  fo'  is  the  Weight 
of  the- Body  at  R,  to  the  Force  with  which  it  a£ts  upon 

the  Thread  or  Wire  RS ;  and  as  1  :  3^4  tff-'*  X  M 


:■  CS  (»)  :  CR  (a)  :  Whchce  di1  =  3.1,4  caV.^  X  3c, 
andr=3.i4fcfe.  X  J  **=\t\t& >/t  nearly.  Be- 
caufe dt*,  or  its  Equal  3.14  &c)x  X  %c,  cxprefles  the 
Space  a  heavy  Body  will  defcend,  by  it*  own  Gravity, 
in  the  Time '  *,  and  fince  i1  :  3.14  tui.i1  ::  ic  ; *Art.  ioa. 
3.14  csff.l*  X  ic  [  :=t//1)  it  therefore  appears  that,  as 
the  Square  of  the  Diameter  of  any  Circle,  js  to  the 
Square  of  i(s  Periphery,  fo  is.  twice  the  perpendicular 
Altitude  of  the  Cone,  to  the  Diftance  a  heavy  Body  will 
freely  defcend'  in  the  Time  of  one  whole  Gyration  of 
the  Pendulum,  let  the  Bafc  of  the  Cone  and  the  Length 
of  the  Pendulum  be  what  they  will. 

PROPOSITION     VII. 

a  18.  To  determine  the  Ratio  of  the  Velocities  of  Bodiit 

defcending,or  afcending,  in  Right  -lines,  when  accelerated, 

or  retarded,  by  Farces,  varying  according  to  a  given  Law, 

Suppofe  a  Body  to  move  in  the  Right-line  CH,  and 

let  the  Force  whereby  it  is  urged  towards  C,  or  H, 

R  2  be 
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be  as  any  variable  Quantity  F:  Moreover,  let  (tie  Ve- 
locity of  the  Body  be  reprcfented  by  v ;  putring  its 
Pittance  CD,  from  the  Point  Css*,  and  Dd— i. 

II  Then,  fince   the  Tine  wherein  the  Space 

Dd  (x)  would  be  uniformly  defcribed,  with 


A 


l.c 


the  Velocity  at  D,  it  known  to  be  as  — ,   the 

Velocity  that  would  be  uniformly  generated,  or 
deflroyed,  in  that  Time  by  the  Force  F  (be- 
ing as  the  Time  and  Force  conjunctly)  will 

Fi 
confcquently  he  as  — :  Which  therefore  mud 


be  equal  to,  ±  i,  the  uniform  Increafe  or 
Dccreafe  of  Celerity  in  that  Time ;  and  consequently 
±  to  =  Fi.  From  whence,  when  the  Value  of  F" 
■s  given  in  Terms  of  #,  or  v,  the  Value  of  v  will  like- 
wife  be  known.  ^J.  E.  I. 

COROJ.LASLY      I. 

219.  Hence,  the  Law  of  the  Velocity  being  given, 
that  of  the  Force  is  deduced :  For,  fince  Fi  rs  ±  w 

it  is  evident  that  F  =  ±  ™, 


Corollary    II. 

'220.  Hence,  atfp,  the  Ratio  «f  the  Velocity  at  D 
to  that  whereby  a  Body  might  revolve  in  the  Periphery 
of  a  Circle  about  the  Center  C,  at  the  Diftaace  of  CD, 
will  be  known :  For,  if  this  tail  Velocity  be  denoted  by 

•Ait.  in.  tv,  the  Value  of  F  will  be  rightly  expreffed  by  —  * : 
'         Whence,  by  Subftitution,  we  have  ±  w  —  — , '  or 
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drw*  X  ~  =  w*  X-~:  Whence w*  'v*  :.±  ~  :-^, 

and  confeauently  w  '.  v  ::     /  ±  -  t    /  —.  Where, 

■  as  well  m  above,  the  Sign  of  *  ruuft  be  taken  -(-or  — 
according  as  the  Body  is  urged  from,  or  towards  the 
•  Center  C. 

PROPOSITION    VIII. 

2zi.  Suppofmg  a  BtJy,  let  go  from  a  given  Point  A  with 
«  givin  Celerity  (c)  along  a  Right  line  CH,  to  be 
urged,  either  way,  in  that  Line,  by  a  Force  varying  at 
any  Power  (nj-of  the  Dijbantt  from  a  given  PeinfCi 
to  find,  not  only,  the  Relation  of  the  Velocities,  and  Spain  . 
gone  ever,  tut  alfo  the  Times  of  Afcent  andDefetnt. 

The  ConftruQion  of  the  preceding  Problem  being  re- 
tained, F  will  here  be  expounded  by  jr",  and  we  (ball 

tbeforehave  ±  w  (=£*)  =*"  *;  and  confeauently, 

vv      x**t 
by  talcing  the  Fluent  thereof,  ±  —  = ;   but  to 

correct  the  Fluent  thus  found,  let  x  be  taken  =  CA 
(which  we  will  call  a)  then  v  being  =1-,  the  Fluent  in 

Chat  Circumftznce  will  become  ±  —  =  - :  There- 

fore  .the  Fluent  duly  corrected  is   ±  —   +  ~T  cs 
"+l ■+!  «+l       nit 

*  or  v*  v)  t*=._" ;  Whence  v  will  t  Art.  78, 

■+»  , «+' 

come  out  =./  f*-f-  — :  Where  the 

Signs  of  v  and  *""  muft,  be  alike,  when  both  Quan- 
tities increafe,  or  decrease,  at  the  fame  time  ;  that  is, 
R  3  when 
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•  An.  no.  when  the  Force,  from  C,  is  a  repulfive  one  * ;  but,  un- 
like, when  one  increafes  while  the  other  decrcales,  or 
the  Force,  tending  to  C,  is  an  attractive  one.   In  the  for- 

c  + ___s 


J<^ 


and,  in  the  latter, _,    .    .   - 

»+i 

The  Value  of  v  being  thus  obtained,  let  the  required 
Time  of  moving  over  the  Space  AD  be  now  denoted 

by  T ;  then,  fince  T  is  unjver&Hy  =  — ,  we  have  "t* 


7^ 


J+ 


H-i 

-srr—  according  to  the  two  fore&id 


Cafes  refpc lively :  From  whence,  by  finding  the  Fluent, 
the  Time  itfeff  will  be  known.  .  JJJ.  E.  /. 

Corollary. 
222.  If  the  Body  proceeds  from  Reft  at  A,  c  will  be 

L 

=  0,   and  we  fhall  have  T  =  — --~t.     -     * —  ,  or 
i 


V2, 


Scholium. 


223.  Although,  the  Fluents  of  the  Expreffions  given 
above  cannot  be  exhibited,  in  a  general  Manner,  nei- 
ther, in   finite  Terms,  nor  by  means  of  circular  Arcs 
and   Logarithms ;    yet,  in   fome  of  the  mod   ufeful 
Cafes 
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Cafes  that  occur  in  Nature,  they  may  be  obtained  with 
great  Facility. 


_  (cxprcfling  the  FIux- 


*on  of  the  Time  of  Defcent  along  AD)  tt  be  expounded 
by  1,  o,  —  2,  and  —  3  fucceffively,  die  Fluxion  itfcbf 


**/ax  —  xx  V^a1 — ** 

ARF  be  a  Quadrant  of  a  Circle  whofe  Center  is  C,  and 
ASC  a  Semi-circle  whofe  Diameter  is  AC,  and  DSR 
be  perpendicular  to  AC  ;  then  it  will  appear, 
^\_  i°.That,when»=r, 


andT  = 


the  Velocity(  y/tf^x*  ) 
at  D  will  be  repre- 
fcntcd  by  DR,  and  the 

AR 
Fluent  fought  by  aq*.  •  Art.  14a, 

P 

2*.  That,  when  «=o,  and  T  ^    ■, —     -  »    the 
V  2* — ix 
Velocity  at  D,  and  the  Time  of  Defcent  thro'  AD,  will 
each  be  defined  by  V  2 AD.  f 

30.  That,  when  «  =  —  2,  and  T  =  ■     \      ,-^t 

\/ax—xx 

the  Velocity  f>/**—**\  wfl  be  as  - 


cdn/iac' 


and  theTime  of  Defcent  thro'  AD,asvfACxAS-r-D3. 
R  4  4°. 
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4°.  And  that,  when  n  =  —  3,  and  T  = 
DR 


V^= 


(he  Velocity  will  be  as  A(JXC1J  »    and    the  Time   as. 
ACXDR. 

Hence  the  Time  of  the  whole  Defect  thro"  the  Ra- 
dius AC,  appears  to  be  as  vp,  \/IKC,  V^jACxAF, 


But  the  Time  of  one  whole  Revolution  in 
4AF    ._ 


1      or  AC1. 
f  Ait,  115.  the  Periphery  ARF  Wc.  was  found  to  boas  - 

AC~*" 

.    ,      „  ,  4AF      4AF 

,  which  in  the  four  Cafes  above  fpectfied  is  ~Tr~i  ~/—fO 

4AFX\/AC,  and  4AFXAC :  Therefore,  if  the  Time 
of  moving  over  the  Quadrant  AF  be  denoted  by  ^,  it 
follows  that  die  Time  of  Defcent  thro'  the  Radius  AC, 

will  be  truly  defined  by  J^  £ X  AC^*, 3* vf, 

AC 
pr  jS^X  -Tu  according  to  the  forefaid  Cafes  refpe&Jvely. 


224.  Tht  Areas  which  a  revolving  Body  dtferibts,  ty 
Rayi  diau.n  ti  the  CtnUr  of  Force,  art  proportional 
to  tbt  'limti  of  their  Definition. 


Upwards  the  Center  S,  fo  that,  iufteatl  of  proceeding 
along 
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along  ABC,  it  may)  after  the  Impulfe,  defcribe  the 
Right-line  Be, 

Becaufe  the  Force,  afting  in  the  Line  SB,  can  nei- 
ther add  Co,  nor  take  from,  the  Celerity  which  the  Body 
has  in  a  Direction  perpendicular  to  that  Line,  the  pi- 
ttance of  the  Body  from  the  faid  Line,  at  the  end  of  a 
given  Time,  will  therefore  be  the  very  fame  as  if  no 
force  had  acted  ;  and  confequently  the  Area  BtS  equal 
to  the  AreaBCS,  which  would  have  been  defcribed  in 
die  farm:  time,  had  the  Body  proceeded  uniformly  along 
fiC  i  becauie  Triangles,  having  the  lame  Bafe  and  Al- 
titude, are  equal. 

Therefore  feeing  no  Impulfe,  however  great,  can  af- 
fect the  Quantity  of  the  Area  defcribfd  about  the  Center 
S,  in  a  given  Time,  and  becaufe  the  Areas  ASB,  BSC, 
defcribed  about  that  Point,  when  no  Force  acts,  are  as 
the  Bafes  AB,BC,  or  the  Times  of  their  Defcription, 
the  Proportion  is  manifeft. 

PoROLLAKT' 

225.  Hence  the  Ve- 
locity of  a  revolving 
Body,  at  any  Point  Q. 
or  R,  is  inverfely  as  the 
Perpendicular  SP  or 
ST,  falling  from  the 
Center  of  for"  uPon 
the  Tangent  at  that 
Point. 

For,    let    two  other 
Bodies  m  and  a  be  fup- 
pofed  to  move  uniform- 
ly from  Q  and  R,  along 
the  Tangents  QP  and 
RT,  with  Velocities  re- 
spectively equal  to  thofe  of  the  revolving  Body  at  Q_  and 
R ;  then  the  Diftances  Qw  and  Ra,  gone  over  in  the 
<ame  Time,  will  be  to  each  other  as  thole  Velocities ; 
and  the  Areas  QSai  and  RSa  will  be  equal,  being  equal 
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to  tliofe  defcribed  by  the  revolving  Body  In  the  fame 
*  Art.  113.  time  *  :  Whence  QwXSP  being  =  RnXST,  it  follows 

that  Qjt  :'Rii;:  ST  :SP  1:75  :  J=. 


PROPOSITION    IX. 

426.  7i  determine  the  Law  of  the  centripetal  Force, 
ttnding  tt  a  given  Point  C,  whereby  a  Body  may  de- 
scribe a  given  Curve  AQH. 


Let  QP.be  a  Tangent  to  the  Curve  at  any  Point  Q_j 
upon  which,  from  the  Center  C,  Jet  fall  the  Perpendi- 
cular CP }  put  CQt=*.  CP  =  u  j  and  let  the  Velocity 
of  the  Projectile  at  Q_be  denoted  by  «, 

Therefore,  fince  v*  i;  always  as  -3  (by  the  Carol,  to 
Lemma)  it  ii  evident,  by  taking  the  Fluxion*  of  both 
Quantities,  that  vv  will  alfo  be  as  — — :  But  the  cen- 
tripetal Force,  whether  the  Body  mores  in  a  Right-lino 
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or  a  Curve,  is  always  as  —  -r-  (by  Art.  219,  and  206,) 
Therefore  the  centripetal  Force  is  likewife  as  -p.  J$.E.I. 

Tie  fame  otkerwifi. 

227.  Let  the  Ray  of  Curvature  QO  be  denoted  by 

R :  Then,  becaufe  the  centripetal  Forces  in  Circles  are  * 

known  to  be  as  the  Squares  of  the  Velocities  directly  and 

the  Radii  inverfcly  *,  it  follows  that  the  Force,  tending  "  Ait,  119, 

to  the  Point  O,  whereby  the  Body  might  be  retained  in 

its  Orbit  at  Q,  or  in  the  Circle  whofe  Radius  is  QO, 

will  be  defined  by  -r  X  5- :  Whence  (by  the  Refolution 
of  Forces)  it  will  be  CP  (u)  :  CO,  (1)  :■  jrjj    ( the 
Force  in  the  Direction  QO)  :  -nj,    the  Force  in  the 
Direction  QC :  Which,  becaufe  R  =  -4  •  will  alfo  •  Art  73. 
be  expreffed  by  ~. .     Q  E.  I. 

Another  Way. 

228.  Let  nq  be  the  indefinitely  final!  Part  of  the 
Right-line  Cj,  intercepted  by  the  Curve  and  the  Tan- 
gent Qj,  exprefling  the  Effe&  of  the  centripetal  Force 
in  the  Time  of  defcribitig  the  Area  QCb.  Now  thefe 
Effefls,  or  the  Diftinces  defcended  by  means  of  Forces 
uniformly  continued,  are  known  to  be  in  the  duplicate 

Ratio  of  the  Times  *,  or  of  the  Areas  denoting  thofe  »Ait«oi, 
Times  + :  Therefore,  the  centripetal  Force  at  Q,  or  the  iArt<  ai+> 
Di  ft  a  nee  defcended  by  means  thereof  in  a  given  Time, 
.will  be  as  nq  apply'd  to  the  fecond  Power  of  the  Area 

QCj,  or  as  pSyQ-; .    This  Expreflion  is  the  fame 

with 
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with  that  given  by  Sir  ifaac  Nnvten,  in  his  Primiplt, 
Book  I.  Prop.  6.  But,  to  adapt  it  to  a  fluxion  *1  Cat- 
talus;  let  QE  be  an  Ordinate  to  the  principal  Axii  AG; 
and  let  (as  ufual)  AE  =  *,  EQ==y,  AQ=z,  E*  (or 
Qf)  =  #,  Q_j  =  a  ;  fuppofing  tq  (parallel  to  £Qj  to 
interfecl  the  Curve  and  the  Tangent  in  m  and  q. 

Since  Qq    is   conceived  indefinitely  fmall  (or  in  its 
tiafcent  State)  the  Triangle  nrnq  may  be  taken  as  recti- 

•  Aw.t36.  lineal*i  aifo  the  Angle  »3=COP  and  the  Angle  »= 

Qj/:   Whence,  it  will  be   (t>y  Trigonometry)  ai  S. 

CP    Q* 

CQP  (W  =  S.  Qqt  (m)  ::mq'.nqi  that  fc  «  qqJ  5j 

CQXQ/Xm? 
::  »j  :  *|  =  — rpv'Qj — :  Which  fubftituted  above 

CQXQf  Xm? 
gives  ~  ■    — '"fi —  fo'  the Meafure  of  the  centripetal 

Force  at  Q_:  But  mq  (fuppofing  *  to  flow  uniformly)  is 
known  to  be  as  —J  :  Therefore  the  Force  at  Q»  is  as 
CQ.X  Q*  X  — >  _         —  siy 

— CP~x"Qa1 — *  or  lts  ^V"^  "ui£*  "*  where  the  Di-  ' 

vifcr  («»*:')  is  as  the  Cube  of  (QC?)  the  Fluxion,  of 
the  Area  AQC. 

The  very  fame  Theorem  may  lilcewile  be  deduced 
fiom  that  given  by  our  fecond  Method ;  For,  fine*  (Jt) 

•  An.  6).    the  Ray  of  Curvature  at  Q_ is  univerfally  *  =  — rr,  the 

— *y 

Value  of  j— ^  (ihcre  found.)  will  here,  by  Subftitutioo, 

become  =  -  ■-.,- . 

Tills  Exprellion,  tho'  in  appearance  lets,  umple  than 

-p-,  firft  found,  is,  for  the  general  part,  more  common 

d:ous  in  Practice. 

Co* 
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Corollary  I. 

229.  If  the  Point  C  be  fo  remote  that  atl  Right-tines 
drawn  from  thence  to  the  Curve  may  be  confidered  as 
parallel  to  each  other,  the  Force  will  then  (making  Qr 

perpendicular  to  Cq)  be  as  j=====^ ,  or  barely  as 

■=rj  i  fince   s  (CQ)  in  this  Cafe  may  be  rejected1. 

From  this  Expreffion,  which  is  general,  in  all  Cafes 
where  the  Force  a£b  in  the  Direction  of  parallel  Lines* 
it  appears  that  the  Force,  which  always  ailing  in  the 
Direction  of  the  Ordinate  QE,  would  retain  the  Body 

ia  ita  Orbit,  is  every  where  as  -rp  ;  becaufe  QC  here. 

coincides  with  QE,  and  Qr  becomes  —  i. 

Corollary  II. 
330.  Becaufe  the  Force,  tending  to  the  Point  C,  is 

oniverially  as gpT^QQ  (w  j^s)  the  Force  to  any 

other  Point  c,    will,   by  the  fame  Argument,  be  » 

"  ■pz* — - .     Hence  the  Forces,  to  ditFerent  Centers 

^' XQO 

C  and  c  (about  which  equal  Areas  are  defcribed  in  the 

CP> 
lame  time)  are  to  each  other  in  the  Ratio  of  tjtt   to 

2—  inverfelr. 

Corollary  IH. 
231.  Moreover,  the  Ratio  of  the  Velocity  at  Q,  to 
the  Velocity  whereby  the  Body  might  revolve  in  a  Circle 
about  the  Center  C,  at  the  Dilrance  CQ,  is  eafily  de- 
duced from  hence:  For,  fince  theCelerky  at  QJs  that 
whereby 
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whereby  the  Body  might  revolve  in  a  Circle  about  the"  " 
Center  O,  and  the  Forces  tending  to  the  Centers  O  and 
C  are  to  each  other  as  u  (CP)  and  s  (CQ) ;  it  there- 
fore follows,  if  the  Ratio  fought  be  affumed  as  v  to  *v , 

**"*  OO" :  OC  "■"'•'  (h  ^rt-  a,20     Whence  alia 

v%  :  w'  ::  kXQO  (uR)  :  jXQP  (V)  and  confwjucntly 

fuR      r         /u 


JhJl 


(becaufe^=i^-J. 


The  fame  Proportion  may  alfo  be  derived  from  Corel. 
a.  Prsp.  7.      For  it  is   there  proved   that  v  :  w  :: 


JhJ^t 


i  and  it  appears  from  above,  that  - 


—    s  -  :  Whence  the  whole  is  manifefr. 

If  OL  be  made  perpendicular  to   QC,  QL  will  be 
CPXQPX       uR  QL       uR 

(-     CQ.    J  =  T'andCiX:=~i  and  there" 

fore  «  :  u> ;:  QL1  :  CQ,1  :  Which  is  another  Pro- 
portion of  the  propofed  Celerities. 

Corollary    IV. 

232.  Laftly,  the  Law  of  centripetal  Force  being  gi- 
ven, the  Nature  of  the  Traje&ory  AQ_miy  from  hence 
be  found  ;  for  fince  the  Force  (F)  is  univcrfally  defined, 

by  -rr,  it  is  evident  that  — r  will  be  =  the  Fluent 

of  Ft ;  which,  when  F  is  given  in  Terms  of  *,  will 
become  known  ;  and  then,  the  Relation  between  u  and 
t  being  given,  the  Curve  nfelf  U  known. 
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EXAMPLE     I. 

,,,.  la  tb.  gimn  Orw  AQH  fc  '*<  V"'*»' 
Spirit,  mi  C  lb,  Caur  Ihmf:  Then  •  (CP)  b™g 


have  Tjr  t  I—  a,  *  ijji  ^  t  A«-  "7. 


in  this  Cafe  =  —*.  we 

'J 7*  ■&)=**"  iU°"' 

it  appears  that  the  Force  is  in- 
veriely  aa  the  Cube  of  the  Di- 
ftaBce }  and  the  Velocity,  every 
where,  equal  to  that  whereby  the 
Body  might  revolve  in  a  Circle  at 
the  tame  Diftance. 

EXAMPLE     H. 

234.  Let  it  be  rtquind  t»  find  the  Law  of  the  centripetal 

,   F«rcet  whereby  a  Body,  tending  to  the  Focus  C,  »  mad* 

to  revolve  in  the  Periphery  of  an  Eliipfis  AQDB. 

*  From  the  other 
Focus  F  draw  FK 
parallel  toCP  meet- 
ing the  Tangent  PQ_ 
(at  Right  angles)  in 
K,  join  F,C£,i  put- 
ting the  tranfverfe 
Axis  AB  =  a,  the 

Semi-conjugate  OD  = 

=£;  Then,  CQ_  and  CP  being  denoted  as  above*, "Art.  aji. 
wehaveFQ,(=AB— CQ)  —as;  whence,  by  rea- 
fon  of  the  fimilar  Triangles  CQP  and  fQJC,  it  will  be 


,  and  the  Parameter 
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i  :  u  ::  a—  t  :  FK  =  "-'*"..     But  FK  X  CP  is 
v 

=  OD*  (by  the  Nature  of  the  Curve.)  Hence  we  get 
=  IP ;  and  confequently  — j  =  tt  — r;  ; 

whereof  the  Fluxion  being  —  —  =  —  »t,  we  obtain 

=  ^  -^~.    Hence,  it  appears  that  the  centripetal 

Force  is,  in  this  Cafe,  as  the  Square  of  the  Diftance  in- 
verfely ;  and  the  Velocity  at  QJs  to  that  whereby  the 
Body' might  defcribe  a  Circle  at  the  Diftance  CQ,  every 

l  »  1 

where,  in  the  Ratio  of  FQl  to  AO     . 

*+' 
If  the  Curve  had  been  an  Hyperopia ;  then  X 


But,  had  it  been  a  Parabola,  the  Equation  would  have 
tf  +  o  u*  4*\ 

pe^n  __ —  x»*  =  io't  or  -r    (=»  '7lJ3alpi  *•»* 

the  Force,  #i//,  as  —•    But,  the  Meafure  of  theVe* 
y  K 

locity  f     /  fli  =     /  2f~2')  in  this  Cafe  becoming 

barely  ._":  v^2,  tt  follows  that  the  Velocity  in  a  Parabola ' 
is  to  that  whereby  the  Body  might  defcribe  a  Circle  at  th» 
fame  Diftance  from  the  Center,  in  the  cortitant  Ratio  of 
\Zi  to  Unity. 

4  EX- 


in  Centripetal  Form.  ^  2  %y 

EXAMPLE     III; 

335.  Lit  it  it  required  t§  find  the  Law  af  the  centripetal 
Fe-ree,  by  which  a  Body,  tending  »  any  given  Paint  C, 
in  the  Ami,  is  modi  U  defcribt  u  came  SeeJien  AQH, 


Put  the  femi-tnnfverie  Axis  (t)A)  =Uty  the  femi- 
Conjugate  =  i,  and  the  given  Diftance  or  the  Point 
C  from  the  Vertex  A  =  e :  Put  alfo  the  Abfciflk  AE, 
=*,  the  Ordinate  EQ=v,  and  CQ»  (at  it/ere.) 

The  Ana  of  the  Triangle  ECO_being  (a=$EGxEQ) 

*r  —  *y   .    _,    .     .    ,      ,  <r— *j — f* 

SS   '   .    f,  id  Fluxion  it  therefore  =  — ; — -— —  ; 
a  .      .  .  a 

which  added  to  yi,  the  Fluxion  of  the  Area  AEQ. 

e?ra for  the  fluxion  of  the  whole  Area 

ACQ  ddcribed  about  the  Center  of  Force.     Whence 
(by  Art,  228.)  the  required  centripetal  Force  at  (j__will 

tn.il       ,     ."  Which   Expreflion  is  general, 

cj+J*-~  *y 
let  the  Curve  be  of  what  Kind  it  will,    fiat  in  the 

*    j 

Cafe  above,  y  being  =  — V  2**±*\  we  have  y  = 


HXa±x 


— aix' 


,  uii  ey  +  yi 


-Jfjr=I 
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HXcm+*x±cx  .  ^  dwcfore(   ^  fiibflitutiog  theft 


Value*,    we    get — 


+J*—*jf       t*Xu+a*±ttV 

a* 
Which,    becaufc   pr    is  couftant,    will  alfo    be    a? 

From  whence  it  follows, 


i".  If  e  be  —  4-  a,  or  the  Center  of  Force  be  in 
the  Center  of  the  Section,  the  Force  itfelf  will  be  barely 
u  (+*)  the  Diftance. 

a°.  If  it  be  in  the  Focus,  then  at  -\-ttx  ±  ex  be* 
coming  =  CQX3,  the  Force  will  be  inverfely  u  the 
Square  of  the  Diftance. 

30.  If  the  given  Point  be  m  the  Vertex  Ax  the  Force 

will  be  as  — :  Which  therefore  in  the  Circle  (where  aqs 

■  *—)  will  be  as  — ,  or  the  fifth  Power  of  the  Diftance 

repricocallr. 

4°,  Laftly,  if  the  Point  C  be  at  an  indefinite  Diftance 
'from  the  Vertex,  01  the  Force  be  fuppofed  to  a£  In 
the  Direction  of  Lines  parallel  to  the  Axis  AOi  then 
the  Force  will  be  as  the  Cube  of  OE  invcriely. 

PROPOSITION    X. 

236.  7*  dttermint  the  Ratio  0/  tht  Velocities  if  Boditt 
revelv'tng  in  different  Orbits,  about  the  fatnr,  «r  dif~   , 
/treat,  CenUrs ;  tht  Orbits  tbemfehfts,  andtbt  torus 
whereby  tbej  art defcr'tbtd,  bang  ghat. 

Let  AQII  be  any  Orbit,  defcribed  about  the  Center 
of  Force  C,  and  let  the  Force  itfelf  at  the  pfincipd  Ver- 
tex A  be  denoted  by  f ;  alfo  let  r  ftamf  for  the  Semi- 
parameter,  or  the  Ray  of  Curvature  at  the  Vertex,  and 
let 
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259 


Then,  *e  Celerity  it  A  being,  always,  u  s/7f 
(by  Art.  aia.)  we  hare  GP  :  CA  ::  \/r~F  (the  Ve- 
locity at  A)  to^A)iy^ ,  the  Velocity  at  Q,  fly  vft*. 

^35.)  Which  anfwers  in  allCafes,  let  die  Values  of  AG, 
rand  Fbc  what  they  will.  QE.l. 

Corolla*?  I. 

237.  If  the  centripetal  Force  be  as  the  Square  of  the 

Oiftahce  uwerfely,  or  F  be  expounded  by  ttj;  >    the 

AG  /'  -— 

Velocity   at    Q.  will   become    CP  X  «/  ""*»  or 

%/r 

CP 

about  the  fame  Center,  are  in  the  fubduplicate  Ratio  of 
the  Parameters,  and  the  inverfe  Ratio  of  the  Perpen- 
dicular* from  the  Center  of  Force  to  the  Tangents, 
conjunctly. 

Corollary  II. 
138.  Hence,  if  the  Celerity  at  Q_be  denoted  by  Qf , 
and  C?  be  drawn  j  then,  Qf  being  as  ¥~  ,  it  follow* 

that  s/r  it  at  CPXQf,  or  as  theTriaogle  QC*:  There- 
S  2  fore 


:  Whence  the  Velocities, 


AC*' 
different  Orbits, 
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fore  the 'Arm  defcribed  about  a  common  Center  of 
Force  in  a  given  Time,  are  in  the  fubduplicatc  Ratio  of 
the  Parameters. 

CoftOLLAKY  III. 

239.  Laftly,  fince  the  Area  of  the  Curve  AQHB  EsfV. 

•  Art. .]+-  when  an  Ellipfe  ',  is  known  to  be  as  ( AOXOD)  AOX 

\ZrXAO  (fuppofing  O  to  be  the  Center)  if  the  fame 

be  apply'd  to  \/r,   exprcning  the  Area  defcribed  in  a 

given  Part  of  Time  (by  the  laft  Carol.)  we  (ball  thenar 

have  AO  X  V'aO,  or  AOT  for  the  Meafure  of  the 
Time  of  one  whole  Revolution.  From  whence  it  ap- 
pears, mat  the  periodic  Timet*  let  the  Species  of  the 
Ellipfcs  be  what  they  will)  are  in  the  fefouiplicate  Rati* 
of  their  principal  Axes. 

PROPOSITION    XL 

340.  The  centripetal  Force,  finding  to  a  given  Paint  C, 
being  as  tht  Square  of  the  Diftmcet  reciprocally,  and 
the  Direilitn  and  Velocity  of  a  Body  at  any  Point  O 
being  given  j  to  detetmine  the  Path  in  which  tht  Body 
msvit,  and  the  periodic  Time,  in  cafe  it  rtttrmK 


It  is  evident  from  Art.  234.  and  135.  that  the  Tra. 
jeaory  AQBii  a  conic  Seflion ,  whereof  the  Point  C  it 
one  of  the  Foci. 

Let 

* 
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Let  F  be  the  other  Focus,  and  upon  the  Tangent 
PQK  let  fall  the  Perpendiculars  CP  tad.  FK,  and  Jet 
CQ^and  FQ_be  drawn:  Alio  put  toe  femUcranfmfe 
Axis  AO  7  <»»  the  given  fecal  Diftaoce  CQ_=;  dt  and 
the  Sine  of  the  Angle  of  Direaion  CQP  (to  the  Ra- 
dius i)  =m ;  and  let  the  given  Velocity  at  Q.  be  to 
that  whereby  the  Body  might  revolve  in  a  Circle  about 
the  Center  C,  at  that  Diilance,  in  any  given  Ratio  of  n 

to  Unity!  Then  it  will  be  n  •  i  ::  FQJ  :  AO     (  by 
Art.  234.)  therefore  art  :- 1»  :  FQ.  (m— -d)  t  AO  (a)  i 

d 
whence  AO  (a)  is  given  =    ■__ -5 .     Moreover,  ftnee 

CP  —  mXCQ,  andFK^mXFOj  we  have  OD1  (= 

CPXFBl^^XCQXFQs?  j^r  »  whence  the  ft- 

Du-conjugate  Axis  (OD)  is  given  lifccwife. 

Laftly,  it  will  be  (by  Art.  139.)  as  CTT  :  AOT« 
[P)  tie  periodic  Time  in  any  given  Circle,  whofe  Radius 

x 

f  XP)  we  required  Time  of  one  Revo- 


r.tof— 7) 

\CTT 


lutionwhcntheOrbitisanEllipuj;  that  is,  when  a1  islet 

id 
thanz:For,  ifn'be— 2,  the  Curve  (as  its  Axis '"» 

becomes  infinite)  will  degenerate  to  a  Parabola ;  and,  if 
na  be  greater  than  2,  the  Axis  being  negative,  it  is  then 
an  Hyperbola j  whofe  two  principal  Diameters  are  equal 
*d         ,      i^td  .    _    _   . 

to  -T=-  and — ;==.  %  E.  h 


CoROLLAiY. 

241.  Seeing  neither  the  Value  of  AO,  nor  that  of 

the  periodic  Tune,  is  afre&ed  with  m,  it  follows  that 

the  principal  Axis,  and  the  periodic  Time,  will  remain 

S3  f  in-r 
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invariable)  if  the  Velocity  at  Q_  be  the  feme,  let  lie 
Direction  at  that  Point  be  what  it  will. 

The  fame  Solution  may  lijcewife  be  brought  out,  from 
Art.  238.  by  firft  finding  the  principal  Parameter  .-  For, 
it  U  evident  that  the  Area  defcribed  by  the  Body  about, 
the  Center  C,  in  any  given  Time,  is  to  the  Area  de- 
fcribed,  in  the  fame  Time,  by  another  Body  revolving 
in  a  Circle  at  the  Di  (lance  CQ,  as  mn  to  Unity :  Hence, 
•  Ait.  a]f.  it  will  be  I*  :  «*«*  ::  & '.  (m'n*d)  the  Semi-parameter  •  : 
From  which  (proceeding  as  above)  we  get  aXmWd- 
f==OD*)  =m*Xzad—r&i  and  coofanjeotjh/  <*  =a 

5 — 1 ,   the  nunc  as  before. 


PROPOSITION    m 

142.  Tbt  centfipttdl  Font  bttng  as  any  Pswtr  fit)  *f 
tht  Dijiante,  and  tht  Dirt&ia*  and  Vtlatity  tf  a  Body 
at  any  Paint  A  king  given,  to  dttermint  tht  Orbit  tr 
TrajtStry. 

FncnthcCpii 
ter  of  Force  C, 
toanyPojntBin, 
the  required  Tra- 
jectory ABD,  let 
CB  be  draws  1 
join  C,  A,  and 
Jet  At  be  die  gi- 
ven Direction  of 
the  Body  at  the 
Point  A,  and 
Ci  perpendicular 
thereto;  aho  let 
the  Velocity  at 
A  be  to  that 
whereby  a  Body 
might  ddcribe  a, 
Circle  AEF,  about  the  Center  C,  in  any  given  Ratio 
tip  u>  Unity ;  putting  CA=*»  and  $55* .-'  Then, 
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beciu/e  this  kft  Velocity  (the  centripetal  Force  being  as 

■+1 
*"-  (or  a*)  is  rightly  defined  by  m  *  *,  the    Velocity  •An.  «i*, 
of    the    Body  at  A    will     be    truly    exprefled    by 

»'■ 

.  Moreover,  it  it  proved  in  Art .  22t.  and  206.  that  if  the 
Celerity,  at  any  given  Diftance  a  from  the.  Center,  be 
denoted  by  r,  the  Celerity  at  any  other  Diftance  *  will 

be  tnn>  repwfcnttd  by  J s^**'**-2****  -. 

Whence,  pa  s     being   fubflituted    for  t,    we  have 
y..  .  ^.X-J"*"1  — —  *k  the  Celerity  at  B. 

But  now,  to  determine  the  Curve  itfclf  from  hence,i 
let  BP  be  a  Tangent  to  it  at  B,  and  CP  perpendicular 
to  BP  ;  aho  Jet  CB,  produced,  meet  the  Periphery  of 
the  Circle  in  E ;  putting  the  Arch  AE=z,  the  forefaid" 
Velocity  at  B  (to  fcorten  the  Operation)  =v,  and 
Ci=i:  TbonitwiH  be  (by^rf.225.)  v;c  (the  Ve- 
locity at  A)  :;  A  r  CP  =  ~  :    Whence  BP     (  =5 

V 

Moreover  (by-A*.  35.)  we  have,  at  CB  :  CP  :;  v  '. 

(CP  _• 

^  X  v)  the  Velocity  of  the  Body  at  B  in  a  Di- 
rection perpendicular  to  CE  ;  and  confequently,  as  CB  i 

CP  CPXCE 

CE ::  £g  Xv  (the  faid  Velocity)  to  — ; ffgr~  Xv the 

angular  Velocity  of  the  Point  E  (revolving  with  the 

Body.)    By  the  lame  Artie/t,  the  Velocity  at  B  in  the 

5  4  Di-v 
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Pirtaion  CBE  wil!  be  £g  X  «.•  Therefore,  the  V«, 

kcity«f  £  being  to  the  Velocity  of  B,  in  the  faid  Di- 

CPXCE      BP  .        _ 
reetion,    as   — ^g; — to  gg,  the  Fluxions  of  AE  (*J 

and  CB  (x)  mutt  eonfequcntkr  he  in  that  Ratio;  that  is, 
CPxCE  BP  '        CPXCE 

-gpr-rgj::.:*!  whence  «=  gp^Xis; 

be  a  vx  obex 

Which  Equation  ji  general,  let  the 


Law  of  the  centripetal  Fqrcc  be  what  it  will :  But  in 
tbc  Cafe  above  proppfed,  tf*  being  =s  pH-t-X  «"** 


and  c*  ==  />***■*■*  ;  it  becomes 
2*£» 


wp*+- 


i  whole 


Fluent  is  the  Meature  of  the  angular  Motion  ;  from 
which,  when  found,  the  Orbit  may  be  cwiftni&ed : 
Becaufc,  when  AE,  or'  the  Angle  ACE  is  given,  as 
well  as  CB,  the  Pufition  of  die  Point  B  is  alfo  giren. 
But  this  Value  of  *  is  indeed  too  complex  to  admit  0/ 
a  Fluent  in  algebraic  Terms,  or  even  by  circular' Area 
and  Logarithms,    except  in  certain  particular   Cafes; 

as  when  the  Exponent  n  is  equal  to  1,  —  2,  7,  or 

*—  5  ;  betides  fome  others  wherein  the  Values  of  p  and 
a  are  related  in  a  particular  Manner.  J^  E.  I, 
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Corollary    I. 

«43-  If  tbe  given  Velocity  at  A  be  fucB  that  p1  + 

-~r  =o,  or  f  =  Jf  ~—  (which  is  always  poffibte 

when  the  Value  of  tt+i  w  negative)  our  Equation  will 

heeoai  i  'ac "^*  —  J  Which,  byput- 

able 
$n%  *-{-3=ct,  eft,  is  reduced  to  £=  ■  '    . ^^rt 

Whereof  the  Flueot  will  be  found  (by  the  fecond  Part 
of  this  Work)  equal  to  ±  r~  multiply'd  by  the  Dif- 
ference of  the  two  circular  Arcs,  whofe    Secants  are. 

in 
— y «nd  ~,  to  tbe  Radios  Unity.  From  this  Va- 

luc  of  the  Arch  AE  the  Pofition  of  the  Point  B,  in  the 
.Orbit,  is  given. 

But  if  the  Angle  of  Direction  CAi  be  a.  right  one, 

the  Fluent  will  become  barely  =  ±  —  XArehwhofe 

Secant  is  fL—  (becaufe  then  fc=*,  and  the  Arch  wbofc 

m   ,. 

Secant  is  j,  =0)  which  therefore  when  at*    becomes 
in- 
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infinite,  will  be  truly  defined  by  ±  —  X  whole  Peri- 
phery AF,  tfc.  Whence  it  is  evident  that  the  Body 
.  mull  either  fly  uitirely  off,  or  rail  to  the  Center  C,  in 

a  Number  of  Revolutions  exprcfled  by  ±.  --  -,  accord- 
ing as  the  Value  of  m  is  poiitirt  or  negative. 

Thus,  if  *  =  —  2,  and  m  =  i,  the  Body  will  fly 
inttrely  off  in  half  a  Revolution:  And,  it"  »:=■*- 4,  . 
and  m  ~  —  I,  it  will  fall  to  the  Center  in  half  a  Re- 
volution. 

_  _ Corollary  II. 

I44.  Moreover,  tbo'  the  Fluent  expreffing  the  Angle 
at  the  Center  cannot  be  exhibited  in  a  general  Manner, 
yet  there  are  certain  Cafes  of  the  Exponent  («)  whero 
its  reflective  Values  may  be  derived  from  each  other. 

For  let  (as  above)  »  +  X  be  put  =  m,  and  (to 
Ihorten  the  Operation)  let  CA  (a)  be  taken  as  Unity  : 
Then  out    Eolation    will    be   transformed   tp  it  ==, 

, =  Make 

m—i.p%  m — 2  .p" 

y  =s  *  * ,  and  it  will  be  farther  transformed  to  i  as 

2  h 


H  H 


+^^!><'"-i•- 


■>f 


J\ 


2 

and   it  will  become  '«   ~  —  X 
h  Laffly, 


-*  +  *~7Se*f 


let 
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■    r.  a  r 

r^,.f  ~~  r  —  j.j*  r—t.f-  ~ 

a  2fl»  "\ 

■     ■    , »  of  ?*  = -=c=  land  then  we  fhaU 

r  — 2.*  r—pXr—iJ 

.         .       «  # 

have*;=; — 


r— 2.fl  r— 2.j* 

Which  Expreffion  (excepting  the  general  Multiplicator 

-  -  I  being  exactly  of  the  feme  Form  with  thg  firft 

above  given,  miift  therefor*  ba  die  Fluxion  ttf  the  Angle 
at  the  Center,  when  the  Indent  of  the  Force  is  r — 3 ; 
for  the  very  fame  Reaibas  that  the  former  appears  to  he 
the  Fluxion  thereof  when  the  Index  is  m — 3  (or  n.) 
Hence,   if  the    Fluent   of  ' 

,    ,    or   the 


>J  ■+-■ 


r  —  2.}*  r  —  2-f  * 

Angle  at  the  Center,  when  the  Exponent  u  r— 3  (or 

—  —  3  =  ~"V~  —  3)  be  denoted  by  to,  the  Value 
of  ss»  (the  Meafure  of  the  laid  Angle,  when  the  Ex*, 
ponent  is  m—  3  (or  »)  will  be  truly  defined  by  — . 

From  which  we  collect  that,  if  the  Indices  of  the 
Force,  in  any  twoCafes,  be  reprefented  by  *  and  jt™ 

—  3,  and  the  rcfpedjve  Diftances  from  the  Center  by 

*  and  x  *  ,  then  the  Angles  themfelvea  correfponding 
to  thofe  Diftances  will  be  every  where  in  the  conftanc 
P-jtio  of  2  to  »+3>     Therefore,  when  the  Orbit  can 

be 
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'  be  conflicted  in  the  one  Cafe,  it  alfo  may  in  die  other,  • 
provided  the  above  Equation  j*  (=  ■■■  -  - — ==  Is 

= — ,  for  the  Relation  of  the  Celerities  at  A, 

docs  not  become  impoffible,  as  it  will,  fometimea,  when 
r  is  a  negative  Number. 

Corollary  III. 

245.  If  tfie  Body   be  fuppofed  to  move  in   a  ver- 
tical DirecwSn    AH;     then,   putting    the    Velocity 


y. 


(CH)  =0*Xi+T+il       X  a  =  the  Height 


— yrts, 

to  which  the  Body  will  attend:  Hence  t>*jc»+I+il 
Xa  —  a  (=AH)  ii  the  Diftance  thro*  which  it  mull 
freely  defcend  to  acquire  the  given  Celerity  at  A :  This 
Diftance,  in  cafe  of  an  uniform  Force,  when  n  =  o, 
will  become  ^\p*a;  And,  when  the  Force  is  iiw 
verfcly  as  the  Square  of  (he  Diftance,  it  will  then  be  = 

But,  when  />— 1,  or  the  Velocity  at  A  is  juft  (effi- 
cient to  retain  a  Body  in  the  Circle  AEF,  AH  becomes 

_J_ 

'^  j  +  'i'^Xa-a,-  Which'  in  the  two  Cafes 

aforefaid  will  be  equal  to  fff,  and  a  refpeeovcly  i  but, 
infinite,  when  n  is  =  —  3. 

CJfr 

* 


Ji 
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CoROLLlRY      IV. 

lifo.  When  the  Value  of  »+i  is  pofitive,  the  Ve- 
locity at  the  Center*  where  *  =  o,  will  be  barely  =± 

/  **-L.  a  x  <r"  +  f  •  but  if  the  Value  of  »  +  i 
be  negative,  the  Velocity  at  the  Center  will  be  infinite  > 
becaufe,  then  o'+I  is  infinite. 

Corollary    V. 

247.  Moreover,  when  n  +  1  i*  negative  and  x  m- 

finite,  the  Velocity  alibbecomes  =  ^/^M*-^-**-*** 

becaufe  then  **+  *=  O, 

Hence,  if  the  centripetal  Force  be  inverfery  as  fame 
Power  of  the  Diftance  greater  than  the  firft,  the  Body 
■nay  afcend,  od  infinitum,  and  have  a  Velocity  alwayi 

greater  than  ^f  f+JL-  x«*  +  *  i    wbich    is    to, 

—  /  , .      a 

fa  3  ,  the  given  Velocity,  at  A,  aiV  ?  +  »  + 1  w 

^ .     And  this  will  aflually  be  the  Cafe  when  the  Value 

a  1 

of  £*+ "  T    is  pofitive,  or  p *  greater  than  , 

but  not  othrrwifc,  the  iquare  Root  of  a  negative  Quan- 
tity being  jmpoflilile. 

Thus,  if  *■  =  —  2,  or  the  Force  be  inverfely  a«  the 
Square  of  the  Diftance,  and  p*,  at  the  fame  time,  greater 

than  2  (_  J  the  Body  will  not  only  continue  to 

afcend  in  infinitum,  but  have  a  Velocity  always  greater 
than  that  defined  by  y/f — 2,  which  is  its  Limit. 

Co- 
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.  CrtROtfcAHV    VI. 

248.  Hence  die  Jeaft  Ceterfcy  deficient  to  caine  the 
Body  to  afcend  for  ever  in  k  Right-fine  !s  grren.     For» 

putting  V  p*+  _^_  Xb'^'s  o»  we  have  /  as 

. .    Therefore  the  leaft  Celerity  by  which 
'  — m  —  1 
the  Body  might  afcend  for  ever,  is  to  that  wheieby  it 

may  revolve  in  a  Circle  AEF,  as  .J to 

Unity.  From  Which  it  appears  that,  if  the  Force  be 
mterfely  as  any  Power  of  tbeOirhmce  greater  dan  the 
third,  t  left  Velocity  will  caufe  a  Body  to  afcend  ad  in- 
finitum than  would  retain  it  in  a  Circle. 


Jl 


jyy.     j  mill     mm     «™o     "     ™     '« 


SCHOIIUM. 

349.  From   the  Ratio  of  the  Velocity 

I  wherewith  the 

Body  arrives  at  any  Diftance  x  from  the  Center,  to  that 
C-ii) 
*\x*  '*  which  it  ought  to  have  to  revolve  in  a  Ckcle 
at  the  fame  Diftance,  it  will  not  be  difficult  to  determine 
in  what  Cafes  the  Body  will  be  forced  to  the  Center, 
-and  in  what  others  it  will  continue  to  fly  h  oi  infinitum. 

For,  firft,  if  the  Angle  CAi  be  acote,  6T  the  Bod? 
from  A  begins  to  defcend,  h  will  continue  to  do  (o  till 
it  actually  arrives  at  the  Center,  if  the  former  Velocity, 
during  the  Defcent,  be  not  fomewhere  greater  than  the 

/  =        f  +  *  2 

latter,  or  the  Quotient  V  f  +  -r  X  T+i  —  *+i 

greater  than  Unity  ;  becaufe,  if  it  ever  begins  to  afcend. 


y,  Google 
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■  El  mult  have  an  Affi,  3s  D  (wbtrca  Right-kne  ■drawn 
from  the  Center  cuts  the  Orbit  at  Right-angles)  and 
there  the  Celerity  muft  evidently  be  greater  than  that 

■  fufictent  to  caufe  the  Body  to  revolve  in  a  Circle. 

Secondly,     but    if    the    Quantity 


Jr+±;*£k- 


n+i 


in  the  Accefc  of 


.  the  Body  towards  the  Center,  increales  (o  as  to  become 
greater  than  Unity,  or  be  every  where  fo ;  then  the  Ve- 
locity at  all  inferior  Drftances  being  more  than  fufficicnt 
to  retain  a  Body  in  a  Circle  at  any  fuch  Distance,  the 
Fiojefiile  cannot  be  forced  to  the  Center. 

After  the  lame  Manner,  if  the  Angle  CAi  be  ob- 

■  tuft,  or  the  Body  from  A  begins  to  afcend,  it  will  con- 
tinue to  do  fo  for  ever,  when  the  forefaid  Quantity  is 
always  greater  than  Unity,  or,  which  is  the  fame,  when 

'  the  Body,  in  its  Reocfs  from  the  Center,  has  in  every 
Place  thro'  which  it  paficth,  a  Velocity  greater  than 
fufficient  to  retain  it  in  a  Circle  at  that  Diftance. 

It  therefore  now  remains  to  find  in  what  Laws  of  the 
centripetal  Force  thefe  different  Cafes  obtain  :  And,  firft , 
it  iscafy  to  perceive  that  when  the  Value  ofn-f-,1  is  pon- 
tic, that  of  V  P%  +  -T-  x — —  w!fl» 

by  incrcafing  *,  become  equal  to  nothing.  Therefore 
the  Body  cannot  afcend  for  ever  in  thb  Cafe :  Neither 
can  it  defcend  to  the  Center  (except  in  a  Right-line) 
becaufe  the  forefaid  Quantity,  by  diminifhing  *,  be- 
comes greater  jhan  Unity  (or  any  other  affignablc 
Magnitude.) 

But,  if  toe  Value  of  n  be  betwixt  —  i,  and  — 3, 
the  fard  general  ExprefEon,  taking  x  infinite,  will  alio 

2 
become  infinite,  provided  the  Value  of  /j*  -f"  TT"  De 

pofuive  (or  f%  greater  than  — — -J.    Therefore  the 
Body 
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Body,  in  this  Cafe,  may  aiccnd  ad  infinitum^  but  cannot 
poffibly  fell  to  the  Center  (accept  in  a  Right-4ine)  fince, 

/  --  -^— ,   the  Value  of  the  general  Exprefiion, 

when  jrsaoi  is  greater  than  Unity. 

LaAJy,  if  n  be  cxprcfied  by  any  negative  Number 
greater  than  — 3,  or  the  Law  of  the  Force  be  inverfely 
as  any  Power  of  the  Diftance  greater  than  the  third,  the 

two  extreme  Values  of  *y  #*H — f— X z -jr* 

will,  ftiU*  •*  denoted  as  in  the  preceding  Cafe  j  but 

here  the  latter  of  them,  J  ZZL,  it  kfs  than  Unity. 
v    n+i  ' 

Therefore  the  Body  rnuft,  in  this  Cafe,  either  afcend  for 
ever,  or  be  forced  to  the  Center  ;  except  in  one  parti- 
cular Circum  fiance,  hereafter  to  be  taken  notice  of.  - 
Now,  from  thefe  Obfcnrationa  we  gather, 
i°.  That,  when  the  centripetal  Force  h  as  any  Power 
of  the  Diftance  direftjy,  or  lefs  than  the  firft  Power 
thereof  inverfely,  the  Orbit  will  always  have  an:  higher 
and  a  lower  jfffi;  beyond  which  the  Body  cannot 
aiccnd  or  defcend. 

2".  That,  when  the  centripetal  Force  is  inverfely 
as  any  Power  of  the  Diftance  (whole  or  broken)  be- 
twixt the  firft  and  third,  the  Orbit  will  alfo  have  two 

Apftdtt,  if  f  be  lets  than     /  —  ■■  ?      •  but  other whe, 

only  one ;  in  which  laft  Cafe  the  Body,  after  it  has 
nailed  its  Apfe,  will  continue  to  recede  from  the  Center 
in  infinitum. 

3°.  That  when  the  Force  is  inrerfely  as  any  Power 
greater  than  the  third]  the  Orbit  can,  at  moft,  have  but 
one  Apft ;  but,  in  fome  Cafes,  it  will  have  none  at  all: 
And  it  may  be  worth  while  to  inquire  here,  under  what 
Refiriftions  of  the  Velocity  (p)  this  will  happen}  fince 
thereby,  befides  being  able  to  know  when  the  Body  will 
be 
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be  forced  to  the  Center,  tf&  we  flail  foil  upon  a  Cir- 
cumftance  fomewbat  remarkable  and  curious. 

Now  it  appears,  that,  if  the  Body  from  A  begins  to 
defcend,  it  muft,  when  it  comes  to  an  Apft  at  D,  have 
■  Velocity  there  greater  than  is  fufficient  to  retain  it 
in  a  Circle  ;   in  which  Cafe  the  general  ExpreAon 


J 


**  4.    *     x  - —  —  —J—    Co  often  mention'd 

above)  muft  accordingly  be  greater  than  Unity.  Let 
it  be  therefore  made  equal  to  Unity*  which  U  the  ut- 
moft  Limit  thereof,  beyond  which  the  Orbit  cannot  ad- 
mit of  an  Jpfii  putting  at  the  fame  time  *,  or  its  Divifor 

— n?*r~ 


j. 


p*+-Z-  X*-?r-=s= .  ,    »  the 

I  Equation   of  the  Orbit,    equal  to   nothing 

v ..    being  always  fo  at  the  Apfidei.)     Then,  from 
thefe  two  Equation*,  duly  order'd,  we  bail get  x  =s 


,    ''■■     '\»+i  **  +  » 

*1 


»+3 


*nd>*    (=7Tl)    = 


z+n+upA       x  *    m     NoW(  U  b  evident,  if  ^ 

Value  of  p  be  gteater  than  is  given  from  the  laft  Equa- 
tion, the  Orbit  will  have  an  Apfe  ^  but  if  Ids,  it  Can 
have  none.  In  the  former  Cafe,  the  Body  wilLjherc- 
fore  fly  quiteoff ;  and  in  the  latter,  it  will  be  forced  to 
the  Center.  But  we  are  now,  naturally,  led  to  inquire 
what  will  be  the  Consequence  when  the  Value  of  p  is 
neither  greater  nor  left,  but  exaflly  the  lame  as  giVcn  from 
the  forefaid  Equation  :  This  is  the  Cafe  above  hjnted  at  j 
and  here  the  Body  will  continue  to  defcend  for  ever  in  a 
Spiral,  v«  never  fo  low  as  to  enter  within  the  Circle 
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tbc  contrary  wora  poffible,  the  Body,  at  in  Arrival  to  the 
Circumference  of  that  Circle,  would  {becaufe  of  the 
foicfaid  Equations)  not  only  have  a  Direction,  but  alfo 
Velocity  proper  to  retain  it  therein  ;  which  cannot  be, 
becaufe  the  Parts  of  the  Orbit  on  cither  Side  of  an  Apt 
are  always  fimuar  to  each  other. 

From  the  fame  Equation,  the  Value  of  the  Limit 
will  alfo  be  given  when  the  Angle  of  Direction  CA4  is 
obtufe,  or  the  Body  is  projected  upwards : 

par  that  Equation  (as  is  eafy  to  demonftrate  •)  ad- 
roit; of  two  different  Roots,  or  Values  of  p  ;  the  one 
greater,  the  other*  lefs,  than  Unity  :  Whereof  the  for- 
mer, giving  CD  (x)  lefs  than  CA,  is  to  be  taken  in 
the  preceding  Cafe,  and  the  latter  (making  CD  greater 
than  CA)  in  the  prefent.  And  the  Body  will,  either, 
continue  to  afcend  for  ever,  or  come  to  an  jfp/t,  and 
from  thence  fall  to  the  Center,  according  as  the  given 
Value  of  p  is  greater  or  lets  than  that  here  fpecified. 
But  if  it  be  neither  greater  nor  lefs,  but  exactly  the 
fame,  then  the  Body,  tho'  it  will  frill  continue  to  afcend 
for  ever  in  a  Spiral,  yet  it  can  never  rife  fo  high  as 
the  Circumference  of  the  Circle  whofe  Radius  CD  b  = 

■  T't"  'f ,  I       Xd,  forReafons  fimilar  to  thofe already 
deliver 'd,  in  refpec)  to  the  preceding  Cafe. 
"  Mathtmathal  Dijftrt;  f.  167. 
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.   Page  2$6.  line  9.  for  Dtdrut  1,  Dtgra  j   p.  187.  L. 

laft,  for  It,  r.  ft ;  p.  288.  L  laft,  for  y,  r.  /""■  j  p. 
289.I.  20.  for  '/ah,  r.  by  ■,  p.  291,  1. 7.  before  «^/»- 
CVMr,  r.  chiefly,  p.  293.  1.  7.  for  Art.  14:  r.  yfr*.  252  ; 
p.  298.  ].  8.  for  zA*axt  r.  2o*Ax ;  p,  300. 1.  laft,  for 


r.?;  p.  237.  Li.  for  dw,  i.d^A;  p,.3S0.1.2.  for>, 
f.  2i  i  1.  ]aftt  before  EG,  r.  EF ;  p.  384-  1- 10.  for 

***— \  r.  *"*— *i;  and  for  jr— ■,  r.  **"— '*  1 
p.  436.  1.  23.  for  i.1,  r.  i  i  p.  465. 1. 9.  and  14.  for  2/ 

(in  the  Divifor)  r.  M»  j  p.  470.  I.  I.  for  Problem,  r. 
Prepofitim-j  p. 481.  1.  7.  dele  X->/j  p-484-  1. 5.  for 
*>  r.ji  1.  12.  for  «,  r.  Wj  1. 13.  for**',  r.  a«;  1.  15. 
forr*— i,  read  r — m;  1.  20,  forjp,  r.jp;  p. 504. 1. 18. 
for  BT,  r.  BF;  p.  513.  j,  3.  for  a*  (in  the  Divifor)  r. 
x;  1.6.  for  i,  r.  +  i ;  alfo  in  1. 6.  and  7.  for  —  read  + 
and  for  w  r.  — ;  p.  5 1 4.  1.  7.  and  8.  for  +,  r.  —  ; 
p.  521. 1.  28.  29.  and  30.  for  AEB,  r.  ABE;  p. 544. 


1.  jo.  for  OP*  Utc  r.  AD  {1)  :  AB  (vT+W)  : 
Id — when  n  »w  ' 


After  Line  2.  p.  354.  add — when  n  is  odd;  andtbiFlrft 
and  Laft  when  n  it  even. 
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PART  the  Second. 

SECTION     I. 

The  Manner  of  tnvejligathg  ^Fluxions 
of  Exponentials,  with  Thofc  of  the  Sides 
and  Angles  of-fykerical  Triangles. 


1  ; 


250.  f    ■    ^HE  Method  of  deriving  the  Eluxidn  of 
any  Power,  *",  of  a  flowing  Quantity, 
when  the  Exponent  (v)  is  given  or  in- 
invariable,  has  been  already  (hewn:  But, 
'  if  the  Exponent  be  variable,  that  Method  fails ;  in  which 
Cafe  the  Quantity  **  is  calTd  an  Exponential  j  whofe 
Fluxion  is  thus  determined. 

Put  x=zxvt  and  let  the  hyperbolic  Logarithm  of  *  be 

denoted  by  j ;  then  that  of  **  ( z)  will,  by  the  Nature 

of  Logarithms,  be  =zvj ;  and  therefore  its  Fluxion  = 

iy+vj:  But  the  Fluxion  of  the  Logarithm  of  2  (=*') 

T  2  '» 
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•  An.  1x6.  is  alfo  exprefled  by  —  •  \  whence  we  have  — stjf+jw, 
and  confcqucntly  atsxyj+zyi;  Whkh  Equation,by  fubfti- 

X  XVX 

tAct.i»6,  tuting  —for  its  Equal j  +,  become* £=xr*-  +  -~"= 


xv  /»+**  X  —  =  *"  jv + W**~'*  =#■*  X  hyp.  Leg.  x 

T6/  fame  stberv>ije>  wilhttti  ttitrtducing  the  Properties 

ef  Logarithms. 

251.  Let  1+*=*,  and  *+-u>=v,  fujipofing  ■  con- 

— ■ *"*•  ■ 

flam  and  w  variable :  Then  x*  s=  »+«*     —  i-f-x* 


i  +  ua  +  fw*—  |wXs*4-H»)— i>*+*wXs,+  <fc 
whole  Fluxion,  found  the  common  Way,  is  n  X 

i+3      *  i+ttw+iw1—  fwX«'+ii»Hw'  -H"' 


X«'  Wf.  +  i+a?  Xi^x+««+ttw-|™Xs1+|twI-itt) 

X  aaw+iwV^-^ww-f.Jw.X  »»+*»'— i«*»+$n0<3**i 
Wf.  which,  by  fubftituting  *  and  v  for  their  Equals  i. 

and  w,  becomca  a*  X  7+*t        X  i+ws-Hw1— ftv 

Xl'+  W(.    +  I+?     X  ix+tttr+WV-JiXz'+tff. 

But,  if  w  be,  now,  fuppafcd  to  vanifli,  we  (hall  have 

the  true  Value  of  the  Fluxion  when  v=n ;  which,  in 

that  Circumftanec,  appean  to  be  =  nxXT+z* 
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+ 1+^  x  aw — j!8»«.+ixi»^-i»*i  y*.  s=viX* 
+w*'X  «—!«•+  i«»— J«*  &c  ^  £.  /. 

It  is  plain,  becaufc  the  Scries,  x  —  k  se1  -f-  f  it J  £3V. 
here  brought  out,  n  known  to  cxprefs  the  Fluent  of 

jfj^i  or  the  hyperbolic  Logarithm  of  i+z  *,  that  the  •  Ait.  »s. 

two  Conclufiom  agree  exaftly  with  each  other  :  From 
either  of  which  the  following  Rule,  for  die  Fluxion*  of 
Exponentials,  is  deduced. 

251.  To  the  Fluxion  found  by  the  common  Rule  (Art. 14.) 
tonjidering  the  Exponent  at  eonftant,  add  tie  Quantity 
arifing  by  multiplying  the  Fluxion  of  the  Exponent,  the 
hyperbolic  Logarithm  of  the  Root,  and  the  propofed  Quan- 
tity itfilf,  continually,  together :  The  Sim  will  he  the 
Fluxion  when  the  Exponent  it  variable. 
Thus,  for  Example,  let  the  Quantity  propofed  be 

TT — tf' 

"  +*    ,  then  the  Fluxion  thereof  will  be  z  X  izi  X 

*l-fs7**        +*X«*  +  3*1    xbyp.Leg.a*+z*. 

But,  if  the  Root  is  conQant,  and  only  the  Exponent 
variable,  the  Exponential  will  be  more  fimple ;  and  its 
Fluxion  will  then  be  had  by  barely  multiplying  the  Qnan- 
tity  itJUf  by  the  Produll  under  the  Logarithm  of  the  Root 
and  the  Fluxion  of  the  Exponent. 

Thus,  the  Fluxion  of  a"  will  be  exprcflcd  by  a*  X* 

X  hyp.  Leg.  a  j  and  that  of  a'+h'f  by  aT+i^**X  ni 
X  hyp.  Log.  «*+**.     Theft  Kind  of  Exponentials  oftner 

occur,  in  Practice,  than  any  other ;  bur,  as  it  is  very* 
rare  that  we  meet  with  any,  I  mail  therefore  proceed 
now  to  the  other  Confideration  propofed  in  the  Head  of 
this  Section ;  namely,  the  Method  of  determining  the 
Fluxions  of  the  Sides  and' Angles  of  ipherical  Triangles 

Ja  Thine  very  ufeful  in  practical  Aftronomy)  which 
(hall  deliver  in  the  following  Piopofitions. 

T3  PRO- 
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PROPOSITION 


45  *.  To  determine  the  Ratio  »f  the  Fluxions  of  thefivtral 
Parts  of  a  right-angled  fpherieal  Triangle  i  fuppfing 
the  Hypethenufe,  to*  Leg,  or  one  Angle.,  to  remain  con- 
flout*  while  the. other  Parts-vary. 

Let  A,  F,  and  G  be  the 
Poles  of  the  three  Great- 
Circles  DEFG,  ABD,  and 
ACE  j  whereof  the  Pofition 
of  each  is  fuppofed  to  con- 
tinue invariable)  while  ano- 
ther Great-Circle  HFCB  is 
conceived  to  revolve  about 
the  Pole  F:  Whence,  if  GH 
be  fuppofed  perpendicular  to 
FH,  three  variable  right-' 
angled  Triangles,  FGfl, 
FCE,    and   ABC,  will  be 

formed }  in  the  firft  whereof,  the  Hypothenufe  FG  will 

remain  con  ft  ant  j  in  the  fecond,  the.  Leg  EF;  and  in 

the  third  the  Angle  A. 

Let  B3  (q)  he  the  Fluxion  (or  indefinitely  finall  In- 
•  AA  ija.  crcment*)  of  the   Bafe  AB,  or  the  Angle  F  j  and  let 

Crf  meet  the  Great-Circle  iFA,  at  Right-angles,  in  d ; 

then  it  will  be  (per  Spherics)  as  Sin.  FB  (Had.)  :  Sin. 
Sin.  PC  Co-f.BC 


FC:; 


And,  r^.C:JW  ::  Cd  (-Tfcr-Xf):^*^ 

X  q  =  the  Fluxion  of  BC. 

/C.  t.  EC       \ 
Moreover,   Sin.  C  :  Red.  ■:  Ci  ( -gj—  X  f  1  : 

C-f.WC. 


-  X  j  =  the  Fluxion  of  AC. 


Laftly, 
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Laftly,  S/'wof  FB  (Rad.)  :  Sin.  FH  (BC) ::  B*  (?)  1 
Sin.  BC 
"Tp^ — Xf  (:=Hm)  =  the  Fluxion  of  GH,   or  its 

Complement  C 

Now,  if  the  feveral  Quantifies,  in  thefe  three  Equa-i 
tions  for  the  Triangle  ABC,  be  expounded  by  their  rc- 
fpcfli  ve  Equals  in  the  other  two  Triangles  CEF  and 
FGH,  we  {hall  alfo  r»»e 

Sw.CF  ™     «,        - 

s= r,  X  f  =  —  Mr.  CF. 

&V».  CF  _       _, 

-^X^-Fkx-CE,      . 

And  , 
^^X^Flux.FH. 
C-f.  FH  „      „ 

sv*.  FH 

-g^-Xtfs:  — FliucGH.,  ^£.i; 

COROLLARY    I. 

254.  Hence,  if,  in  any  right-angled  Spherical-Tri- 
angle, the  Hypothenufe  be  denoted  by  />,  the  two  Legs 
by  L  and  /,  the  Angles,  refpc&ircly,  adjacent  to  them 
by  A  and  a,  we  (hall,  by  fubftituting  above,  have  three 
liquations  for  each  of  the  three  Cafes.  From  the  Com- 
parifon  and  Compofirion  of  which,  the  three  following 
Tables  are  deduced ;  exhibiting  all  the  different  Varieties 
that  can  poffibly  happen,  whether  an  Angle,  a  Leg,  or 
the  Hypothenufe  be  fuppotcd  invai iabie. 

T4.  TABLE 
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TABLE     I. 

When  one  Angle  A  is  invariable, 
f     Ttmg.a    .     Sin.a     .     Rad.     - 

(_£__  .__*      i    Ct-mr.l  . 

i=ss?;*t=ajr,*1-  «...  " 

■  •     ff«i.  /    ,      Tang,  a  " ' 


_=; 


TABLE    H. 
When  one  Leg  _  is  invariable 


xJ 


C/4 
«  = ~  > 


~jrx''--B5Tx'=-i_j7x* 

C/  „  x  *  = e.L  -    X  « 


-i.SMxi. 


X. 


TABLE     III. 

When  the  Hyp.  is  invariable! 

-        CfUng.l__  c-r.i 


*=-<>SiPx'}- 


S/».  £ 


=S5TZ> 


Where,  and  alb  in  the  two  pieceding  Tablea,  the  Leg  L 

u  adjacent  to  the  Angle  A,  and  the  Leg  /  to  the  Angle  o. 

3  Co- 
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15  J.  Fran  the  third  original  Equation,  expreffing 
the  Fluxion  of  the  Angle  C  (rid.  Art.  253.)  it  m 


that  the  Superficies  of  any  Spnerical-TViangte  A» 
proportional  to  the  Excels  of  its  three  Angles  above 
two  Right-Angles.  For  (BGtf)  the  Fluxion  of  the 
Triangle  ABC,  it  as  S/w  BCXB*,  by  Art.  161.J  which 

Sin.  BC 
being  to,     p.      XB*,  the  Fluxion  of  the  Angle  C, 

above  fperified,  in  the  conflant  Ratio  of  Radius  to 
Unity,  the  Fluents  themfctves  (properly  corrected)  muft 
therefore  be  in  that  Ratio ;  that  i»,  the  Superficies  of 
the  Triangle  ABC  will  always  be  proportional  to  the 
Incrcafc  of  the  Angle  C,  from  its  coinciding  with  A, 
or  as  the  Excels  of  A  and  C  above  two  Right-Angles. 

PROPOSITION    n. 

25,6.  Tt  dtttrmiu  the  Ratio  of  tht  Fivxmt,  or  the  in- 
definitely fmall  Inamentiy  of  tht  different  Parti  of 
en  oblique  Spbericol'Triangle  ABC  \  twi  Sidet  tberttf 
AB,  AC  being  invariable^  in  Length. 

Let  O  be  an  indefinitely 
final]  Part  of  the  Parallel  de- 
fcribed  by  the  Extreme  C  of 
the  given  Side  AC,  in  its 
Motion  about  the  given  Point 
A  1  moreover,  let  Cd  be  Part 
of  another  Parallel,  whofe 
Pole  is  the  given  Point  B ;  let 
the  Great-Circle  Br  meet  Cd 
in  d;  and  let  the  three  Sides, 
AB,  AC,  and  BC,  of  the 
Triangle  be  denoted  by  D,  £, 
and  F  rcTpedirciy. 
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Then  (ptr  Spin-la)  we  (hall  have 

g. :  S.E  ::  CAt  {A)  :  &=  -^  X  Jli 

S.F  . 
Ji 

S.EXS.C       , 
Alio,  J! :  S.  liCt  (ACB)  ::  O :  F  =  — 5; —  X  A: 

BmS.C:S.D::S.B:S.E;    therefore  S.  E  X  S.  C 

n      hyp     B 

=  S.DXS.B,  andconfequently^alfo,^1  '     ^, 

xi 

Again,  U :  Ci-/.  JCt  (ACB)  ::  Ct  (-^r  X  ^)  : 

s.E.xa-r.c     ..   '         s.f     . 

A      S  EXCi-f.C       . 

ffta°J=TJar"x/ 


-xi 


Laflly,  Or.  tCi (C)  :  K  ::  C  (x '*  &)  ■  *  * 

S.F 
Ct.i.C  ■ 

Whence,  by  the  very  fame  Argument  (fubftituting 
D  for  £,  and  C  for  £  in  the  two  laft  Equations)  we 

likewife  have  C  =   '  £xs  F      X  X,  and  F  (  = 

8.f         4    _S1F  . 

Ci-t.  CXBJ  —  c-i.B  X  C- 

Now,  from  the  Equations  thus  found,  it  is  maniitft, 
'  1°.  A:  F::R*:  S.  DxS.  B  (::  O-fict.  D-.S.B) 
1'.  A:B::RXS.F:S.EXCi'f.C 
3°.  A :  C  ::  RXS.F-.-.S.DX  Ct-f.  B 
?.  B:F  ::  Cu.  C-.S.F 
50.  C  :  F ::  Ca-l.  B:  S.F 
6».  B':C::Ci-l.C:C,-I.B(::T.B:T.C]  CiiE.L 
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257.  There  Proportions, for  i'w  " ■..-,;■....  „■  v.,-r- .  .-, 
of  a  Spherical-Triaiigk*,  arc  vet)  >v..  ■;■'"}•  .\".  ■: 

in  P raftual Ajlrihcmy ;  whereof  I  HLm    ..:<  .>.-  c.".ji 
one  or  two  Iiiftancea. 

The  firft  is  j  To  determine  the  annual  t.'.r  .  :.  -,.  c>i 
the  Declination  and  Right- Afcenfion  ot  a  Jja-  .„.;. 
through  the  Preccffion  of  the  Equinox. 

Here  A  muR  denote  the  Pole  of  the  Ecliptic,  11  iiiat 
of  the  Equinoctial,  and   C  the  Place  of  die  btar  i  and 
then  (by  the  firfl  and  fourth  Proportions)  we  have 
Co-feca.  D  :  Sin.  B  :;  A  :  >j  and 
8. F :  C*-t.G «  £:£; 

That  is,  i°,  Ai  the  Co-fecant  of  the  Obliquity  of 
the  Ecliptic  is  to  the  Sine  of  the  Star's  Right- Afcenfion 
from  thefol/titialCtlure,  fo  is  the  Prectjpat  of  the  Equi- 
nox, or  Alteration  of  Longitude,  to  the  Alteration  of 
Declination. 

ia.  As  the  Co- fine  of  the  Star**  Dedination  is  to  the    ' 
Co-tangent  of  its  Angle  of  Pofition,  fo  is  the  Alteration 
of  Declination  (found  as  above)  to  the  Alteration  of 
Rteht- Afcenfion  correfpond'ing. 

The  fecond  Example  is  to  find  how-much  the  Am- 
plitude, and  the  Time  of  the  apparent  Rifing  and  Setting 
of  the  Sup,  o«  a  Star,  are  affefled  by  Refraaion. 

In  this  Cafe  ^muft  de- 
note the  Pole  of  the  Equa- 
tor, and  B  the  Ztnitb,  and 
the  Side  BC  mutt  be  an 
Arch  of  90  Degrees,  fo 
that  the  Star  C  may  co- 
incide with  the  Horizon 
QC :  Then,  from  the  very 
&me Proportion,  we  have, 

Si*.B:C*-fic4.D:iF:J, 
And,  R  :  Ce-t.  C  ::  P:  B 

But,  R  :  Ce-t.  C  (T.$C.f)  ::  Sin,  B  (C$)  \  Ct-tang.  D 
(Tang,  $A) 

Hence 
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Hence  it  appears, 

i°.  That,  as  the  Co-fine  of  the  true  Amplitude 
(confidered  independent  of  Refraction)  b  to  the  Tangent 
of  the  Pole's  Elevation,  fo  is  the  given  horizontal  Re- 
fraction to  the  Difference  of  Amplitudes  thence  arifing. 

2".  And,  that,  as  the  Co-fine  of  the  true  Amplitude 
is  to  the  Secant  of  the  Pole's  Elevation!  fo  is  the  (aid 
horizontal  Refraction  to  die  Effect  thereof  in  the  Time 
of  Riling,  or  Setting  of  the  Sun,  or  Star. 

But  this  Lift  Proportion  may  be  othcrwile  exprefied, 
without  the  Amplitude:  Thus, 
S,  AB  X  S.AC  X  S.A:  R' :;  the  horizontal  Refraction. 

to  the  fame  Effect. 

PROPOSITION    EL 

358*  Ta  dettrmim  the  fume  at  in  the  preceding  Problem  ; 
fupfmftng  tit  Side  AB  and  me  of  its  adjacent  Angles, 
By  to  nntinue  invariable. 

•v*  .  If  from  the  End  of  the 

— .  ■"*!—. ..__  _^\_  given  Side,  oppofite  to  the 
^"^"""/t»  '  ""i*°>'  given  Angle,  a  Perpendicular 
■      /x>     jr  AD  be  let  fall*  that  Pcrpen- 

•     '  /  dicular,  as  well  as  the  Seg- 

ment BD  cut  off  thereby, 
will  be  a  confiant  Quantity, 
while  the  other  Parts  of  the 
Triangle  A0D  vary,  by  the 
Motion  of  *  along  the  Arch 
aBD.  Therefore  the  Probjern  is  refolved  by  Cafe  a.  of 
right-angled  Triangles,    fid.  Art.  254. 

259.  It  mar  not  be  amifi  to  give  one  Example  of  the 
U&  of  this  laft  Proportion:  Which  fhall  be,  in  finding 
the  Parallax  of  a  Planet  in  Longitude' and  Latitude  |  that 
of  Altitude  being  given. 

Here  A  muft  ftand  for  the  Pole  of  the  Ecliptic,  S 

the  Zenith,  and  a  the  Planet :   Then,  if  the  Hypo- 

thenufe  As  be  denoted  by  b,  the  Leg.  Da  by  I,  ana  the 

given  Parallax,  in  Altitude,  by  /,  it  will  appear,  from 

the 
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the  Place  above  quoted,  that  A  (the  Parallax  la  Long.) 
Sim.m       .       Shi.  Btt J      .        , 

Parallax  in  Lat)  —~^  X/  =  — jjj —  X /. 

If  the  Planet  be  in  (or  very  near)  the  Ecliptic,  and 

*QJ#  fuppofed  a  Portion  of  the  Ecliptic,  meeting  AB, 

Sib.  Be  A 

at  Right-Angle*,  in  Q,  then  (ftr  Sfhtriei)    SinJ£ 

fC*£B**\  _  Tgnfcjgg  Cf.BeA  (Si*.Ba%s 

V    i*tf«    J"Tang.  AiiaUo     i&<*.     V    Jfc4    / 

$1*.  $8 
=  SwTfla    *   whence,   by  fuhfiituting  theft  Values 

above,  we  flull,  »  left  Csfi,  have  >/=  y—  j^-  X 

.  Sim.  SB 

I  and  *  ==  ^TTC  x  '»  that  is,  in  Word*, 

As,  die  Tangent  of  die  Phnet'i  Zenith  Diftance,  ii 
to  die  Tangent  of  its  Longitude  from  the  nonagefinul 
Degree  of  the  Ecliptic,  fo  U  the  Parallax  in  Altitude  to 
die  Parallax  in  Longitude. 

And,  as  the  Sine  of  die  Zenith  Diftance  to  the  Co- 
fine  of  the  Altitude  (of  the  nonagefunal  Degree,  fo  ia 
the  Parallax  in  Altitude  to  the  Parallax  in  Latitude. 

Because  the  Parallax  in  Altitude,  the  horizontal  Pa- 
Sin.  Ba 
rallax  (At)  being  given,  is  nearly  =  ■  j»   ■  ■  X  Mt  if 

this  Value  be  fubftituted  for  /,  in  the  two  laft  Equations, 
.    „       ;       Sin.  SB  .     Tmg.$?xSin.Ba 


Whence, 
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Whence,  we  have  thefe  two  other  Theorem*,  for 
finding  the  required  Parallaxes  immediately  from  the  ho- 
rizontal Parallax,  without  either  the  Altitude  or  its 
Parallax.     . 

r.  As  Radius  to  the  Co-fine  of  the  Altitude  of  the 
mnagefimal  Degree  of  the  Ecliptic,  fo  is  the  horizontal 
Parallax  to  the  Parallax  in  Latitude. 

2.  And  as  the  Square  of  Radius  to  the  Rc&angle  un- 
der the  Sines  of  the  Altitude  of  the  mnagefimal  Dedree 
and  the  Planet's  Longitude  from  thence,  fo  is  the  hori- 
zontal Parallax  to  the  Parallax  in  Longitude. 

PROPOSITION    IV. 

a6o.  Still,  to  determine  the  fame  Thing  j  fuppefing,  one 
Angle  A,  and  the  Length  of  its  opprftt  Side  BD  (tr 

BD)  to  remain  conflant.  ■    . 


j\r 

IV 

B 

■      Let  BD    {equal    to 

BD)  inwrfcctBDinan 

indefinitely  fmall  Angle 

*£'        «  P,    and   meet  AB 

<jj      and  AD  in  ff  and  O ; 

iJ     alfo    in  BD   produced 

let  there  be  taken  PN 

=  PD'andPM=sPlJ, 

be  joined. 

A 

and  let  N,  D 

Since,  by  Hypothec's,  DB=DB==MN,  if  from  the 
firft  and  laft  of  thefe  equal  Quantities  DM,  common, 
be  taken  away,  there  will  remain  BM=DN. 

Moreover,  fince  the  Triangles  BMBand  DND,  in 

their  ultimate  State,  may  be  confidered  as  rectilineal, 

•Art.  134.  and  right-angled  at  AfandAT*,  it  will  therefore  be,  at 


BM:BB::Ci-f.B:  Radius 
And  DN  :  DL>  -  Ct-f.  D  v.  Radius. 


From 
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"  From  whence,  the  Extremes  in  both  Proportions  be- 
ing the  fame,  we  have  BB  :  DL) ::  Ct-f.  D  ;  Ct-f.  B  * 
And  therefore,  if  AB  be  denoted  by  if  and  AD  by  K, 
it  appears  that  H:  K ::  Ct-f  £> :  Co-/.  B. 

Again,  per  Spherics,  Sin.  A  J  Sin.  BD  (G)  »  Sin.    • 
D  :  Sin.  H ::  Flux.  Sin.  D  l  Flux.  Sin.  H ;    becaufc, 
the   Sine*  themfelTes  being  in  a  conftant  Ratio,  their 
Fluxions  muft  be  in  the  fame  Ratio :  But  the  Fluxion 


of  the  Sine  of  any  Arc,  or  Angle,  is  to  the  Fluxion  of 
the  Arc  or  Angle  itfelf,  as  the  Co-fine  to  Radius*  :•■ 

Vux,  Sin.  D 


Ctf.D      . 
Therefore  the  Flux.  Sin.  D  being  =  -jgy*  X  t>,  and 


~g-fm   X  H,  it  follows  that,  Sin.  A 

:  Sin.  G  ::  Ct.f  D  X  D  '.  Co-f.HX  H;otD;  H:: 
Stn.  AXCo-f,  H :  Sin.  G  X  Ct-f.  D :  And,  by  the  very 
lame  Argument,  B 1  £  v.  Sin.  A  X  Co./.  K :  Sin.  G  X 
Ce-f.  B.  Now,  by  compounding  the  former  of  thefe 
two  Proportions  with  the  firft  above  given,  we  get, 
D  :  K::  Sin.  AX  Ct-f.  H:  Sin.GXCt-f  B.  And,  by 
compounding  this  laft  with  K  \  B  ;i  Sin.G  X  Ct-f.  B : 
Sin.  AXCt-f  K  (that  immediately  preceding  it)  we  alfo 
obtain  2) :  jB ::  Ct-f.  H :  Ct-f.  K. 

Whence,  by  collecting  thefe  feveral  Proportions  to- 
gether, we  have  the  following  Table,  for  ail  the  dif- 
ferent Cafes. 

H:k::Ct-f.D;  Ct-f.  B 

b:ftv.Ct-f.H;C*-f.K 

D  :  H ::  Tang.  D  :  Tang.  H 

B:  Kv.  Tang.  B  :  Tang.  K 

K:b::  Sim.GXCtf.B  :  Sin.  AX  Ct-f.H 

k:Bv.  Sin.  G  X  Ct-f.  D  :  Sin.  AX  Ct-f.  K 

It 
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It  may  be  obfcrved,  that  the  fourth  and  the  lafrare  no 
new  Cafes,  but  only  the  third  and  fifth  repeated :  And 
that*  though  the  former  of  the  two,  lift  named,  differs 
from  that  found  above }  yet  it  is  very  caiily  deduced 

from  it :  For,  fince  it  appears  that  t> :  is*::  _■■  1  ~   : 

Sin.  G. 

TfrTT-f*'  "^  becaBfc  ***■  d:StM.G:iSi»,Di  Sm. 

if,  it  follows  that  D  :  //::  ^-g-  :  ^j^-  :: 

Tani.D-.Tong.H.  C^E.L 

There  is  yet  another  Problem,  when  two  Angles  re- 
main conftant ;  but  this,  by  taking  the  Triangle  formed 
by  the  Poles  of  the  three  given  Circles,  is  reduced  to 
,  Prebltm  a. 


SECTION    n. 

Of  the  Refohition  of  fluxional  Equations,  or 
the  Manner  of  finding  the  Relation  of  the 
flowing  guantitiesfrom  that  of  the  Fluxions. 

261.  "1  X  T  H  E  N  an  Equation,  expreffing  the  Rc~ 
V  V  buion  of  the  Fluxions  of  the  two  va- 
riable Quantities,  contains  enly  one  of  tbofe  Fluxions 
with  its  rdpecn'vc  flowing  Quantity  in  each  Term,  the 
Relation  of  the  Quantities  will  be  obtained  by  finding 
the  Fluent  of  every  Term ;  as  has  been  already  taught, 
In  Srtt.  VL  P#rf  L 

Thus,  if  ssrtsafSj,  ^n  w£|j  —  —<-. 

And,  if  **  j>"  x  =  ay  \  by  reducing  it  firft  to  **  *  — 
of*}  (fo  that  in  variable  Quantities  may  be  fepaiatedj 
we  have 


»+i       1 — m 

But, 
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But)  if  the  given  Equation  has  its  indeterminate  Quan- 
tities and  their  Fluxions  fo  complicated  together,  that 
it  cannot  be  brought,  under  the  Form  there  prefcribed, 
the  Task  will  become  much  more  difficult  j  nor  ie  there 
any  general  Method  to  be  given  for  fuch  Kinds  of  Equa- 
tions, whereof  there  are  an  infinite  Variety. 

The  Method  of  Infinite  Seriefes  (in  fome  meafure  ex- 
blained  already,  and  more  fully  confidered  hereafter)  ij 
indeed  very  corapnhenfivc,  and  may  be  apply'd  to  good 
Purpofe  in  various  Cafes;  but,  being  tedious  and  at- 
tended with  a  Number  of  Inconveniencies,  it  is  a  Me- 
thod We  ought  sever  to  have  Recoujfe  to  till  we  have 
try'd  what  may  be,  otherways,  effected,  by  help  of  fuch 
particular  Rules  and  Observations  as  we  have  been  able 
iocotfe& 

Accordingly,  I  {hall,  here,  firft  point  out  Ibme  of 
the  molt  proper  Ways  to  be. tried,  in  order,  if  poffiblc, 
to  bring  out  the  Solution  without  an  Infinite  Series. 

261.  The  fitft  Metbtd  ij,  Ay  multiplying,  or  dividing) 
the  given  Equation  into  jam/  Power  or  Product  of  the 
Quantities  concerned;  Jo  as  to  bring  it,  if  pojjible,  under 
the  Form  of  fuch  Fluxions,  as\  tve  inetv,  do  artfe,  if  net  , 
from  the  firft,  yet  from  the  feeondt  or  third,  of  the  thru 
general  Rules  in  the  direel  Method. 

Thus,  if  the  given  Equation  be  — -  -( =  —  ; 

*        ay" 
then}  the  whole  being  multiply 'd  by  xyt  fo  that  the  two 
firft  Terms, yx+xy,  may  become  the  (known)  Fluxion  of 

the  Reaangle  *y  •,  there  anfesjw+*j=^-~  :    But*'****' 

ay 
(fill  we  are  at  a  Lofe  for  the  Fluent  of  the  laft  Term, 
unlets  n  be  taken  =i  (fo  thaty  may  vanifti.)     In  that 

Cafe  we  haw  *J»  =  == ;  exprelliiig  the  Relation 

*+2Xs       e  b 

of  the  Fluents  when  that  of  the  Fluxions  is  — (- — =i 

— ;  Which  appears  to  be  the  only  Cafe,  of  the  given 
of  . 

Equation,  where  this  Method  is  of  Ufe. 

t>  Apiri 
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pi       ry  «"  *■ 

Again,  let  the  Equation  —  +  —  =s  — —  be  pro- 
3  ay 

pofcd. 

Here,  multiplying  by  x  j    (where  the  Exponeati 
are  tht  fame  ai  the  Coefficients  of—  and  — J  we  get 

pxf    *xXf  +*f  X  r/~V  =     -/-;  in   which  die 
of-* 

former  Part  of  the  Equation  is  known  to  exprefs  the 

•Ait  15.    Fluxion  of*  yT*.  Therefore,when  «=r,  the  Relation 
of  the  Fluents  may  be  found,  and  will  be  expreued  by 

xm*,U 
*y  =  =ss== — :  Which,  if  no  Correction  by  a 

m+p+iXa  '■ 

conftant  Quantity  be  neceflary,  may  be  reduced  to 


'         m+p+iXa 

The  fame  Method  may  alfo  be  extended  to  Fluxions 
of  the  higher  Orders :  Let  *— •xitatfx%  (which  Equa- 
tion occurs  hereafter,  in  the  Refolution  of  a  Problem 
of  fome  Difficulty.)  Then,  multiplying  by  x,  it  be- 
comes xx — xxix=fkx£ }  where,  i  being  conftant,  each 
Term  admits,  now,  of  a  perfect  Fluent,  and  we  therefore 

have  —  —  —r~  =/«=* :  From  whence,  fuppofing  no 

Correflion  neceflary,  *  =  ■    .  =  ,..,=,  and  «=:*»*. 
7  \S2fx  +  xx\  Jr 

263.  //  may  happen  that  tht  Solution  »f  an  Equatiwt 
will  become  more  eafj  by  firft  taking  tht  Fluxion  thereof  i 
whtn,  by  that  meant,  jeme  of  tht  Termi  dtjfroj  each  tther. 

The  following  is  an  Jnftance  of  it  (which,  alfo,  occurs. 

hereafter)    U%y+7*?!ZZ  =  x—  £■:  WhofeFlux- 
x  J 

ton, 
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Jon,  making  i  conflant,  is/+- . l?=i — 

! ~ :  Which,  by  rcafon  of  the  Term*  deflroying 

one  another!  is  reduced  to-''    a     -  =  t  :  Therefore, 

l  \-£ 

by  expunging  ji,  tfe.  we  get  jjjT*  =iXd — *1      ,    and 

L 

confequently  271=:  —  2X  a — x\  -\-Jbme  conji ant  Quan- 
tity,- 

264.  Another  Method,  applicable  to  Equations,  of  the 
firjl  Order  of  Fluxions,  wherein  only  one  of  the  two  va- 
riable Quantities  (x  or  yk  enters,  is,  to  fubjlitute  for  the 
Ratio  ef  the  two  Fluxions  (x  and  J)  :  From  whence  the 
Value  of  that  Quantity  will  be  had,  immediately,  in  Terms 
of  the  faid  ajfumtd  Ratio :  And  then,  by  taking  its  Fluxion, 
that  of  the  other  Quantity  (and  from  thenct  the  Quantity 
itjelf)  will  become  known. 

Thus,  let  aiy^yX  xx+jj ■*  (being  the  Equation  of 
the  Curve  that  generates  the  Solid  of  the  leafl  Re- 
jiftance,  when  the  Bulk  and  grcatcft  Diameter  are  given.} 

Then,  by  putting  -r=v,  and  fubflituting  above,  we 

get  avj*=yX 

fequently  y- 


v*  + 1  . 

and  confequently  £  {='  vy)  =  - 

Fluent  may  be  found,  from  /fr/.  84.  or,  otherwife, 
thus:  Put u/*=«l+i ;  then «*=«»* — 1,  andtwi  = 
vii ;   by  fubltituting  which  Values  there   arifts  x  =; 

-  SawitT3  ;    and 

there- 
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fare* — — *— n*tn3=    ^,4 


=  3ggfeg*  =  ^^±i|  which,  corrected 
SXW  +  1'  2Xw-FT^* 

(by  taking  ,»,  or  v=of  becomes  *  ss  — jacSE-  — r  • 

2XW+I1' 

From  this  Equation,  by  completing  the  Square*  &t. 
v  may  be  found  in  Terms  of  x ;  whence  the  correfpond- 

inz  Value  of  y  (=  ■-     ■    .;  1  will  alfo  be  known. 

265.  fir  yiwtife  Method,  which  chiefly  obtains  when 
one  of  the  indeterminate  Quantities  and  its  Fluxion, 
■rue  but  to  a  fingle  Dimenfioe}  each,  may  be  thus : 

Let  the  Value  tf  that  Quantity,  which  is  haft  invohtd, 
it  fir/1  fought,  from  the  fi&itioui  Equation  arifing  by  neg- 
leiling  all  the  Terms  in  the  given  Equation,  where  neither 
that  Quantity*  ner  its  Flxxion,  are  found :  Then,  to  that 
Value,  lit  fame  Power,  or  Powers,  tf  the  other  Quan- 
tity, with  unknown  Coefficients,  he  added  (according  t* 
■the  Dimtnjwns  of  the  Terms  negletted)  and  let  the  Stan 
be  fubfiituttd  in  the  given  Equation,  at  the  true  Value  tf 
the  firft  mentioned  Quantity  :  By  witch  means  a  new 
Equation  will  rejult  j  from  whence  the  ajfkmed  Coefficients 
may,  fonutimts,  be  determined. 

Ex.  Let  the  given  Equation  be  tx1x-\-yizzaj. 

By  neglecting,  ex**,  or  feigning  ji  =  aj,  we  get 

—  = — :  and  confequently  —  —  hyp.  Log.j>—  hyp. 

*■  Log.  i  *  :=  hyp.  Log.  -7  i  d  being  any  conftant  Quan- 
tity, which  the  Nature  of  the  Problem  may  require. 
Hence  —^  =  the  Number  wheft  hyperbolical  Logarithm 

is  —  :  WhicbNumber,  if  J/beputfor  (?,7i828isV.) 
3  the 
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the  Number  whofe  hyp.  Log.  is  Unity,  will  be  ex- 

prefied  by  ~M  *    (ftnee  it  is  evident  that  the  hyp.  Log. 
hereof  is  —  X  Log.  M  5*  ~  J  :  Therefore  *j  s= 

M\*  andjrsiX  Jf)'.     Now,  to  the  Value  thus 
found,  let  there  be  added  Ajf'-f-B^-f-C,  in  order  to  get 

di 
the  true  Value  j  and  then,  j  being  =  2  A**+B*  +  — 

X  3?'  *,  we  (hall,  by  fuWKtutlng  in  the  given  Eqtia-  •  Ait.  14, 

tion»  have  cx*x+Ax%x+Bxx+Cx+diM''  =  aAtfv 

4-  Bfli  +  rfiAf  *  ,   and  confcquently  r'+'A  X  ***  + 

B—  2A«X**+C— BoXi=o,    Whence  A  =  —  <•,•  ^  tt, 

B  = — 2a<r,  C= — 2<w;  andconfequently^=  —  eX 


**+2fl*+2au  -f-  dM*  .  By  the  very  ftme  Way,  tbe 
Value  of  j>,  in  the  Equation  ex*  x+yxzzay,  will  come 
out  = —  (X  x'+ox*~  *+*•" — i-a*x'~ *+«. « —  1. 


a_2.a3J("-J+  &f*.  +  dM'  . 

266.  But,  what  is  a  little  remarkable,  in  thefe  Equa- 
tions, is,  that  the  Exponential  dM' ,  tho'  a  variable 
Quantity,  ihould  only  ferve,  as  it  were,  to  correct  the 
Fluent,  or  perform  the  Office  of  a  conftant  Quantity. 
What  I  here  mean  will  plainly  appear,  if  it  be  con- 
sidered, that  the  Equation  y  ~  —  eX  ^+im+jm, 
where  the  (aid  Exponential  is  wanting,  an  fivers  all  the 
Conditions  of  the  fluxional  Equation  firlt  prOpofed  ; 
which,  upon  Trial,  will  be  found  ;  ani  mull  needs  be 
U  3  the 
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the  Cafe,  feeing  d  may  be,  either,  taken  Nothing  at 
all,  or  any  Quantity  at  Pleafure. 

But  the  Equation y  =  —  cXx*  +  2ex  +  za'  (when 

dM '  is  wanting)  cannot  be  corrected,  in  the  ufual  Wa^, 
fo  as  to  give  j>— o,  when  jt=o ;  fince,  if  any  other  con- 
flant  Quantity,  befides  — 2a%c  be  introduced,  the  firft 
Conditions  will  not  be  anfwer'd  :  The  Correction  uiuft, 

therefore,  be  by  the  Exponential  dM'  ;  and  is  thus. 

Sinccj'  =  —  ex* — %cax — 2ca*  +  dM*  ,  if  y  be 
taken  =  o  and  x  =  o,  then  —  icax-\-d  to°=Ot  or  </= 
7.cal ;  and  fo  the  Equation,  truly  corrected,  isjr=:  —  (X 


267.  We  come  now  to  the  lad  Method  ;  namely, 
that  of  Infinite  Seriefes ;  which,  tho'  lefs  accurate,  is 
vaftly  more  comprehend ve,  than  any  yet  explained : 
The  Manner  of  it  is  thus : 

For  the  Quantity  whofe  Value  you  would  find,  lei  an 
Infinite  Series,  tonJijHng  of  the  Powers  of  the  other  Quan- 
tity with  unknown  Coefficients,  he  affumid  ;  which  Series, 
together  with  its  Fluxion,  or  Fluxions,  mu/l  be  fubfii- 
tuted  inflead  of  their  Equals  in  the  given  Equation ; 
whence  a  new  Equation  will  arifi,  from  which,  by  com- 
paring the  homologous  Terms,  the  ajjumed  Coefficients,  and 
confequently  the  Value  fought,  will  be  determined. 

Thus,  let  the  Equation      ,    ■  —y  (reducible  to  x — 

y — *y~o)  be  propofed ;  to  find  *  in  Terms  of y. 
Then,  a(niming*=Ay-f-B/+Cy3+Dy++E>s  &c. 
We  have  i=A>+2Bv?+3C/>-f  4pr*>+5E^rt-  &• 
Which  Values  being  fubftitutcd  in  x—~j — xy=.o>  we  get 
A>+2Bjpl+3Cy1jr++pyiJ4.  &c? 

~y—fyy—Ky\<  -~Cy'y  —  &c.  S~0' 

Thcre- 
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Therefore  A — 1=0,  orA=ij    2B — A=o,  or  Br: 
2=TJ3C-B=o,  orC  =  -^~i  -P-C 


And  confequcntly  *    (  Aj»+Bjr1+  Cy1  &c.)  =j>  + 

2  T  2.3  T  2.34T  a.3.4.5  T 

Again,  let  it  be  required  to  find  die  Value  of  y,  in 
the  Equation  «rV +/*  =  *#,  or  ay  — y*  — «r*iso. 
Here,  aflumingj|  =  A*+B*l+C*J+D*»+EA-*+F*fl 
f<.  and  proceeding  as  before,  we  {ball  have 
*Ai+MBVi+3«01i+4iiD*Ji+5<jEx*i+  fc*V.,  „ 
o  —  Axx—  Br*:*—  C**i~  D***—  ttfe.  1  » 
o  o     —   «V  )° 

Whence  A  =  0;  mB  =  A  =  Oj  3tfC=B+f=f,  or 


268.  It  appears  from  this  Example,  that  the  Quantity 
to  be  found,  will  not  al  way  J  require  all  the  Terms  of  the 
Series  Ax  -j-  Bsr1  -(-  Or1  csV.  And  it  may  happen,  in 
i  numerable  Cafes,  that  the  Series  to  be  aflumed  will  de- 
mand a  very  different  Law  from  ibat  where  the  Exponents 
proceed  according  to  the  Terms  of  an  arithmetical  Pro- 
greffion  having  Unity  for  the  common  Difference.  And, 
indeed,  the  greater!  Difficulty  we  have  here  to  en- 
counter, is,  to  know  what  Kind  of  Series,  with  regard 
to  its  Exponents,  ought  to  be  aflumed,  fo  as  to  anfwer 
the  Conditions  of  the  Equation,  without  introducing 
more  Terms  than  are  actually  neceflary. 

U  4  For 
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The  following  Rules  will  be  Frani  very  ufcruj  upon 
this  Occafion  :  Which,  though  they  may  become  im- 
practicable in  certain  particular  Cafes,  never  take  in  nay 
fuperfluous  Terms. 

I".  Having  (if  nneffaty)  freed  your  Equation  front. 
FraStiom  and  Surds,  let  toe  Quantity,  whoje  Value  is 
fought,  be  fufpofed  equal  to  fome  Power  of  the  ether  Quan- 
tity with  an  unknown  Exponent  (n) ;  and  let  that  Power, 
together  with  its  Fluxion,  or  Fluxions,,  be  fabftituted  for 
their  (fuppefed)  Equals  in  the  given  Equation. 

2°.  Let  the  leaft  Exponent!  of  the  variable,  or  inde- 
terminate, Quantity,  in  the  new  Equation,  tbince  arifng, 
be  put  equal  to  each  other ;  Whence  the  Value  oftht  um- 
known  Exponent  n  will  be  found. 

3°.  Subftitute  the  Value  of  n,  fo  ftuna\  in  ail  the  Ex- 
ponents where  n  is  concerned ;  and  then  take  the  Dif- 
ference between  one  of  the  equal  ones,  above  mention' d, 
and  every  other  Exponent,  of  the  variable  Quantity,  in. 
the  whole  Equation. 

4°.  To  thefe  Differences,  write  down  all  the  leaf  tim- 
bers that  can  be  compofed  out  of  them,  by  continual  jfddi- 
fitn,  either  to  themfdves,  or  to  one  another  ;  tillyouhave, 
by  that  means,  got,  in  the  whole,  as  many  different  Terms, 
ets  you  would  have  the  required  Series  continued  to. 

5°.  Lajliy,  let  each  if  thafe  Terms  bt  increofid  by  tho. 
Value  of  n  (found  by  Spile  2 . }  and  you  will  then  have  the 
Exponents  of  the  Series  to  b'  ajfumed, 

EXAMPLE    L 

169,  Lit  the  Value  of  x,  in  the  Equation  a1 'i*  +  x*i* 
— a'i'^c,  be  required. 

FiWr,  by  writing  z  for  x,  and  nz*~ *i  for  x,  the 
Indices  cf  z  will  be  21 — 2,  in,  and  o  (which  are  deter- 
mined by  Intpection,  without  regarding  the  Coefficients) 
whereof  the  two  lead  (2* — 2  and  o)  being  put  equal 
to  each  other,  we  here  find  n=  1 :  Therefore,  the  Ex- 
ponents being  0,  2,  0,  the  Differences  (according  to. 
Rule  3.)  are  alio  0, 2  ;  from  whence,  by  adding  2  con- 
tinually, we  get  o,  z,  4, 6,  8   13c.  which  (being  each 
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increafed  by  the  Value  of  n)  give  I,  3,  5, 7,  9  iff.  for 
the  Exponents  in  this  Cafe. 

Let,  therefore,  *=Az+Bi'+Ca:*+Pz*  +  tiV. 
Then,  putting  i=i,  in  order  to  facilitate  the  Operation, 
we  (hall  have  i  =  A  +  3B21  +  5C**  +  7D*6  +  (ft. 
Which  two  Values  being  fqtiared,  and  fubitituted  En  the 
given  Equation,  it  will  become 
alA*+ba%ABz.t+ioa*ACz*-\-i44*ADz*+  &t."\ 

*      +AV  +2ABs*  +2ACV       +  «cX  o 

-_**  +B1*9       +  w«.j 

Whence,  a*A*=a%  and  therefore  A=i ;  6a*B  =  — 1 


-9VB*  —  2AB=— BXoVB  +  2A  =  - 
B 


— -=•  +  2= —  2  —  2.3.2a'1 »  and  therefore  C  = 

— - — -i  uADs-iof'X-Ax-^-  - 
2.3.4.5a**    *        .         **  o#»      lacw* 

1  1 1  1  1 

2*  £mw*         360*  —  24a*       6oa*      36a*   ""  " 


360a* 


and,  conlequently,  *  =  % —  —-;  + 


2.3.4.5.6.70°  '  fl        J  2.3* 


2.3.4.5a*      2.3.4.5.6.7a6 

EXAMPLE      n. 

270.   Lit  the  givtH  Equation  b*  tt^xy  —  Zd'xy  -f-  « 
+  jr3_y=:o;  to  find  y. 

Here,  fubfiituting  **forj,    the  Exponents  will  be 
»rr',  «7^.i»  I)  and»+l;  where,  — '- — -■—■  —  ■ 
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we  get  i=2  :  Whence,  the  Differences  being  0,  2,  the 
Scries  to  be  aflumed  for  y  will  be  A*1  -J-  B  *■+  +  CJr6+ 
D*'  +  E*'°+  Wc.  From  which,  making  *  =  1 ,  we 
have>=2A*-H4E**  +6C**  +8LV  &c.  and 

ji=iA  -i-i2B**_4-3oO_+56D*fi 
And,  thefe  Values  being  iubilitutcd,  the  Equation  be- 
comes 

— 4alAx—  Sfl'B^s  —  im*C*»— i6<ilD^J+  SsV.  J-  =  o 
+**       +2A*J     +12B*'    +30C*'     +  &C.1 
1  2A  x 

Therefore  A  s  — — ;  B  =  - 


4* 


and  foj  =  ^-^7+6?-l^+^-  <*. 

Which  Series  is  known  to  exprds  the  Fluent  of  rr  »> 
or,  {jX  hyp.  Log.  :  Coniequently  y  is  alio  = 

i«Xhyp.  Log. — j — .     In  this  manner,  it  comes  to 

pafs,  that,  though  we  are  obliged,  in  very  complicated 
Cafes,  to  have  rccourfe  to  Infinite  Seriefes,  we  are 
lometimcs  able,  at  laft,  to  give  the  Solution  in  finite 
Terns,  or,  at  leaft,  by  help  of  Logarithms,  Sines  and 
Tangents :  Which  will  always  happen  when  the  Series 
can  be  fummed,  or  is  found  to  agree  with  that  arifing 
from  fome  known  Quantity. 

271.  Sometimes  it  happens,  in  Equations  involving 
the  higher  Orders  of  Fluxions,  that  the  Exponents, 
mention'd  in  Rule  2.  whereof  the  leaft  ought  to  be 
made  equal  to  each  other,  are  fo  exprcfted,  as  to  render 
fuch  an  Equality  impoftible .  When  this  b  the  Cafe, 
the  Value  of  «,  and  the  nrft  Term  of  the  required  Se- 
ries, can  only  be  determined  from  the  Nature  of  the 
Problem  to  which  the  Equation  belongs.     We  know, 
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indeed,  from  the  Equation  itfelf,  that  a  muft  be  either 
equal  to  Nothing,  or  to  fome  poGtire  Integer,  lefe  than 
that  exprcfling  the  Order  of  the  higheft  Fluxion  in  the 
Equation  :  Becaufe  the  Term  that  has  the  leaft  Ex- 
ponent, and  which  therefore  cannot  be  compared  with 
any  other  (being  always  iffe&cd  by  two  or  more  of  the 
Factors  »,  1 — 1,  » — 2,  &t.)  will  then  (one  of  thofe 
Factors  being  =0)  vanifli  mrirely  out  of  the  Equation  j 
which,  thereby,  it  rendei'd  pomble. 

When  n  and  A  are  known,  the  reft  of  the  Terms 
will  be  found  in  the  common  Way,  as  in 

EXAMPLE    IIF. 

Wbtrt  the  Equation  prepoftd  is  yx1  +  eiy  —  a*j  =:  0  i 
to  find  y. 

By  fuppofing  x=i,  and  writing*"  forj,  nxm~  *  for 

},  and  n  X  » —  i  X*"~*  for  y,  we  get  **  •\-naxw~ * — 

nX  n —  l  Xa1**- * :  But  it  is  plain  that  no  two  of  die 
Indices  of  x  can,  here,  be  equal :  The  Value  of  «  muft 
therefore  be  either  =o,  or  Unity  (in  both  which  Cafes 

the  Term  — nX  *  — iXa***~*  vaniflics)  but  I  fliall 
take  the  latter  Value,  and  fuppofe  the  firft  Term  of  the 
Series  to  be  Ax ;  then,  the  Differences  of  the  forefaid 
Exponents  being  I  and  2,  the  Law  of  the  Series  will  be 
exprefted  by  1,  1,  3,  4  WV.  Whence,  afliiming  y  = 
Atf+BV+Cr'+E***  He.  and  proceeding  as  in  the 
former  Examples,  y  will  be  found  =  A  fate  x  + 
x1         x'         x*  **  x* 

w  +  ^+s^  +  J^+iS^'-  »'=*»"*+ 

-g-L         £■         +  «""  + 

a-3'4-Sa*  2.3.4.5.0a*  T 
£JV.  where  the  Law  of  Continuation  is  manifcft,  the 
CoefBcient  of  every  Numerator  being  competed  by  the 
Addition  of  the  two  preceding  ones. 

272.  It 
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%f%.  It  will  be  proper  to  obferve  hers,  tint,  in  Ztma* 
tions  like  the  two  laft  propofcd,  where  the  higher  Or- 
ders of  Fluxions  are  concerned,  the  Series  expreffing 
the  Relation  of  the  two  Quantities  muft  always  be  found 
in  Terms  of  the  Quantity  flowing  uniformly.  And, 
that,  if  the  Number  of  Di  mentions  of  the  Fluxion  of 
the  (aid  Quantity,  after  Substitution,  be  not  the  fame  kt 
every  Term,  the  Equation'  itfclf,  put  down  to  be  re- 
folved,  is  abfurd  and  impofSblc,  and  fuch  is  never  can 
arife  in  the  Solution  of  any- Problem.  In  all  proper 
Equations  the  Number  of  fluxional  Points  (fuppoune 
the  Powers  of  the  Fluxions  to  be  wrote  without  Indices) 
_  will  be  the  fame  in  every  Term. 

EXAMPLE     IV. 

273.  Whtrt  lit  tbe  given  Equation  be  a*j— «y,*+-jr*»y 

~  x3x  ;  U  find  y. 

By  proceeding  as  ufual  the  Indices  wilt  here  be  n — t , 
2n,  in-\- 1  and  3  ;  whereof  the  lcaft  (.which  can  be  no 
other  than  n — 1  and  3)  being  compared,  n  will  be  given 
=4 :  And  the  Differences  will  therefore  be  o,  5,  6  ;  to 
which  the  Double  of  the  Second  and  the  Sum  of  the 
fecond  and  third,  &c.  being  put  down,  and  then  every 
Term  increafed  by  4,  there arifes 4, 9, 10, 14, 15, 16, 19 
tSc.  for  the  Exponents  of  the  Series  to  be  affumed  for  y. 

Let  therefore  y=A-r*+&V+C*'0+Djr'*  Uc.  then, 
making  *=  r,  y  is  =  4A*1  +  oBx*-f-i,oG|rB+  14D*'1 
+  &TV. 

And,  by  fubftituting  thefe  Values  above,  we  have 
4«)A*»+9<i)BVll+iofl'0*+i4«,D**3+  &'- 1_  - 
— x*    -^A'*'  +4A  V    —  MA&V+  J#f.J— ° 

Whence  A  =  -77,  B  ^  77^3  ,  Wf. 


•I/Jory.  the  Stria  Ax*+Rx^+Cx*+Dx1  &e.  vibe/i  Ex- 
fentnti  are  in  arithmetical  P '  ragrejjiait,  bad  been  affumtd,  «- 
cording  la  the  Method  af joint  very  gaad  Autbart,  U»  left  tban 
/even  luperfuius  Terms  rr.uji  baire  bet*  introduced  It  attain  tbe 
four  abai,  given. 

374. 
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»7+.  Before  I  quit  this  Subject,  it  may  not  betiaUa 
lo  fubjoin  tfae  fallowing  Remarks. 

Is.  If  the  indeterminate  Quantities  are  great  in  re- 
foect.  to  the  given  ones,  a  defcendtng  Series  will,  in  moft 
Cafes  (where  it  ii  practicable)  converge  better  than  an 
■fceqdjng  ope*  To  obtain  fuch  a  Series,  compare  the 
greateft  Exponents,  mcation'd  in  RmU  2.  inftead  of  the 
Icaft,  and  proceed  according  to  the  third  and  fourth 
Rules*,  whence  a  Series  of  Numbers  will  be  found  ;*  Art.  ifii. 
which,  being  fucceffivdy  fubtracted  from  the  Value  of 
",  you  will  have  the  Exponents  of  a  defcendtng  Series, 

Thus,  let  the  common- algebraic  Equation  a3x-\-ax* 
— a?y — y*—o  be  propounded ;  to  find  y,  when  x  is  great 
in  comparifon  of  a. 

Then,  proceeding  as  itfual,  the  EKponents  of  the 
four  Terms  of  the  Equation  will  be  1,  3, »,  ^(whereof 
the  two  greatest  (4*  and  3)  being  made  equal,  we  get 
H^zl  i  therefore  the  Differences  are  O,  2  and  t.\ ;  and 
the  Numbers  to  be  fubftrafled  from  n,  are  0,  2,  §,  4, 
y ,  b'c.    CordequentrY  the  Scries  to  be  aflumed  for  y  is 

A*'  +B*"T+  Or"T+Dw~  T  +  &e.     Front  whence 

y  will  be  found  =  AT+  ^j—  ~  —  -^  tf r. 
4*'*     4**"        32* T 

2°.  But,  if  the  Quantity  (x)  in  whole  Terau  the 
other  is  to  be  exprcucd,  be  neither  much  greater  (Mr 
much  fmaller  than  the  gi'.cn  Quantity  (a),  it  will  be 
proper  to  fubflitute  for  the  Excels,  or  Defect,,  of  the 
laid  Quantity  (x)  above,  or  below,  fbme  given  Quoa- 
tity  i  fo  that,  having,  by  this  means,  exterminated  x, 
the  Series  arifing  from  the  new  Equation  (wherein  the 
laid  Excels,  or  Defect,  is  the  converging  Quantity) 
will  have  a  due  Rate  of  CoDvergenc)'. 

The  Ufe  of  this  is  fo  obvious  that  it  needs  no  Example, 
or  farther  Explanation. 

30.  Laftly,  it  will  be  proper  to  obferve,  that,  if  the 
Equation- for  the  Value  of  A,  arifing  from  the  firlt  Co- 
lumn of  homologous  Terms,  admits  of  two  or  more, 
equal 
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equal  Roots  (which  is  a  Cafe  that  may,  perhaps,  never 
happen  in  Practice)  all  the  foregoing  Precepts  will  be  in- 
fufficient ;  unlets  the  Equation  alio  admits  of  Tome  other 
Root,  befides  the  equal  ones,  whereby  A  may  be  more 
commodioufly  exprefled.  To  determine  the  Exponents, 
in  that  particular  Cafe,  divide  each  of  the  Differences 
mention'd  in  Rule  3.  by  the  Number  of  the  equal 
Roots ;  and  then  proceed  as  ufual.  The  Reafons  of 
which,  as  well  as  of  the  Rules  thetnfelves,  I  have  long 
ago  given  el  fewhere,  and  have  not  Room  to  repeat 
them  here, 


SCHOLIUM. 

275.  Although  the  Bufinets  of  reverting  Scricfcs  is 
not  a  Branch  of  the  Doctrine  of  Fluxions,  but,  more 
properly,  belongs  to  common  Algebra ;  yet,  as  it  is 
often  uicful  where  Fluxions  are  concerned,  and  falls 
under  the  general  Rules  illuftrated  in  the  foregoing; 
Pages,  I  mall  here  add  an  Example  or  two  on  that 
Held. 

Let,  then,  tf*+&x*+«f]+''Jr4"r-«f'  &c.  sry ;  to  re- 
vert the  Scries,  or,  to  find  *  in  an  Infinite  Series  ex- 
prefled in  the  Powers  of  y. 

Here,  by  writing  /  for*,  the  Indices  of  the  Powers 
of  v,  in  the  Equation,  will  be  »,  2b,  311,  &c .  and  1 ; 
therefore  »=  I.  and  the  Differences  are  o,  1,2,  3,  4,5, 
fSc,  and  fo  the  Series  to  be  affumed ,  in  this  Cafe,  is 
Ajr-r-Ey+Cy'-t-Djp*  &c.  Which  being  involved  and  fub- 
ftituted  for  the  refpedive  Powers  of  *  (neglecting,  every 
where,  all  fuch  Powers  of  x  and  y  as  exceed  the  higheu 
you  would  have  the  Series  carry'd  to)  there  arifes 
ffAj+a&y  +«Ct»     +<jD/*         tff.") 

•  +AAy+2*ABj"4-2*ACy*  VScS 

-f-ABV     Kfa>=j 

•  •       +cAY   +3^AlB/*    &e.( 

•  *  *       +My        tfc.J 

Whence, 
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Whence,  by  comparing  the  homologous  Terms,  A  ~ 
i_     r  _       i.    o  f—  _  a*AB+fA'\  _  lib—ac 

aMC+6B'+3fA*B+</A+\      &&-&-££ 


D(; 

5JJ — 5flfc-frtfV 


tw.  and  conicqtienuy  *  =  — —  -f-  — — —    X  y' 


-Xy*&c. 

For  an  lnftance  of  the  Ufc  of  this  Conclufion,  let  *— 

X*  X1  X* 

— +  T  —  T  ^*  ==J':  Th«n>  *  heing,  in  tliii 
Cafc,=:i,  b=—it  *  =  },  <*=:  — J.fcf*.  weflull, 
fay  fubftiniting  thefc  Values,  have  *=7  +  ^-+^T  + 

'£' 

given ;  provided  the  Value  of/  be  fufficiently  finall  *. 

Example  2.  Let  there  be  given  ax-\-hy-\-cx*^dxy^- 
eyi+fxi+gxy+bxf  +  iy'+ixt+ix'y&e.  =o;  to 
fatty. 

By  afliiming  j«Ar+rV+Cr"+Djf*  &c.  and  pro- 
ceeding as  above,  A  will  be  found  = r,  B  =  — 


«rC+  2*AC+«B'+gB-r-iMB+yA*B+H-/A+ 

i »  tf<* 

ExampU 
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E**mpU  3.  LaAly,  let  **  +  fcr*f '  +  ex*  +  *  + 

Here,  in  order  to  determine  die  Form  of  the  Series 
to  be  afihmed,  let  z*  be  wrote  for  *  in  the  given  Eqna- 
tion,  according  to  the  ufual  Method ;  and  then  the  Ex- 
ponents, fuppofing  z  tranfpofed,  will  be  I,  nnts  nm  -+- 
np,  nm+znp,  nnt^-^P*  ^c-  fefpeflively  j  whereof  the 
two  lead  ( 1  and  nm)  being  made  equal  to  each  other, 

1  #2* 

*  b  found  =  — j  and  the  Differences  «*  — »    * — j 

IP 

™  ,  &V.     Whence  the  Sena  to  be  iflumed  for  *  m 

**  +Bk"  +Cz*  +  Dz*  +  &e.  (for  it  is  evi- 
dent, by  Iufpeftion,  that  the  deficient  (A)  of  the 
firft  Term  mufl  here  be  an  Unit.)  This  Series  being 
therefore  railed  to  the  feveral  Powers  of  xt  in  the  given 
Equation,  by  Art.  1 08.  and  the  Coefficients  of  the  ho- 
mologous Terms  in  the  new  Equation  compared  together, 

it  win  be  found  that,  B=--,  Cs=I±»I55hgf, 

m  Mi* 

jj "■'  +  qmf  +  9/>1  +  3"+6f+1X  b*  + 

6m1  "** 

«*  » *      ■ 

From  the  general  Value  of  *,  found  .above;  imiu- 
merable  Theorems,  for  reverting  particular  Forms-  of 
Seridcs,  may  be  deduced. 

Thus,  if  *  +  i*>+«i+«sV,  tff.  =zj  then  (« 
being  ==i  and  »=i)  *  is  =  a  — *«*+aW— vX»*— 
541— p£pX**fjV. 
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And,  if *+&r»  +  cy'  +  <&rT+  &c.  =z;  (wbeing 
=  1,  andp=a)«=a — ftt'+3« — txz* — izb*-&d>+d 
X*'tfc. 

Alfo,  if  *+***  +  «*  +  A*  STc.  ssg;  then 
(m  being  =  f  and  £=1)  *=z* — 2te»+7M— wX«*— 
30*1— i8A*+a*fXa:'  W*.  &c. 

276.  It  may  be  obferved  that,  in  all  thefe  Forms  of 
Strides,  the  firft  Term  ia  without  a  Coefficient  (which 
renders  the  ConcluGon  much  more  fimple.)  There- 
fore, when  the  Series  to  be  reverted  has  a  Co-efficient 
in  its  firfbTerm,  the  whole  Equation  muft  be  firll  of 
all  divided  thereby :  Thus,  if  the  Equation  was  3* — 
tw*  +  &r*  —  13**  &V.  =/;   by  dividing  the  whole 

8**       13** 
by  3  it  will  become  * — w *+  — *"""'*  —  1/* 

Where,  putting  a^J.*,  we  have,  by  Form.  1.  jr=z-J- 


,+  *,«,=Z  +  £  +  ^. 


SECTION     III. 

Of  the  Campari/on  of  Fluents,  or  the  Manner 
of  finding  one  Fluent  from  another. 

277.  "\T7"E   have,  already,  pointed  out  the  mod 
VV      remarkable  Forms  of  Fluxions  whofe 
Fluents  are  explicable  in   finite   Terms  *  ;   and  alfo  •  ^rt_  „ 
fhewn  the  Ufe  of  Infinite  Seriefes  in  approximating  the  7!.  S3  84. 
Values  of  fuch  Fluents  as  do  not  come  under  any  of  "^  s '' 
tbofe  Forms  %:    But   this  laft   Method    (at  is   before  t  Art.  u. 
hinted)   being  troublefome,  and-  attended  with  many 
Obftacles  ;     Mathematicians  have  therefore  invented,  " 
and  fhewn,    the  Way  of  deriving  one  Fluent  from 
another  :  Which  is  Of  good  Advantage  when  the  Fluent 
X  fought 


li0i#«lhyC 
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fought  can  be  referred  to  one,  like  thole  in  Art.  f  26. 

and  1 42.  cxprefling  the  Logarithm  of  a  Number,  or  the 

'    Arch  of  a  Circle ;    fince  the  Trouble  of  an  infinite 

.  Series  is,  then,  avoided. 

As  the  Subject  here  propofed  is  of  fuch  2  Nature, 

.that  it  would  be  very  tedious  and  difficult,  if  not 
altogether  impracticable,  to  lay  down  Rules  and  Pre- 
cepts for  all  the  various  Cafes ;  I  (hall  deliver,  what  I 
have  to  offer  thereon,  by  way  of  Problems ;  beginning 
with  fomc  very  eafy  ones,  for  the  Sake  of  the  young 
Preficient. 

P  R  O  R     I. 

2;8.  The  fluent  of  -y===^being given (byArt.izS.) 


' lit  preptfedtofindy  from  tbtnciftht  Fluent  9/      ,— ■  -      . 

Let    both    the  Numerator    and  Denominator    of 
,  be  multiply'd  by  x,   fo  that  the  Quantity 


vV+* 


'  without  the  Vinculum,  in  the  Fluxion,  — >====-  * 

VV**  +  x* 
thus  transformed,  may  become  fomc  conftant  Part  of  the 
Fluxion  of  the  higher!  Term  under  the  Vinculum  : 
Which  Part,  in  this  Cafe,  being  J,  let  J  of  the  Fluxion 
of  the  firft  Term  under  the  Vinculum  (or  £  «l*i)  be 
therefore  add^d  to  the  Numerator,  in  order  to  have  the 

£alxi+x*x 
Whit*.  — 7—   ■ ■,  a  complete  Fluxion  ;  and  then  the 

\/alxx  +  x* 

•  Art  77,  Fluent  thereof,  by  the  common  Rule  *,  will  be  J 
\/a1^1+Ar*  =1  f  *  V^«*+** ;  But,  from  /Am,  we  are 
now  to  deduct  the  Fluent  of  the  Quantity    ■  ...     ■  ■-=: 

(=  — ;■■  ■-  -■  )  that  was  added :  Which  Fluent,  u 
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tb'at  of     /~~ — i  is  given  =t  bjp.  Lag.  x+  \Zo*+x*  *,•*«.  «a. 

Will  be  =  Ji'Xttf.  £**.  *  +  %/"*+£_!  and  con- 
sequently the  Fluent  fought  ~  {  x  %/ax-\-x*  —  fa*  X 

cgu>,  £*£.  *  +  vV+*\  £  £.  /. 

PROB.    II. 

*79-  £*/  If  k  propefed  to  find  the  Fluent  tf  — ■  ■■      — -  , 

/r»»»  iitf/ »/  —  ,'"'  •-*-  'i  given  by  Art.  1 42. 
V» —  * 

By  proceeding  as  above,    and  adding  —  J-  a*xi  to 

the  Numerator,  we  have  —  — ■  .   -     =r  j    whereof 

the  Fluent,  by  the  common  Rule,  a  —  |  \/<?xl  —  *♦ 
(=  —  {  *  \/**— **)  :    Froni  which  deducing  the 

ie*xx  itfx  m 

Fluent  of  —      .1     ,  or (given 

=  —  {  a*  X  Arc  (A)  whofe  Radius  is  Unity  and  Sine 

thefe  corned  out  $  jl  vf  —  \  x  vV — #* .  *  Ait.  14^. 

^•£./. 

280.  In  the  fame  Manner,  if  (he  Power  without 
the  Vinculum,  in  the  Exprcffion  whofe  Fluent  is  /ought, 
exceeds  that  in  the  other  Expreffion  given,  by  the  Ex- 
ponent under,  the  Vinculum,  or  by  any  Multiple  of  it, 
the  required  Fluent  may  be  determined,  by  one,  or  by 
feveral  Operations,  according  to  the  Value  of  the  U\& 
Multiple. 

Thus,  if  the  Fluent  of  -y==ar  was  foffght ;  then, 

bccatifc  die  Index  of  jr,  without  the  Yi*t*hmt  exceeds 
X  2  that 
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that  in  —p  ■■■        ;  by  twice  the  Exponent   under  the 

■y/a  — * 
Vinculum,  the  required  Fluent  may  be  had  from  that  of 

— ,    -  -■-  -,  at  two  Operations  \  by  the  6rft  whereof 
VV  —  ** 

we  have  already  found  the  Fluent  of  — -  —  tobe= 

W— ** 

\.atA — \  xs/a'- — x*  ;  Whence,  putting  this  Value 
=£,  and  proceeding  as  before, we  alfo  get— J^/a***^**" 


PROB.     HI. 

2&i.SuppefmgtbtFlutntt>fa+cz'X.zf'~1i    to    he 

given  =  J,  to  find the Fluent  cf 'a  +  cr?  Xa'*+*~*i 
=5  {wbtrt  the  Exponent  ef  z,  without  tbi  Vinculum 
it  incrtafed  by  tbtExpintnt  under  the  Vinculum.) 

Let  the  Part  affefled  by  the  Vinculum  be  multiply *d 

By  2."*,  and  the  Part  without  be  divided  by  the  lame 
Quantity ;  then  our   Fluxion  will  be  transformed  to 


«'+«**'  X«^"^«=dJ.-Wb*reletf  be,  now, 
lb  taken  that  the  Exponent  («+?)  of  the  higheft  Power 
of  z  under  the  Vinculum  may  be  equal  to  (fn+tt — mq) 
that  of  the  Power  without  the  Vinculum  +  i  j   that 

is,  let  q  =  ~r^ :  Then  {by  Art.  77.  if  the  firft  Term 

under 
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under  the  Fintulum  was  conftant,  the  Fluent  of  the 
laid  Expreffion,   or  its  Equal  ax'  +«   *  I  xx         x, 

\ — r*1 

would  be    had  =    ^-..-^-..       •      But  the 


m+1  X  n+lXc 
Fluxion  hereof,  fuppofing  both  Terms  fo  be  variable 

(as  they  actually  are)  is  ax'  +  <*"*?>  Xs"*'-'*   + 

^-??,    X  «*?  +  <*."*' '  Xir-'-'i  (by  the 
»-HXc 


az'  +  ra*+^  ?" 

Me.)    Therefore  S=^-== ==—  - 


fit   »/«*«  +  < 


m+iXn+fXc  «+fX« 

sj"?  +  *  —  *  £  =  B  j     or,    by   fubftituting    for    q, 


a+n." 


-XFlu.  a+cz."     X 


m+p+l  Xiu  m+p  +  i  Xc 

x^^izzB:   Kattht  Flu.  of  a+cz^Xz.*"-' *  is 

^-4i        ,, 

eivca  =  ^i  therefore,  laflly,  *"*"f*   ■ ■   — 

m-H+i  x  "'' 

ffl+J>+i  X  * 

282.  If  the  Quantity  under  the  Vinculum  be  a  Mul- 
tinomial, tf  +  fJt'  +.&."+  «3"  Wf-     Then,    fincc 

; , _ -y»+I  ' 

the  Fluxion  of  a+cz"  -f-  (fa"  +  «3"  fare.'      X  ap   is 
^+iXi«',",i  +  M<'K*"~ **  +  swa1""^^.  X 

x3 
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f+a?  +At"tfftf  Xz*  +  «+«■+,&»  &r^'+T 
XpnzP~^  as 

.,  .  —  .I.,..—         "-^m 
Xa+cz"  +4f  &(.] ,     it  is    Evident,   that,    jf  the 
Fluents  of  zf*rx»,  zf***-»i,  */•+**—>*  &e,    drawn 


into  the  general  Multiplicator  a+ta'+Jas4-  ^<.]  f  be 
denoted  by  J,  B,  c\  D,  &e.  the  Fluent  of  the 
Whole-Quantity  exhibited   above    (which  Fluent   it 

o  +  czT  +dz"  +  *zi'&t)  X^)  willtJfobee,- 
prefied  by  p»aA+p+m+iX»cB+p+2m+ 2XndC4- 
p-i-$mi-3XiuD  &e.  Therefore,  if  there  be  given 
as  many  of  the  Fluents  J,  5,  C,  D  tfe.  as  there  are 
Terms  in  a+cz'  +  <few-f-  tzv  &t.  minus  one,  that 
other  Fluent,  be  it  which  it  will,  will  alio  be  given  from 
hence.     Thus,  if  rf=so,  <=o,  tfc.  and  the  Value  of 

A  be  given,  we  mall  have  a+c z' *        X  zt"=pneJ+ 


the  very  fame  as  before. 


P+m+iXe 

PR  OB.    IV. 

283.  Tie  fluent  ef  a+ez^'x  z,n~li  being  given  fa 
is  tb*  preceding  ProbUm)  It  determine,  from  tbtnte, 

u*  r\u*nt ,/  7+^mx  *>•*—'*  j  fapfa  ;  „ 

dftatt  a  whale  pafavt  Number. 
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Let  «+<?"   '  be  denoted  by  M ;  alio  put  t+'= 

i,  j+i  (H-*)  =t"t+<  (H-3)  =5  »'•  •"»  kt  ""= 

Fluents  of  Tj^'x  »'™i.  a"+<?   Xi*— "*, 

«+«'"xJ^-"i,  4«rfX.^'i  .  »<•    be  "" 
prefentrf  by  4  B,  C,  D,  U>.  refpeSively.   Then,  fince 

M*1"  *"A      =  B  (*»  •!>•  t""di"S 

m+t+iXnc      m+p+iXt 

Pnt.)  it  follows,  from  the  very  fame  Argument,  that 

Mi*  t«B „ 


m+p+lXne       j»+?+iXe 
a+f+i  X  »r        i»+J>+'  X  t 

at.  at. 

Hence,  by  writing  the  Value  of  B  in  the  fecund  Equi- 
na)" 'paMx* 
tion,  we  have  . . — — — ■ 

m+f+lXnc     m+f+I!""+f+"X»" 

[  tl£d. =C.  InthefameManner, 

i«+H-iXi>i-hi+iX<' 
by  fubflituting  this  Value  for  C  in  the  3d  Equation,  we  get 
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M+^+lXm  +  ^+lXur  +  H  tXne* 

-    m** 


Where  the  Law  of  Continuation  is  manifeft ;  and  from 
whence  it  appears  that  the  Value  of  any  of  the  Quan- 
tities B,  C,  D,  E.  tfe.  or  the  Fluent  expreflcd  in  a  ge- 

neral    Manner,     will    be 


m+j+iXw 


m+j+Xtlm+q  Xncc     m  -j-  q  +  ixm+qxm-+f~-  IXwr1 
(v)  ±       gSSyEJl^Bfe*-^       J  or, 

«+«'         X^      .^     ygg'— *■     l-ptxSzT 


f.q — i.q — iXj'J 


i.i=i.^X('       l  '        '  *  <+'  *  '+* 
£+3  foJ  x  Ld :  Where,  ^=  Fluent  of  *+«'"* 

X«'*"'«i  f=^+f — *»  *=?+"*>  f=£-|-m+i  ;  and 
where  the  Sign  of  the  Jaft  Term  (in  which  A  b 
found)  muft  be  taken  -f-  or  —  according  as  v  is  as 
even  or  odd  Number:  Note,  alio,  that  the  Parenthefis 
(v)  is  put  to  exprefs  the  Number  of  Terms,  or  Faflors, 
to  which  the  Series,  or  Product,  preceding  it,  is  to  be 
continued.  The  like  Notation  is  to  be  underflood  in 
other  Cafes  of  the  fame  Kind,  when  they  hereafter 
occur, 

7U 
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The  fame  ttktrwifi. 

.  .-*,w»i 

284.  Let  tf  =^ +" — '»    and  let  o+ra*         X 

Xx*"+Sz'*~'+rz*'~*' +  A«',  +  ^   be 

iflumcd  for  the  Fluent  fought:   Then,  by  taking  the 

Fluxion  thereof ,  you  will  have  m+  ixwa""1*  Xj-|-«" 

X-RsP+fe*'-' +  A*f"+<H-^1"   '    X 

jawJc***-*  +  j^ix±SzP~~1 ■\-pniA2f*-* 

+  0X<H-«'/"xa.'""*,i;  which  muft  be  =  «+«.'" 

X^-'i  (or  o+r*"1  X»<"tM«)  the  Fluxion 
propofed :   Whence,  dividing  the  whole  Equation  by 

*+«"'  X  a"-1  *,    and   tranfpofing,  there   comes  out 

gix«x r *r+  s^+rsr-". +a^  }  H 

— z»"  *  •  +#£■""*       J 

Which,  reduced,  and  the  homologous  Terms  united, 
becomes 

— ij  +«"»*  5 

B+^-lXntrl  Xll— » +>™  A?  Xi^-. 

+J^7x«sJ  +«     i 

=  0:  Where,  by  making m  +  j  +  i  XtuR  — 1=0, 
m+q  XiuS+maR=ot  fjt.  we  have  R=  ■- — , 

ffl-f-J-J-IXOI 

«= gg-,«- g*g    ■    or  (potting 

»+jX<  »<+«—  iXc 

«i+f 
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f+iXor'  *  j+iXmc*' 


J-r-lXf  j+iX/Xj— IX«» 

Where,  becaufc  the  Exponent  of  the  ftrtt  Term  of  the 
Equation  is  an  (p„-\-vn—H)  and  that  of  the  laft  Term 
(in  which  A  and  £  are  concerned)  — /w,  it  follows  that 
the  Number  of  Coefficients  to  be  taken  ai  above  (where- 
of A  is  the  laitj  is  exprefied  by  v:  From  which  lair, 
the  V»lw  of  g  is  given  ss  — pnaA. 

But,  from  the  Law  of  the  Old  Coefficients,  R,  S, 
. . , .  A,  it  appears  that  the  Value  of  A  (whofe  Place 
from  the  Beginning  is  denoted  by  v)  will  be  =  ± 


_   '+'•'•  *~r p  +  at+t 

X  *L=  ±  fcfeg+14+3  (v>  xC    (p«tti>s 

c"       •      /.(  +  i.(+».*+3ft/J       e' 
f+»i+i=t,  as  before.)   Now,  if  the  feveral  Values  of 

M,  S.  T and  (S,  thus  found,  be  fubflituted  in 

the  atTumed  Expreffion,  you  will  have  the  very  lame 
Conclusion  aa  in  the  preceding  Article- 

COROLLAELT   I. 


Jtx^  +  Sif-".  ...+Az^*-r-g:^>  given  above,  may 
be  expreffed  by  NX  «a*—  +  &V— *"+&—$ 
(v)  +  8*i   where  'N=  a+cz*     Xtt,.  Jt  =5 
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C^  _  p+v—uaR       r=._ 


m+p+vXnt      *   '        m+p+v- 
p+v-^.aS  .  A|mJj  wnCre  the  Coefficient  (£)  of  the  ' 

given  Fluent  (A)  wHI  always  be  expreffed  by  the  laft  of 
the  Quantities  R,  S,  T..  .  A,  multiply'd  by  — pna : 
This  is  evident,  becaufe  it  is  found  that  8  =  — pna  A. 
And  the  bine  thing  will  alfo  appear  from  the  fevcral  par- 
ticular Cafes  (in  Art,  283.}  for  the  Values  of  B,  C  and 
D :  In  each  of  which  the  Coefficient  of  the  laft  Term 
(where  A  is  concem'd)  is  to  that  of  the'Term  imme- 
diately preceding  it,  in  the  conftant  Ratio  of  pa  to 

— ,-  or  of  pna  to  Unity, 

COKOLLARY  II. 
286.  If  the  Value  of  c  be  negative,  die  general  Fluent 
(in  At  283O  w'wn  *+«^  =°  (provided  m+i,  «,and 
p  be  pofitive)  will  become  barely  3=  ±  y  X  n^   X 

ttifw)  X—i    becaufe,  in  this  Circumftance,  all 

the  Terms  multiply'd  by  s-fctsf1  intirely  vamlh. 
If,  therefore,  £  be  wrote  for  — f  (to  render  the  Ex- 

preffion  more  commodious)  we  (hall  have  -r"  X  -  .  j 

X  *±3  («)  X  ^  for  the  true  Fluent  of  a—i%'^  X 
f+2  ^ 

a/?"*"**- *£,  generated  while  foj,  from, Nothing,  he- 
comes  =  *;  Where  A  denotes  the  Fluent  of  a — bta'' 
Xz'"- 'e,   generated   in   the  fame  time;   and   where 
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t=zp  +  m  +  l.     Hence  it  follows  that  the  Fluent    of 

<— W^X J*""** X'+fit  +g*"+b*3"  *te 
.  (where  e,  /,  g  are  any  given  Quantities)  will  be 

foremention'd  Circumftance. 

PR  OB.    V. 

287.  7&  F/iim;  C^;  of  «+<:z"1  X  j.*"-**  W»f  £ /- 

— >«+'       „    , 

wn,  te  find  the  Flumt  of  a+cz,'>      X  V       i;  Jap- 
fifing  r  U  (knelt  a  whole  pufittvt  Number. 

Since  a+rz"'  =  «+«T  X  fl+cz*»  ■'  is  evident 
that  «+«■!  Xtf~xi  s  «+«."  X  na/*"*1*  + 
«+«"  X*r*+ •""*«..  Whofe  Fluent  O  P«*.  3. J 


In  like  Manner,  if 


H-»H-jX«  /+*+< 

this  Fluent,  of  a~f-«s  Xz        *,   be  denoted  by 

v"*»       *._, 

B,  that  of  a+ra'1      X  aT     *  by  C,  &V.  it  will  ap- 


;+m+*X*  ^  +  m+2 

gfil^l5«j..>     Whence, 

by  fubftituting  tbefc  Values,  one  by  one,  as  in  the  pre- 
ceding 
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ceding    Problem,    and    putting  J^:=tf  +  «s",  weget 

c_  S?%J"    +   _gg<«gg     + 

f+ai+a.li             f+l»+2.?+»l+I.» 
f+m-j-i.f+m+i  '         t  +_^+  3  •  i 

|      "+3-^F»-+i-^     ,  a,.     Whence  it  i. 

'    ,-tr 

evident,  by  Infpeflion,  that  the  Fluent  of  a+tar 
Xx^^^'e,  expreued   in   a  general   Manner,    will   be 

ggg  J  +  rtCag1—,"  ,,.  Whkht 

by  putting  m+r=/,  p +m+r±=gt  and  making  ^"*'X 
a*"  a  general  Multiplicator,  will  be  reduced  to  J^     ^ 


f+ffl+l  */+«+2  ~>+<n+3 


frj   ara/j  where  it 


appears  (from  the  foregoing  Values  of  5,  C,  and  Z)) 
that  the  Coefficient  of  jiu  always  equal  to  the  laft  Term 
of  the  preceding  Series,  multiply 'd  by  m+tXria  (jn- 
fteadof^,"*1^.)  **.'/. 

COKOLLAKY. 

a88.  If  e  be  negative,   fo  that   jj\   or  its  Equal, 
4  +»",  may  become  equal  to  Nothing,  the  Fluent  will, 
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in  that  GrcumAance,  be  barely  =  ?+JB+I'  *p+m±i 

X  -r    1_   (»■}  Xo'-Y;   provided  the  Values  of  >»+*» 

^Tm  +3 
f ,  and  »  are  pofitiire:  Or,  if  c,  p  and  «  he  pofitive,  and 
m-^r+p  negative,  the  fame  ExprelEon  will  exhibit  the 
true  Value  of  the  whole  Fluent,  generated  while  %,' 
from  Nothing,  becomes  infinite 

PROB.    VI. 

189.  Tbi  fame  bring  given  at  in  the  preceding  Prthlemi ; 
'tit  prtpc-fed   to  find  the  Fluent  sf  a-f-rar         X 

If  —  r  be  wrote  iiifiead  of  r ,  in  the  laft  Article, 
we  ftall  have  m— r=f,  p-{-m— r=zg,  arid  J§"+*  a/* 

»+*      _, 

-j_— 7—  C-'')  X  a     ■/*",  expreffing  the  required  Fluent  id 

this  Cafe. 

„        jn-f-i  m4-l 

Factors,  fignifies  the  fame  thing  as  the  Product  con- 
tinued downwards,  or  the  contrary  way,  to  r  Factors, 
according   to   the  fame  Law:    And  therefore   is  = 


Manner  we  have  St— —  4--i_tS: (  —  r)  = 

gn  g.g—un 

W 
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(r)  and  confeqmndy  the  Fluent  itfelf  =  ^"  'z     X 

+  tit=  x  «±i=l  x  tfcS  w  x  4  «u 

COKOLIAKV. 

290.  It  appears  from  hence  that  the  Coefficient  of  A, 
the  given  Fluent,  will  always  be  equal  to  that  of  the 
laft  Term  of  the  preceding  Series,  multiply'd  by  p+mxn ; 

For,  feeing  the  Coefficient  of  the  &id  laft  Term  (whofe 
Dittance  from  the  firft,  inclufive,i»  denoted  by  r)  mull  be 

7W+g*+3  ••••*+'•— :'  X  —  (by  the  Law  of 

the  Series)  where  /"+r=ra  and  ;+r— i=^+«--l  (as 
appears  from  above)  it  follows,  by  inverting  the  Order 

of  both  Progreffions,   that  f T     ■  jLa-saa-j 6 

m.m—^l.m — 2  (r) 

X  —  will  alio  exprefs  the  fame  Coefficient :  Which,    . 

nd  ^_    __ 

.  ..   ..   .      —T~\t        ■       P+m.p+m-l.P+m-2  (r) 

multiply'd  by  H,<|X»i P"1^,^,,  ,1^  <r> 

*^-,  the  very  CoefEeient  of  A,  above  determined.  The 
Ufe  of  this  Conclufion  will  be  fcen  in  what  follows. 
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PROB.    VII. 

2gi.  The  fame  king,  fli!l,  givtn ;  tt  find  tbt  Flmmt  ef 
,  i  ■     .m 

By  proceeding  as  in  the  Lift  Problem,  the  required 
Fluent  of  a+cz  X^"--™""1  it  derived  from  that  of 
«+«*    X**"         'i  (given  by  Proh.^.)  and  comes  out 


X  — :  Where,  $=a-\-cz"  ,  f=^-o-i,  f=m-I-f, 

a" 
teft-f-m  (■■!  *.  And  where,  the  Coefficient  of  A  is  equal 
to  that  of  the  lad  of  the  preceding  Terms,  multiply'd 
by  —  m-\-p  X  nc.  If  the  Manner  of  deducing  the  re- 
quired Fluent,  in, this,  and  the  laft,  Problem,  ftaould  not 
appear  fufficiently  plain  and  fatisfaftory  to  the  Beginner ; 
the  fame  Conclusions  may  be,  otherwife,  brought  out ; 
by  finding  A,  in  Terms  of  B,  C,  or  D,  from  the  fc- 
vcral  particular  Equations  in  Arj.lij.  or,  by  affiirsing 
a  defending  Series,  inftead  of  an  attending  one.  fid. 
Art.  284. 

prob.  via 

292.  the  fame  being,  {till,  given  ;  to  find  the  Fluent  tf 
— \*rfr       «♦— , 

\m  . 

Let  the  Fluent  of  a+ex'    X  zT^        i    ( givtn    if 
Prob.  4.)  be  denoted  by  B,  and  that  required  by  F: 
Then, 
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Then",  if  p-\-v  be  put  =/,  the  Value  of  F  (the  Fluent 
of  a-\--~"  XsP- '*)  will  be  given  from  that  of  B 
(the  Fluent  of  tf+iss"  X  s/"~'  a)  by  writing  B  fur 
^and^  for/-,  in  Art.  287.     Whence  we  get  f=i^ 

_=±!_  x  J=tU  x  J=+2-  w  X/£:  Wb« 
>+»+■      f+"-K      f>+»+3 

Which  Fluent,  by  (iibtlitutinj  the  Value  of  B  Qi 
Pnb.  4.)  becomes  F=  $     V"  X  ^ f-  -=Si- 

m'  xjs."*"*"  x  i=^ — ^Zl'+t£^-''v-- 
»+i.«c     i+...»c-T7+M7-T«< 

f.;±-^±i-x-=±i-'fr;x.'x'fx'+! 


and  /=/>+'"  4- 1  ;  and  where  the  Sign  of  the  Lift  Term 
is  -+■  or  —  accoidi:ig  as  v   i    an  aa  ur  uJj  N~.nji.-r, 
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292.  If  the  laft  Term  of  the  fiift  Series,  exclufivr 
of  the  general  Multiplicator  .^  sj",  be  denoted  by 
ft  ihe  Muhiplicator,  —^  X ! (r)xas    to> 

•Art.  287.  the  fecond  Series  will  be  =  m+i  Xnag*',  and  there- 
fore the  firft  Term  of  this  Series,  including  its  Mul- 

t.phcators,  is  =  LIT   ,0'  <■     a  :   Which,    if  R 

s+i.ez" 
be  put  to  denote  the  laft  Term  /Si®"+,z^+tn'  of  the 
firft  Seiies  (wi:h  its  Muhiplicator  J  will  be  expounded  by 

=zz=t- Hence  it  follows,   that    the   Fluent  of 

e-^cz"     X  sv"      ~li,  given  above,  will  alfo  be  truly 

«I       /—  2       aK  m+j         aR 


^ 


2        aK  m+j  aR  a 

3XI«  +  TH-x-r-7  x 
~  ~~  ,"^7  x  "i —  V-;  x  -r  W  =*= 

g+Lg±|J±j  fr)  X>>+7.f+2  (11)       j*'A 

M-»+'-j+»+l  fr)  Xr.i+T.i+J  (s,;  ' 

Where  H,I,K,L «,  s,  T,  V,  a,.  repre- 

ient  the  7  erms  immediately  preceding  thofe  where  (hey 
ftand,  under  their  proper  Signs:  A  being  the  laft  Term 
of  the  firft  Series;  aifo/=m+r,  g  =  m  +  r  +  p  +  v, 
f=p+v-,,  i=m±f,  ,=m+p+,,  and  £=„+«-. 
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Corollary  II. 


293.  Since  the  Divifor,  p+m-f- 1 .  ^+w+ a  (r)  X 

f.f-f-M-L-2  (v),  of  the  laft  Term  of  the  Fluent  (by 


fubftituting  for  f  and  p  &c.)  is  =  p+>fi-\-i.p  +  r>i-j-z 
(v)  X  t+v+m+I.p+v+m+*  (r)  :  Where,  the  laft 
Factor  f^f  m-\-v)  of  the  firft  Progreflion,  is  lefs  by 
Unity  than  the  firft  Fa&or  of  the  Second  ;  it  is  evident 
that  the  laid  fecond  Progreflion  is  only  a  Continuation 
of  the  firft  to  r  more  Favors :  And  fo,  the  laft  Term 
of  the  Fluent,  where  -/is  found,  is  truly  exprefi«i  by  ± 
pp+l . g+£fo)  X  f7fi .  m+i  . m+S    (r)     a~*'A 


m+ffi .  m+p+2 ,  m+p-i-s  (v+r) 

«i+r 

Hence  it   folbws,   that  the  Fluent  of  a+tz" 
X  %"***"»,  or  that  of  a—bz     "   '  X  J"  +  *'~  'i 
(making  e=  —  b)  will,  when  a-rbz"  becomes  equal 
to  Nothing,   be   barely  =: 

>n+t>+i->»+P+z.™+p+3  (v+r)  ~f   ■ 

A  being  the  Fluent  of  a — As"  X  s  i,  in  that  Cir- 
cumftance,  v  and  r  whole  pofitive  Numbers,  anil  p 
and  m-J- 1  any  pofitive  Numbers,  either  whole  ot  broken. 


294.  If  the  Fluent  of  a+csP        Xz         i      (given 
by  Prob.  5.)  be  denoted  by  C ;  then  (F)  the  Fluent  of 

o+i?    X**"  *£  (where  m'=m-f-r)  will    be  had, 

from  C  (by  Prob.  4.)  according  to  a  new  Form,   dif- 

Y  2'  fcrcnf 
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ferent  fcvm  thofe  already  given.    And,  by  following 

the    fame    Method,    the  Fluents  of  a-^-cx'*  X 

*       .      *»   a-|-(z"'       Xz  z,  and  *+«i"' 

X  af"~™— '«  may  alfo  be  found,  each,  according  to 
two  different  Forms,  from  a  Combination  of  the  cor- 
refponding  Cafes  in  the  foregoing  Problems. 

But,  as  it  is  extremely  tirefome  to  repeat  the  f-ime 
thing,  again  and  again,  where  fuch  a  Number  of  Sym- 
bols°are  nectiTarily  concerned,  I  fliall  here  put  down 
one  Solution  to  each  Cafe  (becaufe  of  their  Ufe)  leaving 
the  Proccfs  and  the  other  Forms  (which  contain  no  new 
Difficulty)  to  Thofe  who  will  tw  at  the  Trouble  to  fee 
about  them. 

i».  The  Fluent  of  a+re"       Xa/"   """"b  is  = 

7+1.™  /+2      *      /+3      « 

Where  H,  1,  X.  L X,  S,  T,  Uc.  denote  the 

Terms  immediately  preceding  thofe  where  they  ftand, 
under  their  proper  Signs  i  X  being  the  Uft  Tetm  of  the 
rtrft  Series,  «lfo^==H-"">/=,»— T<  S=P +"+«—>■, 
,=/>+i— t,  t=m+p+y—  I,  l=P+*+',  and^= 

the  eiven  Fluent  of  o+ra     Xx        z. 
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a°.  The  Fluent  of  «+«■         X*  £  is  = 

f+J.IW  *^  *  .  "  '  J       ° 

"Where  f==p— V—  I,  ,r=m+r+?,  /=m-f  r,  g  =/> -f.m 
+r,  and  the  reft  as  in  the  preceding  Cafe. 

30.  The  Fluent  of  *+«"         X  a**""™^  is  =3 

e^x^i  f+i  jg  g+j  §/ 
^r^    +/+*    «  +/+3X  - {i 

»!.«— lib— a(r)X^ — IJ>— 2.^— 3  0)        «*"    .* 

In  which  /=»i — r,   £=m-f-^ — r — *»    9^P—V — >> 
j;x;-{-7n,  and  the  reft  as  before. 

aq_S-  From  what  has  teen  delivered  in  this  Section, 
the  Fluents  of  various  Forms  of  Fluxions  may  be  ex- 
hibited,   by  means  of  circular  Arcs  and  Logarithms. 

For,     Cnce    the    Fluents    of   o+ez"     X  Z*       *, 

*+«"'      X *  *~*itt  and «+«b* !      X*—  '*  (which 

I  call  original  Ones)  are  all  of  them  explicable  by  one, 
or  the  others  of  thefe  two  Kinds  of  Quantities  (as  will 

.— '  +  '  l*±<m-i 

appear  farther  onj  theft  of  a+cz"  X  2  «,' 


«+*?    *        Xt'  «,  and  e+c%"  X 

A~m~ 'i  will  alfo  be  given  from  thence,  by  the  fore- 
V  3  going 
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going  Theorems.  Whence  the  moft  ufeful  Forms  of 
Fluents  in  Cstts'a  Harmonia  Mmfurarum  will  be  ob- 
tained. In fides  fome  others,  more  general  than  any,  of 
the  fame  Kind,  put  down  by  that  fugacious  Author. 

Here  follow  a  lew  Examples  of  fome  of  the  moA 
ufeful  Cafes. 

EXAMPLE     I. 


296.  Let  the  Fluxion  given  be  — (or^*+a*j' 

X  a*"i)    w  being  any  while  pijitive  Number. 


Then,   the  Fluent  of  a 


being  =  hyp.  Log.  __C —     "XL-  ;    or,   equal    to    the 

•  Art.  116.  Arch  whofe  Sine  is  -j  and  Radius  Unity  *  i    according 
1+1.  a  * 

as  the  fecond  Term,  in  d%±x%,  is  pofitive  or  negative ; 

let  A  be,  therefore,  taken  to  denote  the   faid  Arch,  or 

compared  with 

*+«■'  X  k  k  (whofe  Fluent  is,  all  along,   fup- 

pofed  to  be  given  ~  A)  and  you  will  have  a—dx,  c= 
±1,  »=2,  m= — 1.  %p — 1=0,  and  therefore f=f  : 
Whence,  by  fubflituting  thofe  Values  in  An.  283.  we 

IV—  1 
likewifeget  q  (f+v—i)  =  —£-,    t  O+?)   =« 

—1,  t  (m-\-p-\-i)  ~i ;  and,  conftquently,  the  Fluent 
fought  =  ?±?lX  ±— —  ^ZI^**"—  ± 


aw  —  i.2f —  3. (/*£**     *        2V — 1.3V 3-2W 5.J*!**'     ' 

2W.2- — 2  2U — 4.  2U.2V — 2.2V — .J.2U — 6 
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ft.)  ±  7X-|x-|  X-j  (•)  Xi":  In  which  the 
Uft  Term   is   negative^   when   the   given   Fluxion   is 
z    a       ,  and  v,  at  the  fame  time,  an  odd  Number ; 
but  in  all  other  Cafes,  affirmatr,  e. 

EXAMPLE     II. 

,97.  IH  %"i  s/F±2  C"  «-  +  *•"  *    '  X  *"")  J< 
propounded. 

Here,  denoting  the  Fluent  of  ^   *«    by  ^  (a) 

'    above)    and    comparing  rC'rtsrl    '       Xi'i,    with 

'       .      Wl"     Xa/"*"'-'i  ^rf-  ^"^  8,J  WC  naVC  r=T*     ' 
InTthe  reft  as  in  the  laft  Example:    Whence  alfo 

*',  and  the  Fluent  itfelf STfi- '  ara* 

_^£S    ^  jF*T(.  +  «)  ±4xf 

2U — 2.S1  21/ — 4.Z1 

s/  -1  r„l  V   '****''*«  fff,  5,  r,  Wr.  being  the  pre-  •  Art.  tja. 

ceding  Terms  with  their  Signs)  =  — — j^-X*        ± 
J..'—'       2^1 .  rlV^5    .   I^rr.SIr3.'<^"'~i 


2w  2f.a«— 2  2W.21/— 2.21^-4 

,    ,     ,j.I  v  Ay-  X  —  M  X  a'"**/f:   Where 
(«+0±  J  x  V  X   6  X   8  ^  '      2f+2 

the  Sien  of  the  laft  Term  mnft  he  regulated  as  in  the 

Y  4  ?"■ 
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pretrd;.ig   Example— If  the  Fluent  of      a~ 


Of  z  ™2  \/4l±zl  (in  which  the  Exponent  is  ne- 
g.-tive)  be  required  j  the  Anfwer  will  be  had  in  finite 
'J  ciras,  independent  til  A,  by  Art,  85. 

EXAMPLE      III. 


x-  'k;  r  and  v  being  any  vjhahfofttlvtNumhn. 

Since  the  Fluent  of   d'~—  z"  Xz*      'k    (as  will 

appear  hereafter)  is  truly  expreffed  by  —  XAreb,  whole 

Sine  is  — -  and  Radius  Unity,  let  this  Value  be  de- 
noted by  A;  and  then,  by  writing  d"  for  a,  — \  for  e, 
—  f  for  m,  and  {  for  p,  in  Art.  392.  we  (hall  have/ 

(H-0  =  J~>  £  C^+'-HO  =r+«.  ?  (p+v-i) 

=  —5-1    *  (*+?)  =0—1,  r  fr+m+i)  =I,  £ 

[a+tz")  =  /—a",  and  the  Fluent,  itfelf,   equal  to 

g-U-*;.       2~,      li-H      „_j    ■ 

^^  +  H^r3X  ^  ';  «■  +  7^7* 
irt     »-,     y-r       ..3.5,7  Mxy  5-7  W 

a.     +   0—1    A      j..     <■">+    2.4..6  8lO.I2(r+») 

•An.  ,,;,  *  X  «,*"*•".*.■  !"  whith  #,  I,  K.  ..  R,  S,  T,  Ut. 

denote  the  preceJing  Terms  with  their  Signs ;  Ji  being 
tile 
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the  laft  Term  of  the  firft  Series.    Hence,  becaufe  all  the 
Teems,  but  the  lift,  vanifh,  when  ^=0,  it  follows  that 

the  whole  Fluent  of  a"— a"        Xz      *       *,  generated 

while  z,  from  Nothing,  becomes  equal  to  dt  is  truly 

rrjk     r-3-S-7  (0  Xi.3-5-7  (v)  +CT 

T.3-S-7  (0  X  1.3.6.7  (p)         j~^»o  . 

b'       2.4-6.».Io.l2(r+pj       X  ~~^->    G  bel°S 
the  Semi- Periphery  of  the  Circle  whofe  Radius  is  Unity. 

EXAMPLE     IV. 
299.   Let  it   he  required  ta  find   the  whole  Fluent  of 

,    .,    ■■  ,  -,  —  -  ,  generated  while  bz* ,  /ram  Nt- 

thing,  becomes— za ;  that  ef  a — bz"'     X  »         *  hem* 
given  [=A.) 

Here,  by  expanding  d-^-iz."      ,   our  given  Fluxion 

becomes  —   <i—bz"~)    X  a**""1*   into    iT^X  1  — ' 

g*^_  ,   Jg+7J>  __  0.e+i.e+2.i'zP 

d  i.zuP  1.2.3^  ft 

Which  Series  being  compared  with  /  +fz"  +  gz*"  He. 
(ffd.Art.rt6.)    we  have  *=i,  /  =  — ^,  ^  = 

■  "il'j'rf1"" '  ^f "  "^  con,c<luently  the  Fluent  fought 
1[by  fubftituung  thefe  Values)  equal  to  -j  into   1  — " 

l.X     «      X    M    +      <       f  +  1    X     I    ■       2       X^| 
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Which,    putting 


preiTed  by —^=  ;  Whereof  the  Fluent  will  be 

given  by  Art.  126.  or  Art.  142.  according  as  the  Sign 
of  jr*  is  pofitive  or  negative. 

301.  If  the  Power  of  the  variable  Quantity  under 
the  Vinculum  has  a  Coefficient,  it  will  be  bed  to  bring 
that  Coefficient  without  the  Vinculum. 


Ex.  2.  Where  let  the  Fluxion  given  be  - 


*  +  «» 
Which,  by  bringing  c  without  the  Vinculum^  becomes 

:   From  whence,   by  putting  *  —  2 
and  proceeding  as  above,    wc  get 


Whofe  Fluent,  by  Art.  lib.  is — j  X  hyp.  Leg.  x  + 

/a * 

,J  -  -)-**.     This,  by  refloring  as,  becomes  — r  X 

hyp.  Leg.  a1*  +     /  -  -J-  z"  -     Which,  corrected)  by 

2 
fuppodng  it  =0  when  z=o)  gives,  at  length,  — 7.  X 
9c 

hyp.'Log.z*+^  J  a-+z»  —hyp.  Log.    J  "-    = 

b-~X  hyp.  Leg.  J  ¥-  +  J  1  +  ?L  for  the  true 

Fluent  of  the  Quantity  propofed. 

But, 
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But,  when  c  is  a  negative  Quantity,  this  Fluent  fails, 
becaufe  the  fquare  Root  of  f  is  to  be  extracted.     In 


JJ'7  +  * 


mufl   be  transformed' to 


:  And  then  its  Fluent  {by 


Art.  142.)  will  be  had  =  |J  '    =±=  X  the  Arch   of  a 
Circle   whofe   Radius  is  Unity,  and   Right  -  Sine  = 

Ex.  %    Let   the   riven   Fluxion    be    — \    1  =a  . 
Which,  by  bringing  c  without  the  Vinculum,  and  put- 
ting x  =  s1*,    is  transformed  to         7  — s  ,1.~t 
i™xJ  ~  +  ** 

1 
Whereof  the  Fluent,  by  Art.  116.  is — yzrX  b,p.  Leg. 

— p= ,  =  —7=-  x  %■  '<«■ 

v'i  +  v'.+o' 

the  Numerator  will  be  negative ;  in  which  Cafe  it  will 
be  proper  to  change  its  Signs,  and  exprefs  che  Fluent  by 

~=  X  hyp.  Ug.  */"+<*'  —yi_.    That,  fuch 
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an  Alteration  of  the  Signs  can  make  no  Difference  in 
the  Fluxion,  is  evident  from  the  Nature  of  Logarithms; 

becaufe  the  Fluxion  of  the  Leg.  of  —  x  (=  ~  =  -  1 

is  the  fame  with  that  of  the  hyp.  Leg.  of  x.  It  will  be 
proper  to  obferve  farther,  that,  inflead  of  the  Logarithm 
above  derived,  any  one  of  the  following,  equal,  Quan- 

i_    .  i  .       r      V'«*-r'as"  — \/ai 

titles  may  be  taken ;  vtx.  hyp.  Lej. ■ 

«.* 
(found  by  multiplying  both  the  Numerator  and  Deno- 
minator of  the  furefaid  Logarithm  by  \/a+cz* — \/a) 

—  2  X  hyp.  Log.  — "■^'-JT —  (by  the  Nature 

of  Logarithms)  riX  hyp.  Log. ■■  

( by  multiplying,  equally,  by  V«+«."  _|_  x/^  ) 
But,  take  which  of  thefc  Forms  you  will,  the  Fluent 
fails  when  a  is  negative;  becaule  the  general  Mulliplicatox 

—~pr  is  then  impoffible.     In  this  Cafe  the  Fluent  of 


,  or  its  Equal 


i  , ,  or  its  r.quai     — --=. 

lm*XxJt+x*  *-\/«+ 

be  given  by  Art.  142.  and  is  expounded  by 


ny/- 


^Vr 


■  ;  where  A  denotes  the   drch  whofe 


Radius  is  Unity,  and  Secant  ■ — ^=  (=     /  f?Q 
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In  the  fame  Manner  the  Fluent  of    ,  is  found 

=  t=  X  Arch)   whofe  Radius  is  Unity  and  Tan- 

ny/ac 


J% 


gent   *J   — ,     or    equal    to 

?-Xj_r~^': — ,  according  as  the  Value  of  e  is  aflir- 

mative  or  negative  ;  a  being  fuppofed  affirmative. 

304.  When  the  Power,  or  Powers,  of  the  variable 
Quantity  without  the  Vinculum,  or  raaieal  Sign,  /all, 
moflly,  in  the  Denominator,  it  may  be  of  XJ/e  to  fub- 
ftitute  for  the  Reciprocal  of  the  fuid  Quantity,  or  for 
the  Quotient  which  arifis  by  /iiuiding  jome  known  £hian- 
tityy  either,  by  it,  or  by  feme  Compound  of  it  in  the  De- 
nominator, 

Ex.  I.  Let    the    propofed  Fluxion  be  ,  =    .  ; 

then,  putting  *  =  — ,  we  have  z  =  — ,  and  i  =  — . 

et*i  a*i  — xi 

— r- ;  and  confequently  ' =  =  — --:■    ■■  -■.  ; 

Whereof  the  Fluent  is  —  vV+**=  ~~J  °-x  +a\ 


fl+iVXvV+az-i-*1 

Here,  putting  x  =  ~T~- 

,  we  have  z  —  * = 

•x.2?-  '*  =  -£• 

Vfl*+ja+a*  =  -\/a'. 

— rtA-fjr' ;  and  therefore  the 

Quantity 
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x*i — axi 

Quantity  propofed  is  transformed  to 7~~  .■= — -  : 

^         '  r    r  a*\/a1 — «*+Jra 

Whofe  Fluent  may  be  found  from  a  Table  of  Loga- 
rithms -,   as  will  appear  farther  on. 

305.  If  the  Fluxion  given  it  cffeSted  by  two  dif~ 
ferent  Surds,  and  the  rational  FaStor,  or  the  Quantity 
without  the  Vinculum,'  be  in  a  tonjhnl  Rath  to  the 
Fluxion  of  the  Quantity  under  the  Vinculum  of  either 
Surd,  or  be  related  to  u  at  in  Art.  83.  the  given  Fluxiut 
■will  be  reduced  to  a  more  fimple  Form,  by  fuljlituting  fir 
thai  Surd. 


Or,  if  x  be  put  =  \/cl — *.*  (inftead  of 
then    3*  =  c*  —  **,    zi=  —  **,    s/b1  +  a1 


■\/eL — zz 
given  by  Art.  297.  or  131. 

Ex.2.  Ltt  the  given  Fluxion  be  *+«."'  Xe+fz"    X 

a**- '*  i  fuppefwg  p  to  denote any  whole  pofitive  Number* '. 

In  this  Cafe,   let  that  of  the  two  Quantities,  a-^-cz' 

and  *+/*"»  ""ok  *"dex  (m  or  r)  '*  tne  ni<>*  com" 
plex  (which  wc  will  fuppofe  the  latter)  be  put=?*i 

then    wc    flull     have    a'  =  -y  i  b,'~" **  =  ~^f\ 
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iT-i  (=«"-  x»—*)  =  ipP  X  ~ : 

«+«"  =  «-J y-^id\--T   (by  putting  J  =  a  — 

■       .f— 1 

-  1     and  confequently  a  -f-  —  J    X  \ 

=  the  Fluxion  propofed :  Where,  p — 1  being  a  whole 

pofitivc  Number,  the  Value  of  #^*i  will  therefore 
be  exprcfled  in  finite  Term*}  whence,  if  m  be  alfo  a 
whole  pofirive  Number,  the  Fluent  itfclf  will  be  had  in 
finite  Terms  :  But,  if  m  and  r  be  the  Halves  of  odd 
Numbers,  then  the  Fluent  will  be  feund  (from Art'. 
298  or  294.)  by  means  of  circular  Arcs  and  Logarithms. 
306.  If  tht  given  Expfeffien  be,affecled  by  two  Surds 
wherein  the  Powers  of  the  variable  Quantity  are  tht 
fame,  and  the  rational  Quantity,  -without  tht  Vinculums, 
bt  related  to  the  Fluxion  of  either  Surd,  as  in  Art.  83. 
it  may  be  of  Vje  to  fubftitute  for  the  Quotient,  or  Ratio, 
of  the  two  Quantities  under  the  radical  Signs  ;  especially, 
if  the  Sum  of  the  faid  radical  Signs,  or  Exponents 
(fuppofing  both  Surds  to  be  reduced  to  the  Denominator) 
is  a  whole  Number. 

Ex.  1.  Let  the  given  Fluxion  be  r"        '    ""*  . 

Then,  writing  *  =  ^~^t  we  have  z>=  -^77- ; 

3»-i  =  32^,  jq^x  ,w>t  /jct 
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and  coniequently — — 


Whore  Fluent  is  _£_  -      '      v    3 /*'+*' 
Ex.  1.  Let  litre  be  given  ,■  r 

•+/*■' 

Here,  putting  *  =     /      ,  you  will  hive  *'  — 
a+n. 


J.    i"          *  ( 

=*'*-* 

x*"-' 

~xf-,i<' 

t  tf-f-ra"  1 

xl+fr 

. — ^ + 

,   r\'      vrt. 

x'+fil  =•+«?=;) 

x*')  = 

■/— « 

i    and     canfcquemly    the 

Fluxion 

»'n7'~'x^?',"^_ 

given  =.• — — , — - 

'x*-'* 

«Xtf/— « 

Where,  if  m-fr  be  a  whole  pofitive  Number,  greater 
trump  (alio  a  whole  pofitive  Number)  the  Fluent  wilt 
be  truly  had  in  finite  Terms ;  becaufe  bath  the  Scridts 

for  the  Values  of  ax — **        and/— cJ  do 

in  that  Cafe  terminate  *.  But,  if  r  and  m+r — p — i 
be  the  Halves  of  wh"le  Numbers,  pofitive  or  negative, 
then  the  Fluent  will  be- given  by  the  laft  Section. 

307.  A  Trinomial  it  reduced  to  a  Binomial  by  taking 

away    its  middle  Term ;  that  is,   by  fubftituting  for  the 

Sum  or  Difference  of  the  Power  of  the  variable  Quantity 

3  "i 
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in  that  Term  and  half  its  Coefficient  \  according  as  the 
Signs  efthe  two  Terms,  where  the  /aid  Quantity  is  found, 
are  tike,  Br  unlike. 

Ex.  i.  Let  the  given  Fltueim  be  — y..  .-.  ...=■ ; 
then,  putting  x=z^-fct  or  z-z=x—. \c,  we  have  i—x, 
and  \/4l+cz+z»  (==  v^a+«— |<r*+**— ex+ y  ) 
=  \Zbx—  J  el+*a  ;   whence  (making  a1— J1 — }<*) 

there  refulu      /        ■  =  =  ■■  ....  -it  :     Whofe 

y/e'+ez+x*         v  a  +* 
Fluent  is  given,  iy  ^r/.  126. 

fr—'i 

Ex.  2.  £rf  the  Fluxion  given  be, =g 

Firfl,  by  bringing  c  without  the  Vinculum*  according 
to  Art.  303.  we  have  s/a+b? +«c""  =  \/e"  X 
,/  7*  T  JL_  +  a     :  And,  by  putting  x  =  zB  -J- 

*  «  *  «— 1       * 

— ,  or  a    —  *  —  — ,  we  alto  get  %       «= — ,    and1 

2(  '  2c'  &  n  ' 

fe  +  JLVar      /I   ~^-_LV:Thereforelhe 

c  4CC  J  V    c  A" 


bx 


Fluxion,  transformed,  is- 


fi 


u 


n^k    JT-JL.+, 

Whofe  Fluent  is  given  by  ,/rj.  126.  when  c  is  a  pofitive 
Quantity :  But,  when  c  is  negative,  the  Fluxion  muft  be 

expreffed     thus,  i^Lmmm  hihimii 

V   — t        4« 
Airiwering  to  Ferm%,  Art.  142. 

Z  a  Ex. 
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Ex.  3.  lJ*~' *+l*~'*+J**-*±t*~i- 

a+iz'  +  «"r 
be  prepofcd. 
Then,   following  the  Steps  of  the  Iaft  Example, 

«+V  +  «""(=<-  X±  +  tL  +  m-J    will 

be  transfotmed  to  c"  X  — f- *■"  I    :      More- 

•  * 

over,  a.   being  =  * — —  =  *—  d  (by  putting  rf  = 

4\  i 

—  I  and  x      *  =  — ,  we  alio  have  a;™-1 «     (  — 

.         »_i  ,        *  \  xx—dx 

>Xi       i  =  x—dX  —  \   =  — - — ;z"—'i 

tsV.  tsV,      From  whence,    by  fubflituting  thefc   fc- 
vcral    Values  1  in    the    given  Fluxion,     and    putting 

bb 
—-  =  «*..   there  comes  out 


fx  +  gXxx  —  dx  +  hXxxx  —  2dxi  +  d*i  +  &e. 

n'x   ee+^x? 
Whofe  Fluent,  when  the  Exponent  m  is  the  Half  of 
any  Integer,  pofitive  or   negative,    will  be  found,  by- 
means    of  circular   Arcs  and   Logarithms,    from  Art 
295. 

y>S\.  When  the  Denominator  is  a  rational  Trinomial, 
or  Multinomial  (that  ij,  when  it  it  without  a  Vinculum) 
the  befl  lVaj  of  proceeding,  for  the  general  Part,  is,  ta 
reftlvt  the  given  FraffUn  into  binomial  Ones.  Jn  er~ 
der  to  this,    let  its  Denominator  be  feigned  =o;    /y 
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means  of  which  Equation,  whofe  Roots  muft  be  found,  you 
will,  by  j'ubjlrafting  tech  Root  /''"it  tbt  indeterminate 
Quantity  (x),  have  the  binomial  Denominators  if  tbt  re- 
quired Prailions  into  which  the  given  One  may  be  nr- 
johtd :  Wboft  corrtiptnding  Numerator s7  let  be  denoted 
Ji,  Bx,,  Cx  Sic.  then,  by  putting  the  Sum  of  the  Frac- 
tions, thus  arijing,  equal  to  the  given  Fraclion,  and  re- 
ducing tbt  whole  Equation  to  the  fame  Denominator,  the 
effumed  Quantities  A,  B,  C  &c.  by  comparing  the  he- 
molegous  Terms,  will  be  determined. 

Ex.  I.  Let  tkt  g'ram  Fraclion  be  '^A-axllh  •  t'ien« 
feigning  xi-\-ax-\-b—o,  the  two  Roots  of  the  Equation 
will  be  —  |  a— \/ia* — 6,  and  —  f«-r-V/J«l — i: 
Which  being  denoted  by  p  and  q,  we  have  x — p  and 
* — q  for  the  two  binomial  Factors  whereby  x*+ax-^~6  , 
may  be  reTolved,  or  by  whofe  Multiplication  (#-— p 
X  x — q)  the  faid  Quantity  is  produced. 

Ax         Bx 
Let  therefore  ^T  +  ^IT  be  now   affumed    (  = 

-  ,  * -j-i)  =  -= — =  i  then,  by  reducing  the 
**+**+*/         x—p  X  x—q  *  6 

whole  Equation  to  one  Denomination  &c.  we  get 
~A+BXxx  —  qA+pB+iXi=o  :    Whence^ 

h   found  =  -— ,   B.  =   —p  J  and»   confequently, 


r=+=^ 


f— qX  x—p   '    q—p  X  X—q        **+**+»' 
Ex.  2.  Let  the  Quantity  propofed  be  ^7X^T7T^j3- 

Here,  if  the  binomial  Faflors  whereby  #*-^»**-j-i* 
-4-<r  is  produced  be  reprefented  by  * — p,  x — q,    and 

Ax  Bx  Ci 

x  —  r,  and  there  be  afTumed  ^~l  T   JTZ   ■* *  —  r 

7-3 
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;  then, 


this  Cafe,  wc  (hall  have  ,^X*^-jX;r— r±BXx— pX 
x—r-\-CXx—pXx — f— i **=o ;  that  is,  by  ReJuflion, 

Whence  //+B+C=i,  ^Xf+r+BX^+r+CxT+f 
=0,  and  Aqr+Bpr+Cpq=o.  Now,  from  the  firft 
of  thcfe  Equations,  multiplj-'d  by  p-\-q*  fubtrad  the 
fecond,  and  you  will  have  AXp— r+BXq — r=£+j  .- 
Alfo,  from  the  firft,  muliiply'd  by  pq,  fubtraQ  the  third ; 

then  A  X  Pq — rq+BXpf^pr=pq  .-  Laftly,  from  the 
former  of  the  two  Equations  thus  anting,  multiply'd  by 
p,  fubtrafl  the  latter,  then  AXpp~-pr—pq+qr-=ppt 
that  is,  AXp — qXp—r=pl  1   and  confequently  A  = 

= — =2  :  Whence,  by  the  very  fame  Argument, 
p—qXp—r 

B  =  — q    —t  and  C  =  *    — .. 

q—pXq—r  r—pXr—q 

309.  After  the  fame  Manner  you  may  proceed  in  other 
Cafes :  But  there  is  an  Artifice,  or  Compendium,  for 
more  readily  determining  the  aflumed  Quantities  A,  Bt  C 
He.  by  which  a  great  deal  of  Trouble  is  avoided :  And 
that  is,  by  confidering  the  Equation  in  fuch  Circum- 
stances of  the  indeterminate  Quantity  x,  when  it  be- 
comes mod  fimple,  orwben  molt  of  its  Terms  vanifh. 

Thus,  in  the  preceding  Example,  becaufe  AXx — q 

x^+sx^x^+cx^px^f--*1  is  =  o 

(in  all  Circum  ft  antes  of  x  whatever)  let  x  he  taken  z=p  j 
then,  ail  the  Terms  vanifhing,  except  the  firft  and  latr. 


D,gi1zedbyG0t>gIe 


of  Fluxions.  343 

hive  Axf^qXp^i^—p^O;  and  conrequentfy  A  = 

-     ■      —  ;  tbt  very  /aim  at  befari. 
p—qXp-r 

Mart  univerfiHy,    let  the   given  Fraction   be 


'  +  a**-1  +  ***~*  +  «*" 


—  - — (where  m  and  »  may 

reprefent  any  whole  pofitive  Numbers  whatever,  pro- 
vided the  latter  be  greater  than  the  former.)     Then, 

Ax  B*  Cx  Di 

affuming—  +  —    +  — r  +   ^=J   *■    = 

*"*  He.  we  flull  have  AX 


x"  +  a*—*  +  b*"~*   He. 
^XmX^=T  He.  +  BX^=?X^X^  »<r. 

+  CX«^X^=JX*=^  He.  &fr-  — **=o:From 
whence,   by  expounding  x  by  p,  ?,  r  Wr.  fucceffively, 

we    obtain  j/  =     :    :     ■  ■  _    .—— >    B  = 


-,  C  =  . 


y — ^  .  f — r .  j — i  Wc  *" — f  •  •— f .  f — *  &fr. 

iVc.  Whence  the  Fractions  themfelves,  whereof  thefe 
Quantities  are  the  Coefficient ,  or  Numerators,  will  like- 
wife  be  given. 

But  the  Numerators  thus  found  map,  ft  metimes,  be 
more  commodioufly  exprefled  by  Help  of  the  given 
Coefficients  a,  b,  e,  d  He.  fo  as  to  involve  only  one  of 
the  Roots  p,  qt  r  He.    in  each  Fraction.     For,  fince 

* — -^X* — qXx — r  He.  isfuppofed,  univtrfattyt  =#" 

+  a*"-1  +  bx"~*  +  cx"~ '  faff,  if  both  Sides  of  the 
Z  4  Equation 


liOifcdhyC 
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Equation  be  divided  by  x—p,  we  (ball  have  * — f  X 

Which  laft  Expreffion,  when  x  h=  p,  that  is,  when 
both  the  Numerator  and  the  Denominator  become  equal 
to  Nothing,  will,  manifeftly,  be  equal  to  (p~q  X p — r 

Xp  —  s  &e.)  the  Divifor  of  A.  Therefore,  if  the 
Fluxion  of  the  Numerator  be  taken  and  divided  by  that 
of  the  Denominator,  and  p  be  wrote  inftead  of  x  {mid. 

Page  155-}   we  fliall  have   np"~   -j-n — ixa^*- *  + 

^2xip"-1  fcrV.  =  f^xf^rXp^s  &c.  and  there- 


fore A  ( 


p—q-P—r.p — J  iSe.J 


very 

fame 

-i.ap— *+»— 2 
Reafoning  B  — 

ty— 1 

lit. 

r" 

1  fcfc 

By  the 


&c. 

«r""~ * +k — 1 .  ar'^ -f- * — 2 .  ir"- 3  £jV. 

jftw*  it  appears,  that,  if  the  Numerator  of  the  given 
Fraclion  he  divided  by  the  Fluxion  ef  the  Denominator 
(luglteJing  £)  and  the  fcveral  Roots  p,  q,  r  &c.  (found 
by  feigning  the  Denominator  =  0)  be,  fuceefftvely,  fnbfti- 
tuted  in  the  Quotient,  inftead  »f  x\  I  fay,  it  it  evident, 
that  the  Quantities  fe  rtfuiting,  divided  by  x—p,  x — f, 
* — r  &e.  tuil  be  the  required,  binomial,  FraJfimi  into 
which  the  prspafed  multinomial  One  may  be  refi-'ved. 

310.  If  fome  of  the  Roots  p,  q,  r  &e.  are  impof- 
fibfe,  which  is  often  the  Cafe,  the  Fractions  thus 
found,  where  the'  impollible  Roots  are  concerned,  mull 
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be  united  in  Pairs,  and  To  reduced  to  trinomial  Ones,  hi 

order  to  take  away  the  imaginary  Terms, 


Thus,  let  the  Fraction  pvopofed  be  '  ijCSSSS  » 

and  let  two  of  the  Roots,  p  and  q,   of  the  Equation 

x'-t-exl  +  bx+c=zo  be  impofliblc:  Then,  - — -  + 

Bi  Ci  XX 

— +  —  bei"E  =  ^^^wefrall.byu- 

nitine  the  imaitiwrf  Terms,  nave = -1 ■ 

+  ^  "H"o.  =  ^+^q^pJ  wheretbe  impof- 

iible  Quantities  deftroy  one  another.  But,  to  render 
this  more  obvious,  let  a  be  taken  =  o,  £-_:o,  and  c= 

—  i ,  fo  that  the  given  Fraftion  may  become  — , ■■  j 

then  the  three  Roots  (p,  q,  r)  of  the  Equation,  #'— r 

sscwinherebe-j  +  y^,—  \  —  Jz2% 

and  i  ;  whereof  the  two  former  are  impoffible.  More- 
over, by  dividing  the  Numerator  (*■)  by  the  Fluxion  of 
the  Denominator  (3*1}  (according  to  the  Prefcript)  we 


'  S,  and  C,  refpeaively.   Whence  4+%**-  ft-Bp 
*l— t+lXx+pq 
C  x    "\  -f»  +  f  ; 

+  ,—  (=  ?=?;  »  =  sttt;+  ±i  = 

wifg 
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wife,  inveftigated,  in  a  more  general  Manner:    byaf< 

fuming  "t;  ■  v*-  t    ,  =  %  •     i  and  proceeding  as 

in  the  firfl:  and  fecond  Examples ;  whence  the  very  lame 
Conclulion  will  be  derived. 

If  the  Fraction  propofed    be  of  this   Form,     viz. 
w—  i  - 

,  the  Method   of  Refo- 


Intion  villffiHl,  be  the  fame :  Since,  by  putting  *=»'> 
the  given  Expreaion  is  reduced  to 

It  may  alfo  be  proper  to  obferve,  that*  in  very 
complicated  Cafes,  the  Application  of  two,  or  more, 
of  the  fix  foregoing  Rules,  may  become  neceflary. 
Thus,  for  Example,   if  the  Fluxion  given   be 


i  by  refolving  ■ 


+/■"+/*" 


into  two  Binomial  Fra&ons,  -— ■—  -f- {aecerdi*% 

to  Art.  308)  we  (hall  have L___L___— ■ 


*+«•■    X  ,+/*"  +  g* 
-         ^'* +      -^T^-,  ■■Where, 

if  m  be  a  whole  pofitive  Number,  greater  than  p,  the 
Fluent  will  be  had  in  finite  Terms  (by  Art.  306.  Ex.  2.) 


S  EC 
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SECTION    V. 

The  hroeftigation  of  Fluents  of  rational 
FraStions,  offiveral  Dimtnjions,  according 
to  the  Forms  in  Cotes's  Harmonia 
Mensurarum. 

31  i.  AS  the  Subject  here  propofed  a  a  Matter  of 
jf\.  confidcrablc  Difficulty,  and  has  exercis'd  the 
Attention  of  Tome  of  the  mod  celebrated  Mathemati- 
cians (who,  yet,  feem  to  have  condefcended  very  little 
to  tbe  Information  of  their  left  experiene'd  Readers)  I 
(hall  endeavour  to  fet  it  in  tbe  cleareft  Light  poffiible : 
In  order  to  which,  it  will  be  requisite  to  prcrnifc  the 
following  Lemmas. 

Lemma    I. 

If  tbe  Sine  of  tbe  Mean  of  thru  taut -different  Arcs, 
fuppoftng  Radius  Unity,  be  multiply' d  by  the  Dcublt  of 
tbi  Ce-Jine  of  tbe  common  Difference,  and  from  tbe  Pro- 
duil,  tbt  Sine  if  tbe  leffer  Extreme  be  fibtraclcd,  tbe 
Remainder  uiil  be  tbe  Sine  ef  the  greater  Extreme. 

Lemma     IL 

?I2.  If  G  be  taken  to  denote  tbe  greater,  and  L  the 
Uffer,  of  two  unequal  Ares,  and  their  D'lffertnct  be  ex- 
prtffedhjD;  then  will. 

Sin.  G.  X  Co-f  D  —  Sin.  L.  X  Rad.       „    ,  „ 

'• -mrs =*** 

a-r.  l  x  R*J.  —  ct-r,  a  x  a>-[.  t> 
2.  — r — ^ « —  =s;».  g 

Sm.  D 
Sh.  G.  X  RaJ.—  Sin.  L  X  Cff.  D 

The 


• 
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The  former  of  thefe  two  Lemmas  may  be  met  wild 
in  mod  Authors  upon  Trigonometry  ;  and  the  latter  a 
nothing  more  than  a  Corollary  to  the  common  Theorem 
for  finding  the  Sine  and  Co-fine  of  the  Sum  and  Dif- 
ference of  two  given  Arcs  ;  for  which  Rcafons  I  uSafl 
■ot  flop  bete  to  give  their  Demonftration. 

Corollary. 

313.  If  any  Arch  of  the  Circle,    whole  Radius  is 
Unity,  be  denoted  by  J?,  its  Sine  by.  s ,   and  its  Co-fine 
by  a\  and  there  be  taken  A=ia,  Bz^iaA — r,  C  = 
%aB~~A,  D=zzaC—B,   E=i2aD — C,    F=zzaE—J>> 
tiff,  it  follows  (from  Lemma  I.)  that, 
Sin.  2Q  (Sim.  QXlaSin.  o)  =2sa — o=*J 
Si».  Z$L(Sin.  2^.Xaa— Sin.  Q)  =2sJa—*=sS 
£in.  4<l($in.  3^2*— Sin.  1%J  =2fBa—tA=*C 
*M.'5j£  (Sin.  4%Y.za—Sin.  3^)  sz*sCa~iB=sP 
Sin.  6^  ($in,$$)<2a— Sin.  f$J  =2r/)«t— jC=i£ 

Lemma  III. 

31+.  71  rtfih*  the  Trinomial/*  —  ikr**' + xv \whert 
n  is  any  whole  Number,  mo  fimpit  trinomial  FaSeTi. 

Since  the  firft  Term  of  the  given  Quantity  r  — 

iir  x  +  *  is  diviuble,  only,  by  the  Powers  of  r% 
and  the  laft,  only,  by  thofe  of  x ;  and  it  appears  that 
r  and  *  are  concerned,  cxaflly,  alike  }  let  therefoie 
r1 — larx+x*  (where  r  and  x  are,  alfe,  alike  concerned) 
be  aiTurned  for  one  of  the  required  trinomial  Faflors, 

whereby  r  — lir'x'-^x  may  be  refolved :  And  let 
r*— zarx+x*  X  r»+  Ar^x  +  flrV-f-Cr  >**+/*■***+ 
CrW+BrW+ArxT+x*  (where  r  and  x  are,  M,  ^i- 
fefled  alike)  be  affumed  =  r*°— 2tor*+*'»  (the  Va- 
lue of  n,  to  render  the  Operation  more  pcrfpicuouH 
being  fidt  cxpreffed  by  5.) 

Then, 
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Then,  by  Multiplication  and  Tranfpofition,  wc  (hall 
have 


• 

i 

+ 

f 

•i 

+ 

r 

% 

s 

&) 

" 

it 

+ 

r 

¥ 

.8 

1 

9 

+ 

+ 

f 

1 

5 

t 

It 


*    1 


Whence 
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Whence,  v/=w,  B=7.Aa—  |,  C=2*B— ^,  D~naC 
—5,  and  2C—  2aD+i=o.  But,  if  J^  be  taken  to 
denote  the  Arch  ( EF)  of  a  Circle  EHK,  whofe  Radius 
EO  is  Unity,  and  Co-line  (Of)  Saj  and  1  be  put  for 
(Ff)  the  Sine  of  the  fame  Arch ;  then  (by  CarwL  U 
Urn.  I.J  iJ  =  8i».  24J,  jS=S«.3^,,   sC=Six.  4^ 

E3V.  and  confeqi 


over,  becaufe,  iC—iaD+it—o,  or  />Xb — CX  »=i, 
where    (as  appears  from   above)    DXa  —  CX  I  = 

&„.^xc.-/ig,-^.^,X^.  =  ^  ^  ffr 

Ca/S  I.  i/ffi.  2.)   we  therefore  have  Ce-f.$Q(nQ) 
sat.     Whence  this  Conftruclion. 

Take  2?  to  denote 
the  Arch  (EM)  whole 
Co-fine  (ON)  is  the. 
&i  ven  Co-  efficient*,  and 
let  £  (EF)  be  taken 
to  EM  as  1  to  n  ;  then 
die  Co-fine  (Of)  of 
thislaft  Arch  will  be  the 
true  Value  of  a.  But 
this  is  only  one  of  the 
Values  that  a  will  admit 
of:  For  it  is  well  known, 
that  the  Co-fine  of  any  Arch,  is  alfo  the  Co-fine  of  the 
fame  Arch  increafed  by  any  Number  01  Times  the  whole 
Periphery  (P)-  Therefore,  feeing  the  Co-fine  of  n^ 
(=  Co-fine  of  R)  is  likewife  =  Co-fine  P+R=Ca.f. 
Tp  +  R  =Cof.  Jff&fcV.  it  follows  that  $  (whole 
Co-fine  is  a)  will  be  exprefled  by  any  one  of  the  Arcs, 
R  P+R  2P+R  3P+R 
~,    ~ ,  -7—,  31~  &c  (or  by  EG,  EH,  EI, 
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tic.  fuppofing  the  whole  Periphery  to  bo  divided  into  n 
equal  Pam,  from  the  Point  F).  Hence,  if  the  Co- 
fines  of  thefe  fcveral  Arcs,  tfxpreffing  all  the  different 
Values  of  at  be  reprefented  by  b,  e  and  d,  tic.  refpec- 
lively,  we  fliall  have  r* — 2brx-\-x*t  r1 — icrx-^-x*,  r*— ■ 
2drx^~jc*t  tic,  for  the  fcveral  required  Factors,  by  which 

r  . — 2irnx*-\-x     maybe  refolded:   and  confequently 


r* — ibrx-\-x*  X  r^ — 2crx+x*  Xr' — idrx+x*  (*)  = 

rM— ikr'x"  +  **".  J&f.  I. 

N»te%  If  the  Sign  of  the  middle  Term  ikr  x  be  po- 
sitive, the  Diftancc  (or  Co-fine)  ON  rnuft  be  taken  on 
the  contrary  Side  of  the  Center  :  But  when  k  is  greater 
than  Unity,  this  Method  of  Solution  fails ;  iince  no  Co- 
fine  can  be  greater  than  the  Radius. 

Corollary     I. 

315.  If  k  =  1,  t,he  Arch  R  (whofe  Co-fine  is  k)  be- 
ing —  c,  the  Values  of  i,  c,  d,  tic.  will  be  expielled 

*      P    %P    3P 
by  the  Co-fines  of  the  Arcs —,  — ,  —  >  ~   w.    re- 
flectively :  And  our  general  Equation  will  here  become 


r* —  2>*  x"  +  ***  =  r* — ibrx+xl  Xr' — 2crx  +  x* 
r*— 2drx+x*  (n).  From  whence,  by  extracting  the 
Square-Root,  on  both  Sides,  we  alfo  have  r"  «  *    = 


rl—jJ>rx+x*\  Xr1—2crx+x*\     (n). 
COROLLARY    II. 

316.   But,    If  jf  =  —  1    (  or  the  middle  Term  be 
P 
•f  21"**)  then  the  Arch  R  bcing=-j,   the  Values  of 

*,  c,  d,  tic,  will,  hire,  be  defined  by  the  Co-fines  of 
the 
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*• Ma  K»  m  »  iT'    tff*   »*  °"  Eqndoo,     by 
taking  the  Root,  is  above,  will  become  r*  -f.  *"  = 


SCHOtlUM. 

317.  From  tBe  two  preceding  Corollaries,  tbe  De- 
monttration  of thjt  remarkable  Property  of  the  Circle 
given,  and  apply'd  to  finding  a  vaft  Number  of  Fluents, 
in  Cola's  Harmania  Menfurarum,  is  very  eafily,  and 
naturally,  deduced. 

For,  let  the 
Periphery  of  tbe 

II        Circle  ABB  »<■. 

B         whole  Radius  is 

expreffed  by  r, 

III     be  divided  into 

C     as  many  equal 

||       Paits  AB,  B&, 

B  BB,  &c.  as 
there  are  Units 
in  the  given  In- 
teger «i  fotbat 

AB,  AB,  AB, 

bV.  may  refpeftively  exhibit  the  Values  of  the  forekid 

P    %P    3P 
Arcs  — ,  — ,   —  tiff.  (vid.  Card.  1.)     Moreover,  let 

OQ_be  the  Co-fine  of  the  firft  of  them ;  and,  in  the 
Radius  OA  (produced  if  necefiary)  let  there  be  taken 
OP=s*i  and  let  OB,  QB,  PB,  He.  bft.  be  drawn: 

Then,  the  Co-fine  of  the  Angle  AOB  (—  — )     to 

3  ihe 
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the   Radius  f,  being  exprefl'ed  by  c   (vid.  Ctrd.  1.)    it 
will  be  1  :  c ::  r  (OB)  :  OQ_=  er :  Whence  PB1  (=s 
OB*-J-OP' — 2OQXOP)    sar*+**— 2rnr=r*— 2cr* 
+*V 

By  the  very  fame  Argument  PB*  is'=>»— 2<fr*-(-*% 

Ctfr.  ek*.  Therefore,  becaufc  f"  w/  =rl — 2*»vr+**v 

_  1  .        t 

Xr*- w*+**l  X?*— 2r*+jrN     («),    *r   Cwdt  I, 
it  follows  that  their  Equals,  AO"  co  OP-  and  PAxPBx 

PB  X  PB  £jV.  mull  be  equal  Iikewife;  Which  it  the 
firft  Part  tf  the  Tbetrem  above  hinted  at. 

After  the  lame  Manner,  if  the  Arcs  AC,  AG,  AC* 

2«*  in  *    2B 
it  will  appear  (from  CtroL  a.)  that  AO"  +  PO"    is 

==PCXPCXPC  (»)  OT«*  «  **»  latter  Part  t/thi  fame 
Theorem,  '. 

Hence   (by  the  Bye)  all  the  Roots  of  the  Equa- 
tion *"  =  f*    »«  ™7  readily    found  :     For,  finca 

AO"  «  PO"  =  PA  X  PB  X  PB  (ft.  where  the  fecond 
Factor  and  the  laft,  the  third  and  the  laft  but  one,  &c. 

are  rafpe&ively.  equal  to  each  other,  it  is  evident  that 

AO*«sPO"fr'  en*")  »  alfossPAxPB'xTB'xPtf*  = 


r^i  X  r1— «r*  +  *1  X   f  —  a**  +  **    VK- 

Whence,  *"«  r"  being  =  o,  it  follows  that  rw*x 

"r» 2<n£j-x*  Wf.  ts=o  :  From  which,  by.  extracting 

the  Roots  out  of  the  Equations  r  vt  x  =:  o,  r* — itrx 
+  **==0,   r»—  ldrx  +  x*  =  Q  tff.  we  get  r,  r  X 

(  +  i/cT^7,  rXf— %/«*— ».  rX«*  +  V  — *» 
A  a  «"*' 


D,#«ib,< 


j$+        Oftlx  Fbmts  «/HrtMM/F«awiw, 

fcaV.  for  the  fcveral  Roots  of  the  Equation  **  =  r  i 
whereof  the  ft*,  only,  isooffiMe. 

By  the  feme  Way  of  proceeding  all  the  Roots  of  cbe 

lata*",  »'4V=o,wBili»  >•«■•*.:  F«,6«*«B 

,■  +r"  is  =»  «*— i*r«+»'l  X  r"— <ura+S    We. 

f  a=PCXPCXPC  c*r.)  where  the  firfi  Fafler  end  the 
hit,  the  fecond  and  the  laft  but  one,  lie.  are  relper;- 

tively  equal  to  each  other,  it  is  plain  that  x  +  r  » 
litewifc  =  r-  — UV«+«'Xf— «r»  +  »'  «<••  a»d 

cohftootatly  .  >=  r  X  *  rh  \/F=iU'V'.  Wtae 
the  Roots  are  all  impotable  i  emept  the  la*,  when  their 
Number  (a)  is  odd. 

LeHma  IV. 
31!.  Sty? t/ing  mtj  t*»*  «  "*»'» ttinlii  fn- 
«AW  Leeima,   ««i  li»(   A  *',  e",  J  &C.  «W<  tie 
JS    P+R    »P±R 

G>->«  are  J,  '*,  r,  d,  &c.)  I*v»,  I*  /••,  >*»  AwSriB 
r  — «Jr  *  +  * 

Jvw+i?"    >■■— ***+*" 

For,  f.nce  ,..-Iiri«'+«"  (.-"-^V +Q  is 

-r'—xrx+S  X  ,M-A-.,-H)rV-r.CrVi+IVJf 

+'<>■*'+«'■*»*+'''*'+*'    <*  $•  f">[*<*  LcrnmaJ 

jfc.«4t  _*" -■* 

arid  it  is  alio  proved  that  -J  *  — pifc" 


1 


C- 
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C  =   £*LS&  yr,    it  is  evident,   therefore,    that 

r"t"^-"Hf°  (=.'+^'«+BrV  Sr.)  is  =*••+ 
r — Mr*-r-«  B 

«'»•  i?.    .     .    ,     ■  ixgEaEE+Ef 

— —-^rr*  £flV.  and  Gonfejjoeotly  — r—virx+x* 

=  s;..^x  r> +s;«.i?^r'»+aii.  3^xfV+SiW. 

^XrV  +  Sln.s^Xr^C+Sin.i^.fx'ac.  la 
Which  Equation*  for  a  and  I,  lt«  their  feveral  rcfpcc- 
tive  Values  *,  (,  it  t*r.  and  *,  e,  J,  13c.  be,  fuccef- 
fively,  fubftitutedi  and  let  the  correTpohding  Arcs  — , 

P+R,  ^±£  a,,  be  reprcfented  by  $,  4  4  <*<• 

then  we  {ball  have 

jg5^|lfEE5  =S(„.  ^x,  •  +  S/».  j^x^'*  Be, 


;xr--i*'»'+'"  _  »„,^;Xrs+s;„.  ^Xr,»  £,„ 

r*— 2*rJf+Jt* 

(SY.  SV. 

Which  Equations,    added  all  together,   give 


r'»— 2<V'*'+»"      r'— *(«+*«  +  r'— atr»+«i'' 

_J (ft. 

Aa  2  C 
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H 

Ci      Gg      o     t«     Jo 

?'     5'     ?'    ?"    ?' 

/Si  fcl  ,%»  f&-  (® 

X 

+ 


£«  i-S!  &  &  /a 


-4?  /si  ^(4^ 

X 

■  I        • 

? 

But  the  Sines  of  the  firft  Column,  being  thofe  of 
-  an  arithmetical  Progreffion  (whole  common  Difference  is 

—  1  by  which  the  whole  Periphery  is  divided  into  n 

(5)  equal  Parts,  their  Sum  will  therefore,  it  is  well 
known,  be  equal  to  Nothing ;  or  all  the  negative  ones 
equal  to  all  the  pofitive  ones. 

rV  -     •  Tin 
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The  fame  is  alCo  true  with  regard  to  the  Sines  of  the 

r  *ni  ur  a  2R  »**»*' 4*M* 
iecoitd  Column ;  whole  Arcs— ,    — - ,    — - — 

iP 
i&c.  (having  — ■  for  their  common  Difference)  divide 

the  Periphery,  (twice  taken)  into  the  feme  Number  (») 
of  equal  Parts.  But  the  Sines  of  the  middle  Column 
(which  is  the  laft  above  exhibited)  will  not  vanifh,  as 

all  the  reft  do:  For,  *£  being  =£,  n$=P+R,  *J£ 
zzziP+Rt  f$c.  the  common  Difference  will  here  be 
"equal  to  (P)  the  whole  Periphery  j  and  therefore,  every 
■Arch  terminating  in  the  feme  Point  with  the  firft,  the 
Circle  will,  in  this  Cafe,  remain  undivided,  and  the 

Sine  of  each  be  equal  to  {i)  the  Sine  of  the  firfh 


Hence,  our  Equation  is  reduced  to  r"» — 2ir'*'+*'°X 

■■>■■•'   . . 

&c,  =  sir*x*i  wbkh 


r1— ibrxj-x*       r1 — 2crx+; 

divided  by  r'^—jjtr'x'+x'^  and  mulriply'd  by  w,  gives 


+ 


drx 


' — xcrx+x*      r% — 2drx+x% 


r1— ibrx-^x*       r*— 2w*-f- 

r'°—  2ir>x'+x'°  ~r*"— lifx'+x"         - 
Tit  fame  etbtfmji. 


3 '9-  Since  r"— atrV+V  u  =  r1— air*+*»  X 
r' — urx+x1  X  rl— a^vr-f-**  (»)   ^  £«wiw  3.   it  is 

.  evident  that,   Log.  r" — 2*r'*"4-**"  —  Log.. 


r1— 2^r*+*l-f-Log.r* — 2fr*-f-*l+Log.r*— nfrjr+«» 
(n).  And,  as  this  Equation  holds  univerfaUy,  let  i  and 
x  be  what  they  will  (which  two  Quantities  may  be  fim- 
.  pofed  to  flow  independently  of  each  other)  let  the 
A  a  3  Fluxion 

4i  zed  by  Google 
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fluxion  of  the  -utbih  Equation  be  taken,  making  *  va- 


riable ( and  *  caaftim) ;  whieh  given  _ 


—2***' 


"'  ■  ? — a*r*+w*        r*~ 2*r*-|rj(*        r*— HSw^? 
•  Art.  ijs.(»)*.   But,*,  ^f,^,  Wf.  arctbeCofinesoftbcArcsJe, 

~i  — J — ■>  *~~^ —   Wf-  (whereof  the  correfponding 

Sines  are  'it,  r,  f ,  fcfe. )  therefore,  the  Fltnpon  of  the 
fii'ft-  of  thefc  Arcs  being  denoted  by  J?,  the  Fluxion  of 
each  of  the  feft  will  be  exprefled  by  _  ;  And  fo  (the 

Fluxion  of  the  Co-fine  of  an  Arch  being  equal  to  the 
Fluxion  of  the  Arch  jtfelf  drawn  into  its  Sine,  apply'd  to 

a 
3xt\  Oft.    Which  Values  being  fubftituted  in  the 

foregoing  Equation,  and  the  whole  divided  by  — *^ 
we    faaro     -*jj^ -  ^  a. 

-    . .  |w     __     ,  Jrx  .  . 

LemMa    V. 

VO.  7i  Memlnt  ibt  AW,  erijhg  frm  At D'fmjm 
ffUnitrh*  TrbtiMiel,  **—  2*rx+r*%  and  tt  exhibit 
tit  Remainder  afttr  any  givtn  Number  (v)  ef  Term  im 
»4*  fytient.  r 

Let  *~*+yfr*'r*+B,**'^+C*'*"J+2W-*  m 
prefent  the  required  Quotient  continued  to  5  Terms 

(* 
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fa    to  render  the  Proccfs  the  more  obvious,  being  firft 
expounded  by  that  Number)  and  let  Br*x—  <+FrV- « 

be  the  Remainder.    Then,  became  >,_,cr,^;  ia= 
■  +  Jrr>  +  Bfx-*  +  Cr>*->  +  ZW-«  + 


gr'x—+Fr'*-* 


we  {hall,  by  reducing' the  whole 


Squatien  to  one  Denomination,  have 


Whence  /=?M,  S=T*A—  I,  C=.laB—jl,  D=zeC 
—B,  E=uD—C,  and  i*=  —A 

At  4  There. 

nt.«ih, 
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Therefore,  if  ^  be  now  put  for  the  Arch  wbofc 
Radius  is- 1  and  Co-fine  a,  and  there  be  taken  S  =  Siw. 

&  S=S!n.  2.?,  S=Sm.  3Jg,  if,.  m  (hall,  alio,  have 

:•"->  =  *•  B=T-  C=T-  D=T>  £  =  T 

=  —J—,P{-t>)  = fi-  (J,  c«r«(.  » 

£«n.  1.)    And  confequentlr  -5 : — -  — 

1         '  x*  — .  %arx  +  r* 

S*~'+!ir,-*+Sr'ir*+Sr:-S+'5r>,-t       , 

J " + 

fit.  6gyr'y~'— Sh,S$Xr*k— ' 


SX*'—  lora-fr' 

Jift,     -r - 1 — r 

J    J      x*  ■ —  zarx  +  rl 


Whence,    univtr- 


Sx"+S 

,-<+Jv 

,-*+;■ 

.,-> 

Kr 

(Uw 

7«-»m} 

"^Xr"«- 

"—Sin. 

rJ?X 

«+i 

,— 

S,„. 

„+. 

.  Whi 

SX.X1— 2arx~\-; 
laft  Equation  (tho'  obvious  enough  from  die  precediiw 
one)  may  be  investigated  'm  a  general  Manner  (if  re- 
quired) by  aiTuming  *""*■+- Arx~%  If  Br%x~*+  Cr'x~i 

+ drv~*x~~v-]*trv~'x~'*rmt  -J- 

f,"x-"+gr*<x-~«  _   :        ,,, 

,--2»r*+,"  a^rS^P'  ",d  Pro«^- 

ing  as  above :  By  which  Means  you  will  find  J=ia 
P=l*A-i,  lie.  f=lti^i~  V'-v+'X 

<=-')= J— 
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Lemma  be  made  out,  if  any  Objection,  or  Difficulty, 
fhould  arife  about  its  being  general. 

Corollary. 

321.  If,  in  the  given  Trinomial  **— i«r*-f-r*,  we 
fuppofe  rl,  inftead  of  **,  to  be  the  leading  Term 
whereby  the  Quotient  is  produced ;  then,  fince  r  and 
*■  are  aJfcdcd  exa&ly  alike ;  we  wall,  by  writing  r  for 


,  and  *  for  r,  have  - 


— 2**r+ar*.- 

2-M  A 


(-1  X  Jg,X*   r~*  —  ofa.  ^,X" 
SXr1— 2axr-f*» 


3a  a.  ft  ></  /&  Wdstf  «/  fT^2<ry+^>  Ugd&trwitb 

Let  ABM  tf*.  be  a  Circle  whole  Radius  OA  (or 

OM)  is  r,  and  let  the  Angle  AOB  be  fuch,  that  its 
r  Co-fine,  to  the  Radius  i, 

may  be  equal  to  a;  or 

To,  that  OQ.  (fuppofinj 

BQperpendicular  to  OA, 

may  be  =dr ,-  Moreover 

let  s  denote  the  Sine  of 
'the  laid  Angle  AOB,  cor- 


Q.P 


refponding  to  the  Co-fine  ay  and  let  OP  (confidered 
as  variable  by  the  Motion  of  P  along  OA)  exprds  the 
Value  of  x.-  Then,  PB1  (OB^+OP1— aOQXOP) 
— rr—  iotx+xx  :  And  the  Fluxion  of  the  Measure  of 
'  the  Angle  QBP  (Radius  being  Unity)  will  be  reppe- 
fcnted 
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ftntcd  by  -^  £px~ (wd.  At.  142.)     or  by 

i — }   and  conieguently  that  of  OBPw    by 

rr — 2«r*+**  *        *  ■      * 

:  Whence  it  is  evident  that  the  Fluent  of 


rr — 2arx+xx ' 

"l-2<tr*-i-**  (contemporaneous  with  *)fe  truly  ex- 

preffed  by  ~  X  0BP. 

Again,  fince  ^Z^Fp;  "T  *•  tnAfonned  to 

— arx+x!t  *fi  _. 

-—   ' where  the  Fluent  of 


rr — zarx+xx  ■  rr — iorx-r-xx ! 

_                 ,            _         rr — 2*rjr-f-x.r 
•  Ait,  i*s.  the  former  Part  is  ss  t  nyp.  Log. — — _*  — 

PB%        ,      r      PB 

lbyp.Ltg.Qp  zzhyp.Leg.  ggj  and  that  of  toe  latter 

Part  =  —  X  OBP  i    it  appears  that  die  Fluent  of 

XX  PB 

'rr-zurx+xx* ***  «P«lded by  ttf. Ug. 35,  + 

fxOSP.  $*./. 

CoROLIASY 

313.  Since,  PBiPO::  Sm.  BOP  (t)  :  Sin.OBPmz 
i  it  follows,  if  the  hyperbolical  Lo- 


VVr- — Mrjr+** 


garitbm  of  v/r*" wr*+**,  be  reprefented  by  Jf,  and 


the  Areh>  whole  Sine  if 


V'rr—  urx-^-x* 

Unity, 


fy  rtjblviag  tbtm  into  monjmfk  ones.        363 

Unity  by  2V,  that  the  Fluents  of 1 —    and 

'     *      *  rr—  %arx-\-xx 

x*  N  aN 

rr—^rt+x*  wiU  *•  "P*^  **  «  **  i/+  Tre- 

(peAively. 

prob.  n. 

324.  7i  ittirmint  tbt  Thtnt  if .*,,,.  j   AMf- 

** — Mw+r 
^t;  m  *ffji  wA*fr  pvfittve  Number,  and  a  /^/J  than 
Unit  j. 

Lei  every  thing  remain  as  in  £«ww  5.  and  then*  if  . 
the  Equation  there  brought  out  be  multiply'd  by  *"x, 
»nd  v  at  the  fame  time  be  expounded  by  m — 1 ,  we  frail 

***  _  &*"""**  +oW'~1  *+Sr*xm^*i 


«*- 


*l — 2tfrjr+7* 


(w^0  +8S^g.Xr— ' ,»^».»-iXgXr    * 

SX** — M«r+rr 
Whole  Fluent  will  therefore  be  given  by  the  preceding 
Proportion  :  For,  luppofins  the  Values  of  M  and  N  to 
be  as  there  fpectfied,    the  Fluent  of  the  laft  Term 

(Sim.  m'tXr—txx—  Sin,  w XgXr" x \  ^  i( 
SXxx—2arx+rr  •/ 

jsmanifeft*,  be  exprcfled  by  y  wto  &'«.  a^Xi*""**  ■  JW.3'3- 


'  rS  —  S 


0^3 XM+  Sin-  "$.**  — 8J*-"-*X9.Yp 


i-^  into  $n.  m$,  X M+  Ge-f.  m^xN  (by  Lem.2. 
Cafi 
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Cafii.)  To  which  adding  the  Fluent  of  the  preceding  Serin 


CoROLLAB 

325.  Hence,  the  FJuent  of  - 


COROLLAEY. 


be  deduced;  For,  by  writing  m — 1,  inftead  of  m,  the 

jl*—*Z  1 

Fluent  of  will  be  found   —  -«■    X 

,#* — laryr-f-rr  * 

.&*"~* .   fr*""3       '&£*H1.    i>— 2)  +i—  X 
m — i         ra — 3        ,m> — 4  5 


Si'*  m—iXQXM+Ct-f. »»— iXJ?X2v\-  Which  Flu- 
ent being  multiply *d  by  r,  and  that  of 


(given  above}  by  — «,  we  fliall,  when  the  homologous 
Terms  are  united,  have-*-  X  — flSX  - aS — S  X 

«  M — t 


Sin.  m$>Xa—Sin.  ni—iXQXM  —  C-j.m^X  a  — . 

Ce-f.  w^\  X  QXN,  for  the  true  Fluent  of  the  Quan- 
tity propounded. 

But  (if  Cefi  1.  £w».  2.)  *J"~g  (= 

' Sin.  ?%,Xa—SinQX  Red. 

_  -     _-  -  _-_ 


^-^ J  =  0/2£:    All 

Digil  zed  by  GOOgle 


fy  rlfohiing  tbm  mil  tmrejimple  ems,        365 

f^—'S    (Sin.  i%Xa—Sin.  igXJiwA    -a,./.^ 
&c.     And,  by  Cafe  2.  of  the  fame  T.emma, 

C./.  S=Tx^-Ctf^,X«  _  q.  ., ,  whenM 

by  fubftituting  thefe  Values,  our  Fluent  is  reduced  to 


.-a./.4^Xr^~    (»_,)_r- 


Ct-f.  m?  X  /M  —  SH!  jt*?.X  W. 

frob.  m. 

-  «6.  7»  determine  the  Finem  »f  —^JL — — —  ;    under 
"  ■     ■  r — larn+x* 

|J/  Rejlrifiioni  fpeeifild  in  the  preceding  Problem. 

If  the  Equation  iaArt.ill.  be  multipiy'd  by  »""*, 
and  V  at  the  fame  time  be  expounded  by  m,   we 


?r-'>-^+6>-'>— »  +  £■-**";    w   + 


•r— '       Sin.  n+lX^,X  r»  —  Sin.  •*%.  X  »« 
5~"  *  r*— 2arx+x* 

Where,  the  Fluent  of  the  laft  Term  being  r— — 
Sin.  m+lX^,X  -J  —  Sin.  n 
TZ^2  into  -  STnTnlg  X  M  + 

Dip^b/Google 
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Sin.  £+ 7x"g- Si*.  m%X*  ^N_    r~* 

it  follows  that  the  Fluent  of  the  whole  ExprdSou,  or 
the  Quantity  fought,  will  be  truly  exprcflcd   by 

+  Wf.  or  its  Equal 


*■         ffl—  I.f         m — 2.r»       m — 3  .r* 
T^fjX  <*M  ffl^XAT—  Sik  m£XM. 

PR  OB.    IV. 


317.  Te  jmdiht  ffamt  of  — 5  m  and  n  hhg 

r    -(-*     ' 

any  whole  pfitive  Numbertt   where*/  the  firmtr  dta 
*U  exceed  the  latter. 

Let  i,  c,  d,  isfc-  dawte  the  Co-fines  of  the  Area 
3600    3X560°   5X3600 

Then  (ty  Cwtf.  a.  £«a,  3.)  « ihafl J»ve  r*  +  **  = 


rr — 2ir*+**l*   X  rr—2f «*+**)  *  X  rr — adr*+j«* 

(n).  Whence  l^j.  ?  +  *"  =^£ej.  rfv-iAr*+S    + 

$  Z.<£.  rr  —  2*r*+awr  +  §  &!?■  «"  —  ^"^  +  **  (") 
and,  confenuenth/,    by  taking  the  JFtaciau,  on  both 

Site ,"""'*    -      "*-**      '       **-"*       ■ 


*  4.  *■         f?*1— sirw+rr      **— 2er»^-rr 
*  *"" M6,  xx—zdrx+rr  *  W  >  whicbM  Equation,  muhipU/tt  by 
*  '  ^^^  r"  4.  *■  ~"  **— 2*r#+rr  "*"  xjf— ■  zcrx+rr 

*  .  D,gi1  zed  by  GOOgle 
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fubtrafted  from  «  (or,  which  comes  to  the  fame  thing, 

»** 

let  be  taken  from  n,  and  each  of  the  («) 

r"  +  *" 
Terms   on  the  other  Side*    from  Unity)    men   we 
feaUhave      W'        _    -fr^rr  — <tH-rr 

r»  a.,"       **— i&rx+rr     ***— sww+»r 

+  »Ztlt+n:  W : Whidl  -*W«  "7  "■  • 

>ir— 'Xfi    _   — i»*«  +  r«*"j     , 
giVCS    r*+*-  _       «— 2*nr+rr        "^ 

xx — 2erx+rr 

But  now,  to  deeennine  the  Fluent  hereof,  let  the 
/i8o°   3*I»o°   5  X  i(io°  • 

fcveral  Ares  ^— ,  — — .        . &<■)   above 

fpecified,  be  denoted  by  Jg,  &,  £,  5.,  Sff.    refpec- 

tively  i  alfo  let  JV,  #,  iV,  CsY.  exprefi  the  Meafores  of 

«  X  Si*.  $. 
the  Angles  whole    Sines  are  ^========, 

y/Tic — 2rr*+rr     \fxx—  tdrx^-rr 

/f,  fjff.  the  hyperbolic  Logarithms  of  2_i **"    , 


\/^jr — 2crx  +  rr     \/xx-~l2rx+rr 


He.   Then  (Jy 


Coral,   u  Preb.  J.)    the  fluent    of   the  firft    Term, 

— — *  +  r* f_  (expounding  a  by  £)   comet  out 

xx—  Ibrx+rr        '    r  - 
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— of.  3.  x  fn  —c-f.  i$.x  ^r  -  cu 

m — I  m — -a  r 

j5,X  C!fLZ  (m— i)  +  r*"1  into  SuTmSxX- 

M— 3 
Cp-f.mQXM  j. 

In  the  fame  Manner,  by  writing  <  for  a,  ^  for  £, 

'         ilVrbr  Af,  and  ATfor  N)  the  Fluent  of  the  fccoud  Tcio, 

^T^x  +  rjr—  'A     .,   found  =_C#-/:«?xi^ 

*#— 2cr*+rr  ^*     m— i 

W  —  2 

Therefore  the  Fluent  of  the  whole  Expreffion,  bj 
colle&ing  the  homologous  Terms,  appears  to  be 

j 
Z  ?  p  p  o 

?    A  £,  ^  * 

, frtte.t&  fa 


P   P    P   P 
?   &  'S-  "j  ■£• 


I 


P  P   P-  P 
jj  £.  g.  S. 

x 
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KSin.m$X  N—Ce-J.m^XM 


+  r— *X< 


Sht,  «j£.X  AT—  Ct-f.  nQX  M 


Sin.  «4><  **~  Co-!-  *£x  ^ 
oVw.  m%  X  ft—  Ct-f.  m^X  at 


But  the  Co-fines  of  the  firft  Column  being  tbole  of  an 

.  L       .    .«        ,      /'8o°    3X180°    5X180" 
arithmetical  Progreffion  I  t-£~jl  ^—^ — ,  -  -g  ■■  ■ 

360° 
&£.)  whofc  Common  Difference  is-— -,  whereby  the 

whole  Periphery  is  divided  into  n  equal  Parts  (vid.Art, 
317.)  they  will  therefore  deftroy  one  another  j  fince  it « 
well  known  that,  if  the  Periphery  of  any  Circle  be  divided 
into  any  Number  (»)  of  equal  Parts,  the  negative  Sines 
and  Co-fines  will  be  equal  to  the  pofitive  ones ;  which 
fa  fdf-evident  when  their  Number  is  even. 

Hence  the  Co  fines  in  the  fecondi  and  third  Columns, 
t$c  will  alfo  deftroy  one  another  [vtd.  Art.  31 8.)  But 
thofi  of  the  laft  Column  of  all,  as  well  as  the  Sines,  having 
unequal  MulripBcators,  mult  remain  21  above,  and 
that  Column,  t>knt,  (drawn  into  rm~'1)  will  be  the 
f  Br"~1**,"",*  .  Whence,  putting^ 


true  Fluent  of 
i8o< 


r*+* 
(smX  ~jj~J  =  Jf,    and    dividing  by  wr"- %  we  , 

(hall  (becaufe  £=  3^,  £=  5^  %=■;%&*.)  have 

8b 


i«?Mihy  Google 
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ShTiRxk~-Ce./.3RXM  I  =  Fluent  of 

,     ^!x;  Sin.5RX.^~C^RXM >       *"~'* 

*  J -  m\      r"   +  ,» 

I  SitL-jRXtf— Cg-f.7RXM\ 

{_      &c.  (to  n  Lines.)        J 

QE.L 
Corollary. 

328.  Since  the  firft  and  the  laft,  the  fecond  and 
the  laft  but  one,  tstc.  of  the  foregoing  Quanntis 
x*  ^—  2brx  +  rr,  xx  —  2crx  +  rr,  xx  —  idrx'Jf  n 
&c.  are  refpeflively  equal  to  each  other  (vid.  At. 
317.)  the  correfponding  Fluents,  foune  above,  wfl 
tiJtewife    be    equal  :     And    therefore    the   Fluent  of 

— .  will,  al/ty.  be  exprefied  by 

r"  +*' 

("Sin.  iCXaA-—  57  *X2J/ 

'"^  x  JsZT^kX aAT— C*-/ $RX2& 

JSm^RX2^f-~Ct/.sRX2^ 

The    Number  of  Lines  to  be  thus  taken  being 

3X  I  n,  when  n  is  even  j  but,  othcrwife,  =  —  ■—  j  jo 

■which  laft  Cafe,  the  Logarithm,  &c.  in  the  laft  Line, 
muft  be  taken  only  once,  inftcad  of  twice  j   being  that 

r4~x  ■      ■  ■ 

of  -7-  (wiJ.Af.317.) 


PROE. 


y,  Google 
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PR  OB.    V. 

329.  Tit  find  tht  hlutnt  of   j  m  and  n  Iting  at • 

1* — «" 
in  tbt  prtctilng  Problem. 

If  *,  t,  d,  &c.  be  taken  to  denote  the  Co- fines  of 

;   .  o    *6o°    2X360°  ,  «,..',. 

.  the  Ana  —  ,  ~-»  — j —  He.  to  n  Terms,  it  will 

appear  (from  CtrtL  1.  U  Ltm.  j.)  that  r*  —  *'  Is  = 

rr—  ibrx+xx\     \.rr — 2f«+**Y  X  rr—ldrx+ix\x 
■{*).    From  whence^  by  following  the  Method  of  the 


Problem,    we  alfq  have 


T*~ 


xx — itrx^rr  xx — 2trx+rr 

'"Which  Fluxion  having  esaflly  the  fame  Perm  *ith-/Aa/ 
in  the  preceding  Problem,  its  Fluent  will  alfo  b*  ex- 
1  preffed  in  the  very  fame  Manner;  that  is,  by 

rSin.  mJ^X  N—  Ct-f.  mQX  M 

Vft'n.  (ii^xV-  Caf.  »i^XAf 

C         ifigc.  ton  Una.) 

1       «     «  o     3600 

Only  3b  ${y  %L  He.    muft  here  ftand  for  — ,   ^~, 

^X36o°    3X360°  i8o°-   3X180° 

■ — * — ,  ■= He.  (initead  of  ,   , 

5Xi8o*  \         '""■" 

, — .___  yf,   1 

S1>2     '  There- 
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370        Of  tic  Fluents  of  Rational  FneSiau, 
rsn~RxN—c*-f.  RxM~\ 

Sii^Rxk— C1-/3RXM I  =  thmt  of 

C2  x  /siZ&x.b-&JjRX%i\  -     "-    : 
1  sSTt^xS'— <37t*x*'| 

I       Br.  (to « Lim.)        J 

Corollary. 

328.  Since  the  firft  and  the  laft,  the  fecond  and 
the  laft  but  one,  Br.  of  the  foregoing  Quantities 
x*^2brx  +  rr,  xx-^2crx  +  rr,  xx —  2drx  +  rr 
12c.  are  refpeetively  equal  to  each  other  (vid.  An. 
317.)  the  corresponding  Fluents*  found  above,  win 
likcwife    he    equal  :     And    therefore   the  Fluent  of 

**""'*    will,  o»,  be  Htprefftd  bjr 

••+*■ . 

rjia.  RXlN-Ci-f.  RXlM 
'*"*  x  ^SS^RX2k-SiJ^RX2At 

"     '       JSTsKXaJV'— C'f-sRXtSi 

C         Br.  B*. 

The  Number  of  Line!  to  be  thus  taken  being 
-s  I  it,  when  a  is  even ;  but,  otherwifc,  =  -5-  ;  in 

which  laft  Cafe,  the  Logarithm,  tJV.  in  the  laft  Line, 
mult  be  taken  only  once,  inftead  of  twice  i  being  that 

if  ^(•a./frl.3'70 


Dioii^b/  Google 


by  refohing  them  into  mbrijimfle  Ones.     '  %J  i 
PROB.    V. 

329.  To  find  the  Fluent  of  ;  m  and  n  being  at- 

in  lit  preceding  Problem. 

If  b,  t,  d>  &c.  be  taken  to  denote  the  Co-finw  of 

:  .     .0     *6o°    1X360°  „  .      ;„ 

the  Arcs  —  ,  *— ,  — j —  *$c .  to  n  Terms,  it  will 

appear^  {from  Coral.  1.  to  Lent,  3.)  that  r*  —  k*  is  = 

r^2*ttr+«l     ■Xrr—lcrx+tiX  X  rr^—ldrx'-\-ilx\ 
»{«).     From  whence^  by  following  the  Method  of  the 

laft  Problem!    we  alio  have  -  =, 

xx — 2erx-f-rr  xx — itrx+rr 

'Which  Fluxion  having  exafily  the  fame  Form  with  that 
in  the  preceding  Problem,   its  Fluent  will  alfo  b«  ex- 
.preiled  in  the  very  fame  Manner ;  that  is,  by 
(~Sin.  ibj^X  N—  Co-/.  mQX  M 

JSin.  w^X-^—  Co-/.  m^X  M 

JSfn.mQx'N—Ce/.mJ^Xlvf 
C  -     (EpV.  t9_n  Linn.) 

o^y  £>  k>  4, &c-  muft  nere ^^ fw T'  ^~~» 

1X360°    3X360°  __     ,.  _     .    ,  i8o°-   3X180* 

n       '         n  x  »    *  n         * 


5X180° 


(ft. 


) 
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.374       .  Of  tbe  Fluents  of  Rational  T?ra&im\ 

B,  titec.  falls  upon  H  (which  will  always  happen 
when  »  is  an  odd  Number)  the  Angle,   in  the  laft  Line 

of.  the  Fluent,    will   vanifh,    and   the    corrdpondiaa; 

Logarithm  (which  is  that  of  -jx\  mull  then  be 
taken,  inftead  of  twice,  only  once. 

In  the  very  fame  Manner  it  will  appear,  that,  the 

Arcs  4j?  -3!.  Wf.  in  the  fccond  Cafe,  where  the  Fluent 

of  JL -  is  (ought,  will  be,  refpe&ively,  expounded 

r*— *" 

by  AC,  AC  i£c.  alfo  the  correfponding  Angles  N,  N 

tyc.  by  OCP>  QCP  &c.  and  the  Fluent  ilfclf  by 

£-*.... —......  {OA:  PC) 

-,—      jSmTkXitOCP)—  Ct-f,  RXxipAiPQ 

~*~     yShZlRXz(0CP)—C9-f.zRX2(OA:  PQ 

Where  the  Arch  R  (=zmX~,   =  mXACi2oA 

where,  as  well  as  in  the  preceding  Cafe,  all  the  Arcs, 
Sines  and  Co-fines  are  fuppofed  to  have  Unity  for  their 
Radius.  . 

332.  From  the  Fluents  of 1    and  - — S.  , 

thus  given,    theft    of  JO. — ,     *  *  , 

— ,    and  t f ,  where  v  denotes  any 

t*  —  **  r" «—  *' 

whole  Number,  may  be  very  eafily  deduced;  either  from 

Art.  283.  and  291.  or  (more  readily)  by  dividing  tbe 

Numerator  by  the  Denominator,  and  continuing  the 

Que* 
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hfrtfotvtng  them  into  morejimpk  ones.       $jif. 

Quotient  to  as  many  Terms  as  there  are  Units  in  v  *.  By  •  **■ 
1|£ich means,  ifp  be  put  =z  vn-^-m,  q=vn — m,  and 

the  Fluents  of  — and  Z-  be  denoted  by  V 

r'+S  rW 

and  /Prefpeftively,  the  Fluents,  in  the  four  Cafes  fpe-' 
cifted  above,  will  be  exprefled  by 

t— «       f—m         t—V  ■        . 

£L      '-'    ■    *—•    ..  .  v 

.^-»      />-«»       ^—j,   W +>"'rr, 
■*  "3"  +«=-=+— = M+  — , 

r         ■— J.t™       j»— j.r'"  r" 

refpeaivciy. 

=  _._ 
Moreover,  from  the  fame  Fluents.  fifeA  of- 


"*l        "rrj-  will  likewiie  become  known : 

For    (having  transformed   the  Fluxions  here  .pro* 


;,r 


.+« 


— ,  Or.;  let  Z5_beput=*", 


\~  -         ~^r- 

qt  x=i  &-\"   {■  then  will**      =  y  Y   ) 
conlequentJy  — i-X  2"         £  =  -£]      Xaw"*" 


Bb  4 

nS>7«lhy< 


Z7&         Of  the  Fluents  of  Rational  Fra&ttWi 

Whence  x"        £  =  yX  4  f   xi"~ **,  and  i  ^ 


'—  =i±s*  }  and  tberefoie  — 


«±/, 


Whole  Fluent  it  given,  by  P rob,  4.  or  5.  But,  r  being 
here  =  1,  the  general  MulainJtcator  S. ,  there  gi- 


ven, will  be  barely  =  —  ;  Which,  drawn  into  —  X 

tv-     .  s     ry 

j  J    ,  gives  -XT      ,  for  the  general  Multiplicator 

in  this  Cafe, 

One  thing  more,  though  well  known  to  Mathemati- 
cians, it  may  be  proper  here  to  take  notice  of;  and  that 
relates  fo  the  Sines  and  Co-fines  of  the  forc-mentioo'd 
Arcs,  K,  a£,  3&  E3V.  &<-.  (multiplying  the  fevcral 
Angles  and  Ratios)  fome  of  which  Arcs  do  frequently 
exceed  the  whole  Periphery :  When  this  happens  to  be 
the, Cafe,  the  Periphery,  or  360s,  muft  be  fubftracled 
as  often  as  poffible,  and  the  Sine  and  Co  fine  of  the 
Remainder  be  taken.  If  the  Remainder  be  greater 
than  180%  the  Sine,  Tailing  in  the  lower  Semi  Circle, 
will  be  negative ;  if,  between  90°  and  270°,  the  Co* 
fine,  falling  beyond  the  Center,  will  be  negative. 

PROB.    VI. 

■*—  s. 
333.  Tt  find  the  Fluent  «f~ *    5 ;  whtrt 

r    — %kt"xm-\-x 
n  and  m  derate  any  whole  pajit'ive  Numbers,  and  when 
the  given  Exprejfiitn  cannot  be  refoivtd  inte  two  Bino- 
mials (k  being  left  than  Unity,   Art.  308,  and  310.) 
*  -  Let 
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ty  refohing  them  into  mere  fimple  one}.        377 
Let  Jc  be  tho  Arch  whofc  Cofine  is  *  and  Radius 
Unity,  and  let  /be  the  Sine  of  the  fame  Arch  ;  more- 
over,  let  the  Arcs  — , , » 

t'/c  and  let  *,  r,  d  &c.  and  A,  f,  d  t#c.   cxprd?  the 
Sines,  and  the  Co-fines  of  the  fame  Arcs  refpo&vely. 

Then  will  - 

-tcrx+x*'    r*—2drx+x*  w  ' 

From  whence,   multiplying  the   whole  Equation  by 

. f_  we  have  i- * — — I — ,    into 

J'*' 1 ""*     + £!£__  a,. 

t* — zbrx+xx      r1 — 2£rx+x*      rl — 2drx-\-x* 
Now,  the  Fluent  of  the  firfl  Term  hereof 


-zbrx+x* 
(if  M  be  put  for  the  hyp.  Log.  of  V**— gg±£, 

and  A'"  for  the  Arch  whofc  Radius  is  Unity,  and  Sins 

xXSi*.  !$     \ 
— -aa  -r--=  J  will  appear  f/raw  Pray,  2.)  to  be  =3 
Vr* — 2brx+*  J 

/»—  I  /»— 2 


6f(.  (i»-])  +i-"~*  X  Sit.  »J?XJ/+  C<->. 
*i — 3 

WitX-W. 

Ftonj 

D,p,edb,L.OOC 


378  Of  the  fluents  of Rational  Fra3ions,' 

From  whence,   if  the  Arcs    whofe  Sines  are 


xXSin.  j? 


xXSin.  Q 


fcfr.    be    reprc- 


V^* — 2w*+**     \/r* — 2Jrx+  x% 
fented  by  M,  M  Ht.  and  the  Logarithms  whofe  Num- 
\/r*—  2crx+x*    \/rx'—2drx-\-x 


beta  are 


-  £**.  by 


A-,  N  &c  refpeclively,  the  Fluent  of  the  whole  Ex- 


preffion,  omitting  the  general  MultiplicatorY A 


will  be 

.Si'-  $.- 

Sin.  4 
Si,.£\    " 

at.  j 


in.  2«jl 
'•*■  =4L>X 


Sin.  2g[ 
Sin.  : 
Sin. 
Si'.2St\ 

.  lit.  J 


rs.».  3*1 
Is;..  3^.1 

\si'-&\ 
.    I  «*:  ) 


(4sV.    to    m  —  1   Terms) 


- ,— '  X  < 


Si*.  m$XM+Ci-f.  ^XAfl 


Sin.  miQt.Si+Ct-S.  mky-H 

Sin.  mglxJi+Ctf.  nt^iili    ' 

Sin.  mQxXt+Ct-f.  «£x5 
lit.  lie. 

But,  the  Sines  of  the  firit  Column  being  thofe  of  an 
arithmetical  Prbgiejfion  (whofe  common  Difference  b 
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fy  rejbhirig  them  into  ntorcjimple  met*        37<j 

36o*\  , 

— -■*■  J  which  atifc »  by  dividing  the  whole  Periphery  into 

n  equal  Parts,  their  Sum  'will,  therefore,  be  equal  to 
Nothing. 

Moreover,  the  Sines  of  the  fecond  Column,   having 

foj  th*  common  Difference  of  their  refpeflive 

Arc*  do,  alfo,  divide  the  whole  Periphery  (twice  taken) 
into  n  equal  Parts,  and  therefore  dettroy  each  other. 

The  fame  is  I  ike  wife  true,  with  regard  to  the  Sines 
of  every  other  Column  (except  the  la  ft  of  all)  when 
m — i  is  left  than  n.  But,  if  m  be  greater  than  *,  the 
Arcs,  in  the  Column,  whole  Place  from  the  firft,  in- 

olufive,.  is  denoted  by  n,  being  exprefled  by  nQ  n%% 

n^^c.  (or*,  K+3600,  £+2X360°  tfe.)  whereof 
the  common  Difference  is  the  whole  Periphery ;  the 
Sines  of  that  Column  do  not  deftroy  one  another,  but 
each  is  equal  to  that  of  the  firft  Arc  R  {Fid.  Art.  314. 
and  3 1 8.)  and  confcquently  their  Sum  equal  to  nXSin.R, 
In  like  Manner,  if  m  St  greater  than  in,  the  Series, 
continued  to  m — 1  Terms,  will  take  in  the  Column, 

where  the  Arcs  are  2nQ,  mfy,  inQ  (sV.  (or  \R, 
2.R+2X3600,  2^+4X360°  iff.)  whereof  the -Sine 
of  each  is,  alfo,  equal  to  the  Sine  of  the  firft  (2.R)  and 
therefore  their  Sum  =sXAY«.  zR. 

Thus,  alfo,  it  will  appear  that  the'Sines  of  the  Column 
whole  Diftance  from  the  firft,  inclufivc,  is  yi  (whep  m 
is  greater  than'  31)  will  be  each  .equal  to  Sin.  ^R;  12 c. 
tie. 

Therefore,  feeing  all  the  Columns  do  actually  vanilb, 
except  thofc  above  fpecified ;  whofe  Places  from  the 
Beginning  are  denoted  by  it,  in,  yt  lie.  and  whofe 
correfponding  Terms,  or  Multiplicators  are,  therefore, 

reprefented  by     .      ,  . , ■    - 

m — it  m — 2»  m—  3a 

&c.  it  is  evident  that  (he  whole  Exprefiion  will  be  re- 
' duced  to 


*7«nly  .Unfile 


£8o         Of  the  Fluents  of  Rational  Tra&iom\ 


+  47».  3*  X  : 


— —  t». 


+  >"""'  into  ■ 


Sin.  m%XM+a/j*$XN 
S«.  «J(X&f  C»-/)ii4xAf 
Sin.  »4.X  <&+C/ji>$Xi*r 
S™.  m§)<lli+Ci-f.J^}(S' 

at.  at. 


Which,  mrtltiplj'd  by ,  the  fore&id,  genera), 

«*/•*"" * 

Multiplicitor,  givte  S75  X  -       ,  +  Si.  JX  X 

ffl — H  .  £ 

-^- — +E72  X  ^^—  a*. 
m — m  .  *  * — 3"  •  * 

s;«.  m$x.M+ctf.  »^xw. 

Sin.  J»k}t.if+Ct-f.  m^X^ 

+- —  x  J  s;».  «>4x^+o-/"4><^ 
"•  Sre.  »§xj&+c.-/.  «5xat 

at.  '  fsv.         ' 


for  the  true  Fluent  of 1 1 :  Where 

the  former  Part  of  the  Exnrej&on  muft  be  continued  to. 


maioder,  if  any,  being  neglected.) 


SKB.I. 
.   Co. 
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fy  rejbhhtg  them  into  morejimple  ones.        $Si 

OoROtXAKT, 

334.  If  the  Quotient  arifing  from  the  Divifion  of  m 
by  *  (when  the  former  exceeds)  be  denoted  by  v,  and 
the  Remainder  by  *  j  or,  which  it  the  lame,  if  «*-)-'= 

m,  it  is  evident  the  Arcs  mi£,  «ig>  m%  £sV.  which 

are  idbe&velr  equal  to  <+i»X  — f  «^,+  mX 

^p»  «^f3»X~ -°,  «r.    (by  Conftniaiwi)  will 

»6o" 
alfo  be  equal  to  s*£fvX36o*  +fX  *j-,  ss^f-M  X 

^  <6o° 
36o"+2/X  *-T-  &<>  whereof  the  Sines  and  Co-fine* 

(omitting  0X360°,  2VX3600  (sV.  die  Multiples  of  the 
whde Periphery)  are  the  lame  with  tbofc  of  m^+'X 
460*  160* 

^p,  m^+s/X  *^-  »*.  refpeclively. 

Therefore,  if  the  Arcs  of  the  Progreffion,  whereof 
the  firft  Term  is  «4J,  and  the  comtnon  Difference  t  X 

^ — ,  be  reprefenttd  by  7*,  7",  '/  (9V.  refpeaivdy ;  it 

fellows  that  the  Fluent  of  — ,,     — * ,  (  or, 

.      /*■— 2ifx'+x"    \ 

. - Z—  J  will,  alfi,  be  truly  exprefled  by 

rv— 2ir"V+*»»y 

SuTRX  — +  Sin.zRX-^— —  +Si*,3ttX 

m — b  .  4  "  ** — 2» .  k 

^  Cfc  (»-'\ 

«— 3«.* 
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"382        Of  tht  Fluents  of  ttatitmalFraltitnttj 
(Sh.  TXM+Ci-f.  TXN 

sin.  h(A+c-/.  rxii 

+  - — J  Sin.  TXM+Cff.  fxA 

I  5m.  ixiH+a-f.  fxZr 
[  Uc.  at. 

In  the  very  feme   Manner  the  Fluent  of 
»+■—  1 
'  (where  the  Sign  of  the  feoond  Term 

r"+2ir"*"+:,»         . 

is  pofitive)  will  be  exhibited ;  if  R  be  taken  to  denote 
the  Arch  whofe  Co  fine  is  —i  %  which  will,  in  this 
Cafe,  be  greater  than  a  Quadrant. 

PROPOSITION    VII. 

335.  To  find  tht  Fluent  of ', 


tht  Reftriflms  mentioned  in  the  iaft  Problem, 
Let  every  thing  remain  as  before :  Then  we  flail 
*r-— i 


into  - 


'— ah**"  +x"     ^r— 1        r>— **■*+** 


+  5C 


^T^i(»)Wbereof  the  Fluent  (by  Prii.3.) 


appears  to  be  - 


Sin  ^V.    »-i  • '"      iSin.  j4v 
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by  rtfokSng  them  into  mmfimpU  ones. 
tSi«-  3%) 


383 


o>  + 


I  Sm.  2&\      "—3  ■  " 

r—Sin.  m$X.M+Ci-f.  m$XN 

■      ,.)  —Sin.  n^XJli+Ct-f.  m&Xti 
_-+iX<  .   '  «  .      . 

r  I  — S;».  aJtXjfcf  ft-/  m»xrf 

L         «»V.  £f<. 

Which,  by  Reafoning  as  above,  will  be  reduced  to 


—  J7».  *  X  ■ 


■  Sin.  2/e  X  ■ 


.ir" 


--  Sin.  3X  X  — ( 10  ^  T«m») 


•— 3"' 

!-  S,».  TXM+Ci-f.  TXN 
—  4v».  frxiit+a-f.  ixti 
—  Sin.  ixiii+ct-/.  fab 
IDt.  IS:. 


336.  If,  from  the 
Center  O,  of  the 
Circle  ABCD.whofe 
Radius  OA,  otOV, 
is,  r,  there  be  taken  •"■ 
OL  equal  to  k  and 
OP=*  t  and  if  theAj 
Arch  AB  be  to  the 
Arch  AK,  whofe 
Co-fine  a  ±  i,  is 
1  to  11 }  and  each 
of 


Scholium. 

K.CK 


*  £■  I. 
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384         Of 'lit  Fliuntt  cf Rational  FraShm, 
of  the  Arcs  BC,  CD,  DE  Ut.    be    taken  equal  « 
i-f-  lis.  Be.    Then  the  Angle.  *,  $.  4  &'■  If* 

cified  (la  the  two  preceding  Problems)  beinghmci- 
pounded  by  AK.  AB%  AC  C9V.  respectively,  we  bm 
PB=  VV— 2fcr+7*,  PC=  y/r* — aovr+i'  tt. 
i.Vid.Arl.  317.  and  323.)     Whence,  alfb,   the  Angta 


if,  AT,  JV  t?r.   yrhofe  Sines  are 


^Sr'—2irx+''' 


*XSiit.  $ 


*XS...  $. 


Vr* — 2rr*+*»    \Zr"  — 2<*x+;e*- 
equal    to  B,  C,  D  &c.     Therefore    the  Fluents  i 
jr***-  *  »""""* — ' 

r"+*-.V'    ""'    r"T«**»*+«"      '*'* 
given)  will,  alio,  be  truly  defined  by 
f—       Sin.  *R       ,■„—*.       Sin.  ~R       ff* 

/to  -ij-  Terms  J 

'«■.  rx  (oa :  pa)  +0/  **  W 
so.  rx  (oc :  PC)  +c-f.  4*  (C) 

■  r*~ *  x  J  J/..  fa  (ODl  PD)  +C1J,  fa  W 

■  jfxSSTg      Sitf*  (0£:P£)  +6V/?X(-i) 

sin.  ?x  (Of:  p/5  +t7».y;  ?  (-? 


Tr,i,,«ihy  Google 


ty  rejbhing  them  info  morejimpie  ones. 

**""         Sin.  aRv       »***"" 
And  by  —  = — n 57I- p*       "  v 


3% 


Sin.  %R 
Six.  R        m — 3» 


nr^xSin.R 


re/peftively. 


r—$in,Tx  [OB:P3)+C«-f.rx  ( 5) 
~Sin.7x(0C:Pq  +Gr-/li"x(C) 

I  — Sin.'/x(OD:PD)+Cef.  Jx(Z>) 
Jw.fx(0£:P£)  +Cf-/fx(— £) 
nn?fx[OF :  P/)  +0-/3x  (— *) 


KCK 


Where  the  Arc  jff  (or  R)  will  be  greater  than  a 
Quadrant  when  the  Sign  of  i  is  pofitive ;  but  le6,  when 

negative ;  and  where  the  Arcs  T,  T,  T  fife,  denote  an 
arithmetical  Progreflion,  whofe  firft  Term  (T)  is  equal 
to  mX/fB,   and   whereof  the  common  Difference   is 

equal  to  — —  (or  BC)  multiply'd  by  m,  wben  m  is  left 

than  n\  but  otherwife  by  the  Remainder,  of  m  divided 
by  ". 

C  c  337. 
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337.  Hate  the  Flwnt  of  *         , ,    -T  ,    wh 

a  any  Number,  either  whtjle  or  broken,  may  be  voj 
eafiljr  deduced  :  For,  having  transform 'd  the  Dboqoj- 

tutor  to  ;X  —  ^-^_4-  x**t   put— =**".   L- 

xfr",  and  a*  =  **s  and  then  it  mil  become  =  jX 

r*"q:*(r,«"4.*M:   MoiWW,  ■***•*    being  5= 

P)"*"  **•*".  and  jTffX«f±^«  = 
»±mX*"-"~1*,  the  Numerator  will  be  reduced  to 

7  X*^""1*-  And  fo,  we  have 5    - 

*  **/%'+&'* 

„  "±--1.  , 

*"*» .  >  ■  .     *i:  I"  which  *  =  a;'  ,   r  = 

obferv'd,  that  the  Fluent  hereof  is,  only,  given  when 

•Ait.jjj.  ^=  (or  its  Equal  ijislefi  than  Unity*.    Therefore, 

if  if  be  greater  than  \/t£\  or  if  the  Values  of  •  and  r 
are  unlike,  with  regard  to  pofttive  and  ntgativ*,  fo  that 
■V/'F  "•  unpofflble,  theabove  Solution  fails.  Bat, here, 
tbe  given  Trinomial  may  be  refolvcd  into  two  Kno- 
mials  (ty.  Art.  310.)  and,  from  thenec,  the  Fluent 
may  he  found  at  two  Operation*  (*>iV»v,  4.  «nd  5.) 

D,gi1  zed  by  GOOglt'  • 


Sy  ref&king  them  info  morejhnpk  ones.       387 
For,  by  feigning  f+fy+gy*=o,  in  order  to  fuch  1 
Refolution,  we  get  ±t/+v^«/^~*gj    ^j 

?zMZ-¥MiZJ£  for  the  Roota  of  that  Equation, 

or  the  two  firft  Terms  of  the  required  Binomials  : 
Which  therefore  are  always  poffible  when  }/* — eg  it 
pofitive,  or  when  the  foregoing  Solution  fails. 

By  denoting  the  faid  Roots  by  H  and  K,  the  Trino- 
mial *TJ%,+£**f  isrefolved  into gXH—&XK—xi, 


'*>*  +1 


4X  K—HXH-J         gX  H—KXK—*' 
Fluent  is  given  by  Art.  332. 

338.  By  proceeding  the  lame  Way  the  Fluent  of 

may  likewife  be  found  :  For, 


fince  one,  at  leaft,  of  the  three  Roots  of  the  Equation 
*+/'+(ff*  +  V==0>  muft  08  poffible,  the  propofed 
Fluxion,  if  it  cannot  be  refolved  into  three  Binomials, 
may,  however,  be  reduced  to  one  Binomial  and  one 
Trinomial;  and  To,  be  brought  under  the  foregoing 
Forms:  But  this  being  a  Speculation  too  much  out  of  the 
Way  of  common  Ufe  to  be  farther  purfued,  I  (halt 
here  conclude  this  Section,  with  obferving,  that,  when  i, 
in  the  original  Trinomial,  above  fpecitied,  is  neither 
lefs,  nor  greater  than  Unity,  the  Fluent  cannot  then  be 
had  directly,  from  either  of  the  preceding  Methods ;  but 
muft  be  found   by  Comparifon  from   the   Fluent   of 


r'±V 


Vld.  Art.  289. 


SEC, 
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SECTION     VI. 

the  Manner  of  iteoefligating  Fluents,  1 
Quantities,  and  their  Logarithms  ;  j&a 
and  their  Sines,  &c.  are  involved  togeiber: 
With  other  Cafes  of  the  like  Nature. 

PROB.     I. 

339.  C*UPPO$ING    %    and  nte  ieruU    givm 
lj  S&anlitUs ;  'til  prapeftd  to  find  the  Fhu*  f 


Let  $£  X  A*'  +  fl*"-,+C*"~*  iSc.  be  affiuwi 
for  the  Fluent  required :  Then  the  Fluxion  thereof, 
which  is 


•  Art  .J*  £  iXbyp .  Log.^XA*"  +Bx—'+Cx'-*  «r.  + 
g  XniA**~1;+^l-B***~*+*=i.Cxx"~%  &t. 
muft  confequcntly  be=*"i^f:  And  therefore,  by 
putting  m  for  the  hyp.  Log.  of  ^.,  we  have 
mAx"+mBx*~ *+  mC**~* +mDx*~'i  &e.  7  |j 
— *"+  a/fc-1  +m. 5*"_'+^=2.C**^  WV.  J  ° 
Whence,  comparing  the  Coefficients  of  the  homologoei 

1  nA  * 

Terms,  we  get  ./=:—,  B  =  —  —  =  —  j^r,  C= 


•-i.fi. 


.».*— 


£.£SV.    and  confcquently  §£  X 


A+Ar" 

— +CJ- 

~*  + 

Gfc.sa 

— + 

»  .  n—  1  . 

'—.        n 

.  a — 1 

.  a — 2 

.  i"— 3 

Which 

ml 

ff<» 

Scries, 

D,0„ 

«n,.Gc 

ogl 

involving  tbc  Fluents  of  other  given  Fluxions.     389 

Series,  it  is  plain,  will  always  terminate  when  n  is  a 
whole  pofitive  Number.  £>.E.I. 

340.  In  the  preceding  Problem  the  Coefficients  jf> 
JB-,  C,  He.  of  the  affumed  Series  were  taken,  in  the 
common  Way,  as  conftant  Quantities  j  which,  becaufe 
of  the  general  Multiplicator  JjJ»,  was  Efficient 

But,  in  other  Cafes,  where  a  proper  Multiplicator* 
l  to  exprcCs  the  mechanical,  or  logarithmic,  He.  Part  of 
the  required  Fluent,  cannot  readily  be  known,  it  will  be 
convenient  to  affume  a  Series  for  the  Whtle  (independent 
of  any  general  Multiplicator)  wherein  the  Quantities 
1  Ay    U,  C,  D,  He.  mult  be  confidercd  as  variable. 

PROB.     II. 

341.  To  find  the  Fluent  tf  zmx"~1i  ;  *  being  the 
1   Hyptrbetic'Logaritbm  ef  x ;   and  m  and  n.  any  given 

'    Numbers. 

Let  there  be  afluroed  A%  +  Bz"~ ,+C«T~l *  + 
D%m~ J  He.  =  the  Fluent  of  iiV- '*  :  Then,  in 
Fluxions,  we  thai!  have 

jht  +Bzm-I+C3r-*+Dzm-i  He. 

■\-mAz~~1*.  +»i— 1 .  B**~*i+  m—i.Czm~3iHe. 


I 


But  *  =:  —  ;  whence,  by  ordering  the  Equation,  there 
arifes 

Now,  by  making  the  Coefficients  of  the  like  Powers 
of  x,  equal  to  Nothing,  we  have  A^zx"~xi>  j{— 

Cc3 


* 
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*  '  *" 

m.tn — i .  a"  -.        ,  _ 

— —      ■■■  ■    ist.  ud  contojueritly  the  Fluent  b*& 


=  —   into  *"  —  "   -  ■„..  4. 
»  n  ~ 

m.iH — i.m— 


-  +  *■**"'  l^T*1— <"~*,3'* 

fefr.      Which,  when  *n  is  a  whole  pofitive  Numbs, 
will  terminate  in  w-f- 1  Terms,  ®  £,  j; 


34a.  T.  jCtf  fW  Fimntt  ef  x*j  j  *  king  tbt  Arch  ft 

givtn  CireU,  and  y  the  Sin,  Hfrtfptnding. 
Let  there   be  illumed  Ax"  +  B%'~1  -(.  C3&'""-»  4 
Dx'-i  se  Fluent  of  rt">  »  than,  by  tiling  the  tiaua. 
We  (hall  have 


^Whence,  putting  A—j  =  9%  &+hj/x  =  o>  C  + 

a— i.B«=o,  £  +  *—  a,C*=o,  (ft,  we  get  yf—Tj 
B== — nyi,  C  =  —  »— i.5*  &<■. 

But,  if  «  and  *  be  taken  to  denote  the  Radius  tot* 
Co-fine  of  the  Arch  z,  it  will  appear,  from  Art.  141. 
that  yi  =  —  tm  and  *i  =  ay ;  Therefore  A=«ft, 
and  5  =  mar  1  alio  C  (  =  —  » —  i .  5£)  ==  _ 
b.h—  !.*««— ».*—  i.BajjandC=: — a.wll^.^*.. 
fckew'ftB  (=  —  iT^i.Oi)  =  t*.^  iT^r2  .#y 
=  — «.  a — 1  .n — 2 .  uf^and  i?=— *,»^7.  it^t.a't 
3  eft. 


DigNzedby'GOOglC 


JmMnitbeFiiatitfubergiVnPhudau.    %t)t 

lie.  Wt.  and  confequendy  A'  +  ifc— '+C»— '  lie. 
~yz   +naxx?~*  —  B.a — I  .«'/*""" *"-*  •  a— I . 


II 


!i 


? 


**.* 


In  Hie  very  fame  Manner  tbe  Fluent  of  a"w,  or 

s«  x x  (w  being  tbe  Vcrfed-Snc  of  tbe  Arch  u) 

will  be  found  =  —  »**  +iynf~'+»  ■ "—  1  ■ » V* 
— a.s^I.B^.feV" 3— «.«—  !.»— w»— %.M*^~* 

Cc  4  PROS. 
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PR  OB.    IV. 

343.  The  S>utmtit'uiy  »tj  and  %  being  the  fame  at  a  tfe 
preceding  Preblem ;  te  find  the  Fluent  tf  x."xrjmj. 

By  affuming  Ax*  +  fia"— "  +  C*"-* -(--Da"-*  (fc 
uid  proceeding  as  above,  we  have  A  =  x'ymjt  B  =■  - 
itfi,  C  =  —  »^1  .  Bi,  i>~  —  S^i  .  Ci  CsV.  «t 
(becaufe  i  =  % )  *  =  -  =£  C  =  -  ^^ 

£  =  -  m~i'*Cj  c*,.  Therefore,  if  the  Flue* 
of  x'fy  (found  from  >/rt.  141.  and  191.)  be  denoted 
by^,i  fihtfof  — ,  byX;  rAirof  — ,  byi^i   that  4 

— ,   by  T  &e.  it  follows  that   the  Fluent  of  %'x'fj 

Will  be  truly  repre ftnted  by  $v? — naR^~x  -f.  n.n^i . 
a%Sz*~*—n.n—i.n — z.a*T%*~*   &t. 

Corollary' 

344.  Since  j  =  —  —  =  —  {Vtd.  Art.  142.)  it  fol- 
lows that  z*xrymj  is  =  —  t. V+y~'i  =  ~ U. : 

Therefore  the  Fluents  of  thefe  two  laft  Exptdlious  are, 
alfi,  exhibited  in  (tie  foregoing  Series. 

345.  As  the  Values  of  ^,,  R,  S  &c.  in  the  preceding 
Articles,  are  too  complex  to  be  purfued  in  a  general 
Manner,  it  may  not  be  amifs  to  illuftrate  the  Method 
Of  proceeding  by  an  Example  or  two. 


Tr^cih,.  Google 
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Let,  then  the  Fluxion  propofed  be ;  Where  » 

beidg  =i,  m=lt  andr  = — i,  wehavei£==  —  = 
•      '    j  1     — j  (becaufc  VV  — >*—*■)  Whence  i£=  — 

fyVV — f-\- {az= — \yx+\ax*t  and  therefore  .&  (=  ,Art-'*79- 

x)   and  confequently  21  =  —  ♦  /*  +  ***>   and   fo» 
—j       X  a  +  <i  X       - — ,  or —  ,     is 


the  true  Fluent 


Again,  let  the  Fluent  of  —  piXx+$*  (exprcffing 
the  Content  of  the  Solid  generated  by  the  Revolution 
of  the  Cytlcid)  be  required. 

Here,  the  given  Expreffion,  in  limple  Terms,  will 
become  —  jteli  —  2pzjx — fy*x ;  Whereof  the  Fluent 
of  the  firft  Term  — pz**,  will  be  had,  by  nuldng-o; — ?, 
m  —  1=0,  and  r  +  i  =  o    (Fid.  Form.  x.  in  Corel.) 

Where,  we  therefore,  have  4.  =  ^  —  —  i  j  whence 

£=  —  *(  a!fo£  (^)  =_>;  adR--^ 

likewife  o'  (=  — )  =  —  ^-  =  *,  5  =  a- ;  and 
confequently  the  Fluent  of  —  «**  (^a"  —  naRaf1 
+  a .  ^i  .  a'Sa"^*  GTf .)  =  _  «»  +  2«)ra!  +  mV  .• 
To  which,  adding  the  Fluent  (**"" 2^*+^*)  of  ^ 

fecond 
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iecond  Term  —  axyi  (found  in  the  preceding  Exam- 
ple) add  alio  that  of  — j*i  (w— ***+*■*,  found 
the  common  Way)  we  get,  in  the  Whole,  \a  —  xXt* 
+  Mp— 7*  X»  +  I  ay*  +  »**  +  }**;  which,  main'- 
ply'd  by  pt  and  correded,  gives,  p  into  f« — JrXs* 
+  2^—^  X  X  +  \  By*  +  a**  +  f  *»  —  f  o»»  for  dtt 
true  Fluent  that  was  to  be  determined. 

PROB,    V. 
34.6.  Suppejing  H  W  denote  tbt   Fluent  if  i^-ix  *  X 
%"~  « »  ft  /W  t&r  ufinb  FintHe  of  HXt—M^"  X 
a**"-1*,  (itf»  a — &s"  i/«Mw  equal  it  Nothing.) 

«  By  refolving  i+hi     X  js***1*  into  fimple  Terms, 

and  taking  the  Fluent,  the  ordinary  Way,  we  get  /£= 

£^X~+jg     +r-^J21vc.  Whk* 

«  w-fi  .i  2,0+2.** 

Value  being  fubftituted  above,  and  p  wrote  inflcad  <t 

,+p,  we  ftall  have  H  X  «— 4z*'"x  z**"^  =  £  x 

H 

m—H,}\&-*i  im  — +  =T*£-        


w+i.i        a.*+2.i' 

2  •  3  ■  * +3  •  *J 

Let,  now,  the  Fluent  of  a — bz*^  X**"- xi  (in  the 
pr opofed  Circumftancc)  be  denoted  by  A,  aitd  put  Ks 
p+m-\-i  ;  then  it  follows,  from  Art.  286-  (by  Writing 

« fw  '*  «+ti  *■*  *•>  ^  ixAiK"  i+ 
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'.«+'        "        I.I+1.2.V+1        «] 

t.t+I.<+2. 2.3.O+3  «' 

the  true  Value  uf  the  Fluent.  ®.£.  /. 

Mfr,  ^  and  m-f  lmuft  here!*  pofitM:  Quantities*  g*Ait.iM. 

and  it  is  alfo  requultt  that  -7-  {bould  be  greater  than  — - 

1 

— ;  otherwife  the  Fluent  will  fill. 


Ex.  1.  La  A=  i-ji'l    rx> !  miUl  lit  wWr 

Then,  *  being —I,  <=  —  1,  l  =  j,  »  =  2,r= 
^i,  »=t;  alfotfisi*  62=1,  »  =  —  (,«e=:|s 

>  (=J+«)  =1,  <  (esH->»+l)  =  1,  andv»(=tlie 

IwMt  Fluent  of  l—?'      j?):=lj  wefllal],  byfub- 
ftitutirtg  theft  several  Values  above,  get  1  +—  + 

*    -  »r.  =  Fluent;  of  ifX 

l^-   X>  (orHA)  when.r=i.     Which  Fluent 
being  alTo  exprened  by  —  (  it  follows  that  —  =  — r 

5"+  k  +  «  +  ^  "'•  Wherc  "  "  *  "  **  r*" 

lipbery  of  the  Circle  whole  Radius  it  Uoity. 


Ex. 
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tx.  2.  Let  H  =  t>  +  j?\      T  X  * ;  tifindifo  Blunt 

'Here,  *='*»  fan,  »=2,  /•  = —  J,  w  =  f-,  alfo 
«:=&*,  £=1,  «  = —  x»  f  —  f»  £  (?-f*v)    =i»* 

fr+*+0=*»  and  A  (=  bM  Fluent  of  A*  —  PT" 
X  z£)  =  A :  Whence,  by  Sub  dilution,  we  have  c~~* 

*Xi-;X^+|X^-}X-      »r.     which, 
multiply'*)   by  c*    (the  Coefficient  of  «)   gives  —  X 


t,'         b>         fr 
h  —  — r  +  ^  —  zrr  »  ft  for  the  true  Fluent  in  this 

Cafe  :  Where  the  Series  is  that  expreffing  the  Arch  of 

•  Ait.  141.  the  Circle  whofe  Tangent  is  b  and  Radius  e  •  ;  and  is 

therefore  equal  to  c  X  Arch,  whofe  Radius  is  Unity  and 

Tangent  =  —  :  Whence  this  laft  Arch  (taken  without 

the  Multiplicator  c)  a  the  true  Value  of  the  Fluent 


■     SECTION     vir. 

Shewing  bow  Fluents  found  by  Means  of  Infinite 
Seritfs,  are  made  to  converge. 

3+7.  TT  is  found,  in  Art.  85.    that  the  Fluent  of 

JL  — 1* 

«+'*      X  rfa.**- **,    in    an    Infinite    Series, 
(nuking  m+;=r)  is  exprefied  by  f±f2 ^_  X 
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,4u 


e»V.     Whence 


it  follows  (and  is  evident  by  bare  Infpe&ion)  that  the 

Fluent  of  a — <y"  '  X.y~  j  (where  the  fecond  Term 
under  the  Vinculum  is  negative)  will  be  truly  defined  by 


-into  1  + 


+  &*•  fuppofing  j=r-+f. 

But,   befides  the  Series  here  given,   and  Thofe,  in 
Art'.  83.  8+.  expreffing  the  fame  Value,  the  Fluent  of 

a — tf^  X  f**~Jj  w']}],  yet,  admit  of  another  Form, 
different  from  all  of  them  ;  by  means  whereof  and  that 
above,  we  fhall  be  enabled  to  draw  out  fomc  very  ufeful 
Conclusions. 

348.  Put  V  =      "J"      i    then  /  =     ax'    ,  and 


therefore  n/-*^  — — *iMoa-*y'  = 
X)—*j)  =z 


a+cz' 


a-\-cx 

confcquently  a— g*1   X  >*"  "V   =  «**,+l   X 
«+«'*  X  a**-"*:  Which   Fluxion,  fo  tranf- 

form'd,  being  compared  with  a-i-cxr  X  d%^~ti  ;  we 
ha«Bi  =  —  r  —  ?—  1,  rf  =  a*r+'+*,  and  *  (?-f-m) 
=  —  r  —  I  }  whence,  by  Cub  diluting  thefe  Value* 
in  the  firft  Scries,  above  given,  the  Fluent  fought  will 

kh,d=^+7;'l~,x'''t,x'Cx,+  =5l- 

ept  f-f-i  .  a 

f+l.  (+«.«"        f+I.f+2.J+3-«' 


3q8       The  Manner  vf  making  Fluents  cotiverge. 

Which,  by  rcftonng  ji  (or  writing  •  —  ;■  and  :-2— 
* — 9  +-tf 

for  their  Equatj  a  +  ex",  and   *")  becomes 

»"  !+•      «— <^       ?+!•»+» 

S        <*f.  the  tree  Item,  of  a— <j"'  X  /*"/, 

349.  Tbii  Fluent  may  be  wherwifc  found,  inde- 
pendent  of  that  above,  in  the  following  Manner  : 

It  is  evident,  by  taking  the  Fluxion  of ■ 

f 
(which    Quantity  would  be  the   Fluent    fought,  if 

3'  „     .  ,     a^/'x/1   . 

*— ty"   was  eonftant)  that t—S  ■     is    a=   the 

Fluent  of  *— i>"'  X/"~V  —  Fluent  of  —  X 

tf — <y"'  X>  "~"j>."  Thu  Equation,  by  ttanjpofag 
the  laft  Term,  and  writing  x  in  the  room  of  *— tf 
(for  the  Sake  of  Brevity)  will  become  Flu.  *Y*/  = 
££  +  "   x  /7«.*^",>,"*""j.  From  the  very  fame 

qn  ? 

Argument  (if,  inftead  of  r,  we  fubflitute  r — 1,  r~ i 
&c.  fucceflively)  and,  for  q .  write  f+i,  f+2,  J+3' 
CSV.    refpeaivelyj    we   (hall,  alio,  have 

Kb.*     V  J>  =  — =s +  -=3=r-  X 

Ru.  *"yT        y  =   -^=i +   -— r—   x 

*  ■         Digil  zed  by  GOOgle 
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Whence,  by  fobGituting  tbefc  Values,  one  by  one,  in 
tint  of,  flu.  Jfj,  w»B* 

_4.._,  aM»       ,...•—». 1**" 

x  ffc. »-" Jr+"-,r  =  ii-  +  S^j; —  + 

f.f+T  j-P-«  «■?+■•?+» 

«fcJry*>~v  -  e^ + =C£l + 

P  f.f+i.« 

f-f+<  ■»+*••  ?-?+i-H-2-H-3-* 

fcrV,  Where  the  I*aw  of  Continuation  is  nun.fcft ;  and 
where,  by  making -i.  a  general  Multipltcator,  we 
(hall  have  the  very  Sciies  above  exhibited. 

350.  From  the  Equality  of  the  two  foregoing  Ex- 
preftans,  for  the  Fluent  of  a — ey  Xy  y,  (or 
x")f*~,y)  the  Bwfinefs  of  finding  Fluents,  by  infinite 
Seriefes,  will,  in  many  Cafes,  be  very  much  facilitated, 

For,  in  the  fitft  Place,  it  follows  (by  dividing  both  by 

qua  qna       J 

itL-<>''+  ELSi^  to.  and  Z 


that  the  Seriefes  I  -f- 


ESV,  mull  alfo  be  equal  to  each  other,  let  the  feveral 
Qiiaa- 


4°°      The  Manner  of  making  Fluents  converge. 

Quantities,  therein  concerned,  be  what  they  will  (which 
may  be  otherwife  proved,  independent  of  fluxions.) 
Therefore,  if  in  the  room  of  q  and  /  we  write  any  other 

Quantities  p  and  t,  the  Equation  will,  JIM,  hold,  ud 

will  then  become  I  +  *tL  7*  +  *±L^±L*£ 

+  tft.  =^  Xl+^t^!:   £*. 

(r  being  =H-r.) 

Moreover,  if  as  many  Terms  of  the  firft  Series  i  + 

£sV.  be  taken  as  are  denoted  by  any  given  Number  v, 
and  the  laft  of  them  be  reprcfemed  by  ^.  it  is  evident, 
from  the  Law  of  the  Series,  that  the  nrft  of  the  re- 

*+w      f>" 
maining  Terms  will  be  exprefied  by  4L  X  — rj  X  — ; 

the  fecond,  of  them,  by  $X  1±1  X    '+*+'  X 

1Z—  EsV.  and  therefore  the  Sum  of  all  of  them  (putting 

f+v=?  and  i+v  (=r+9+v)  =  t)  will  be  =J^X 
'         «■  r        '+i       rH*" 


.  <*/ 


xi+J-t^: 


(by  writing  the  Series  found  above  in  the  room  of  its 
Equal)  and  confeouentiy  the  whole  Series  (including 

the  v  Srft  Terms)  =  i  +  tfc- 


*■+■•« 
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f+i.H-i  •  **      fFf  ■P+x  -P+2-  *■ 

Which,  drawn  into  the  general  Multiplicator— SL. 

(otrf.  ,**.  347. )  will  give  the  Fluent  of  a— <y*  x/"~"rj 
(or  *•*"' "^)  according  to  a  new  Form,  compounded 
out  of  the  two  preceding  ones ;  where  the  fecond  Series 
(the  Value  of  p  being  large  in  rdpeet  of  r)  will  al- 
ways converge  much  rafter  than  the  remaining  Part 
of  the  firft,  for  which  it  is  fubftituted ;  But  this  will, 
more  fully,  appear  from  what  follows  hereafter.  It  will 
be  proper   to   take  notice  here   that  the  Fluent    of 

tf-K»"    Xa'*~"'*  (the  Fluxion  firft  propofed,  where  ' 

the  fecond  Term  under  the  Vinculum  is  pofitive)  will 
alio  be  had  from  hence  (by  .writing  z  for;,  m  for  r, 

»nd  —  e  for  t )    and  is  therefore  equal  to    - — 

drawn  into  the  Sum   of  the  two  following  Seriefes, 

„-!_,     —Li     -_!--.     J.1      *     I 


?+!*<*        |+i.f+a.«"       f+i.f+*.f+3-** 


y  .  ^_      mi  ,      m .  m— 


P+I.X  p+l.f+2. 


p+i.p+*.H-3-*> 

Where,  t  =  m+f,  p=v  +  q,  t=s  +  v>  x=o+tzrt 

and  J^==  the  laft  Term  of  the  firft  Series  continued 

to  v  Terms,  v  being  any  whole  Number,  at  pleafure. 

A  few  Examples  will  fhew  the.  Ufe  of  what  is  above 

delivered, 

D  d  Ex. 
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K  .—I 

351.  Ex.  I,  Lit  -j—,    or  I+z"     it  be  propouH&l. 

Which  bang  compared  with  a-ff*"'  X  ar"  i,  we 
have  «S=I1(=Ii«=1«  *=l+;c.  «= — I,  y» — 1=0, 
or  j=i  *,  whencealfo  1  (m+?)  =°>  ?  f"+j)  =*>+** 
t  [s+v)  =v,  and  confequcntly  the  Fluent  itfclf  (by 
fubftituting  thefe  feveral  Values  in  the  taft  general  Tbe- 

x        x*       x*  vk3 

orcm)  =  zintoi  — — +—  — ~   (w)  —  -— 

*         S       ■+  v-^-i.ar 

"         *  a .  g*        _j_         2 .  3  ■  zJ 

1»+2.»         V+2.V+3.**      W+2.T»+3.t»+4-Jts 

Wf.    Where  ($J  the  laft  Term  of  the  firfl  Scries 


being  ± •,  the  Multiplic 


'(&-> 


Second,  will  be  —  ?  ~^L — J  and  fo  the  Fluent  ideU* 
will  be  reduced  to*——  +  —  —  --  (w)  T— —     x 

1+  ==^  +  -r-    ==     ;  +  Eft.     In  which 

the  Signs  —  and  -f-,  before  a"*1,  obtain  alternately, 
according  as  v  is  an  odd  or  even  Number.  But,  to 
(hew  the  Advantage  of  expreffing  the  Fluent  in  this 
Manner,  by  two  different  Seriefej,  let  z=i,  and  let 
v  be  taken  =  8  ;  then  the  Value  of  the  firfi  Scries  (con- 
tinued to  8  Terms)  being  =  0,6345238  He.  and  Thai 
1  A  iB  -iC  A.D 
of  thefecondSeries  =  ^+-+  — 4-^+^g- 

+  |s  Eft.  (where  At  B,  C,  D  Eft.  denote  the  Tenm 

preceding  thofe  where  they  ftand)  ~  0,0555555  -f- 

0,0027778  -4-  0,0002525  +  0,000031 6  +  0,0000048 

+0j 0000009 -f-0,0 00000 2— 0,0586233  i  it  is  evident 

that 
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be  =  0,6345238+0,0586233=0,6931471 :  Which 
is  true  to  the  very  laft  Decimal  Place  ;  and  would  have 
required,  at  Icaft,  iooooo  Terms  of  the  firft,  or  com- 
mon, Series. 

352.  Ex.2.  Let  the  Fluent  ef  ••:     t  (exprejpng  thtArtb 

vjhoft  Radius  h  i  and  Tangent  x)  be  required. 

In  this  Cafe  wc  have  ossi,  «si,  n=2,  *=:  i -f-aa, 
w= — 1,  f» — 1=0,  or  q =  J,  /  =  — £,  £=e-|-i, 

2J        k*        st7 
and  the  Fluent  idelf  =  »  —  —  +  —  — 1 —    (w)  ± 


-***l  2  .**  2.4.** 

*        .Xi+-—     +■==    —  + 

2W+I.JT  W+3-*  2W+J.2W+5.** 

-4'6;S— Eft.    Where,  if «  be  taken 


*w+3 .  2W+5  .  2*+7  -  *J 


19 


■*  (sV.  =  0,785398  =  the  Fluent  of  -,    -x  when  a: 

=  I  (=  i  of  the  Periphery  of  the  forefaid  Circle) 
Whkh  Number,  brought  out  by  taking,  only,  8  Terms 
of  the  fecond  Series,  is  more  exact  than  if  100000 


had  been  ufed.     And,  if  x  be  taken  ss     /  -1     (=5 
^     3 

Tangent  of  30°)  and  v—b,  as  before,  the  fame  Num- 
ber of  Terms  will  be  fufficient  to  gjvc  the  Anfwer ,  true 
,to  twice  the  Decimal  Places  above  exhibited. 

Dd  2  353.  Ex, 
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'353.  Ex.  3.  Let  tht  Fltixinn  prcpefid  be  e*  ~\-y*  *X/. 
Here  we  have,  a=ae*,  c=i,  a=»,  "--4,  *=<*+j*» 

( j-f-w)  =  v  +  { ;  and  therefore  the  fluent  fought  (by 
Subflitution)  is  =  -—  into  1  —  ~  +   -    _,, 


5'9-"3<"  4»+I.*  +V+S-* 

2  •  2J'8  2.6.  2y'* 

4^+5  •  4^+9  •  **  4H-S-+*+9'4«+'3-** 
fe'e  In  which  (at  in  all  other  Cafes)  ^denotes  thelaft 
Term  of  the  firft  Scries.  This  Fluent  approximates 
equally  faft  with  thcJe  in  the  foregoing  Examples  :  And 
it  may  be  obferved  farther,  that  the  Fluent  will  always 
converge,  however  great  the  Value  of  z  is  taken,  if 

both -a  and  c,  in  the  general  Fluxion  a+ca*'  xss  «, 
•arc  pofittve  Quantities.  But,  if  the  fecond  Term  under 
the  Vinculum  be  negative,  the  Cafe  will  be  otherwife, 
when  that  Term  becomes  greater  than  half  the  Firft ; 

fince  the  Powers  of—,    in  the   latter   Part  of  the 

Fluent,  will  then  form  an  increafing  Geometrical  Pro- 
greffion,  It  rrtay,  therefore,  be  of  ufe  to  fbew  how  the 
Theorem'  may  be  varied  fo  as  to  anfwer  in  this  Cafe. 
In  order  thereto,  if  in  the  Equations  -i—r-f-?)  and  1+ 

'"+■"•  9"       .     i+r.s+aT.tV*    tf f _ '  _    «_  x 

1+  JE=r-  +  r  m-1  •  c*y     &c  (ghat  in  Art.  jjo.) 
t+iM       f-r-i.f+a.*1 

you  write  i  for  r,  and  p  (at  q%  and  multiply  by  — » 
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you  -will  tave  .s  =  t+p,   and  I  +  r 


f+i- 


'*.*- 


.lie.  —  -  X  1  +  '• 


J>+l.f+2.«* 
Moreover,  if  thewfirft  Termsof  the  above  Series  1+  ' 

-IgL.  -f— 1'  r~'  '  ''>"   Uc.  betaken,  and  the  ]aft 

}+■•*       f+I.ff».«* 

of  them  be  denoted  by  Jg,  it  is  plain  the  tirft  of  the 

remaining  Terms  will  be  =  j£X         t^,      X  —  , 

the  fccond  =  £X  -^-  X  ^p  X  -£-,»*. 
and  the  Sum  of  them  all  (putting  q  +  v  =/,  and 
,._„  =  .)  equal  to  i&hM    X  .  +  J?l  + 

t'  H-i » 

,   r+t  .  i-f-a  ■  c*j      yf   (by  the  Equation  above)  and 

confequently  the  Sum  of  the  whole  Series  ( 1  +  i- 

e.,.)=I  +  ^_    +    r-If^'°     + 
,+r.»  ;+■■?+'■» 

t+i-rH-H-3-''  ** 

.,■■1. '+'•<>*       .    »+■•'+'  -'V  1  far,.  Which, 
Dd  3  »ul- 

nS>.«ih, 
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multiply'd    by    -JSL.  ,   gives  the  Fluent  of  a — tf 
pi 

•At.M*,X/"~"V  (*«  *'***""*>)    where  *  =  r  —  w»  >=* 

+?,   s  {=t+p)  ='+f  and  *=*—</.     I  fballput 
down  one  Example  of  the  life  of  this  laft  general  Ex- 

preffionj  where  wc  will  take  j  X^if— ?\  or  2 — ■}  X 
a 
y*y  (oeing  tbe  Fluxion  of  the  Area  of  the  Circle  whofe 
Radius  is  Unity  and  verfed  Sine  y)  In  which  Cafe, 
17=2,  r=l,  »=i,  r=|,  fit — l=f,  or  f=2*  is: 
— v-f-ii  ^— »+J»  j=2,  *=2 — 7  i   and  therefore  the 

Fluent  fought  =  ^LL.  into  1  +  2—  -£—■  + 
6  3  5*       5-7** 


3 

3?*        _         3T*         ,  37' 

5.7.9*'  7.9.  11*4    *    9. 1 1. 13** 


w 


■        3f        L  3-Q* 

1  t"  : 


^+3.2  T  »  +  S   T  i«  +  5.'w  +  7 


. 3  •  4  •  5?3  ^     Which,   if  f   be   taken 

aw+5  . 2«+7  .  2W+9 

=i»  and  v=$>  will  become  =  —  +~  —  ~z  +  ~" 

5O        7£         3P     +G      5& 

(where  ^,  S,  C  &c.  denote  the  feveral  Terms,  re- 
spectively, without  their  Signs.)  In  bringing  out  which 
Conclufion,  fix  Terms  of  the  fecond  Series  are  required : 
But  if  y  be  .taken  —  \  the  Radius  of  the  forclaid  Circle, 
then  four  Terms  of  each  Series  will  be  more  than  fuifi- 
cient  to  give  the  fame  Number  of  Decimal  Places.  And 
it  may  lilccwife  be  obferved,  that,  although  no  general 
Rule  can  be  laid  down  for  aligning  the  Value  of  v,  (o 
as  to  anfwer  the  beft  in  all  Cafes,  yet  the  Cooclurion 
will, 
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Will,  for  the  general  Part,  require  the  feweft  Terms, 
when  the  Number  of  thofe,  taken  in  each  Series,  is 
nearly  the  fame. 

354.  But,  after  all,  another  Theorem  or  Series,  ftill, 
Teems  wanting,  to  exprefe  the  Value  of  the  whole  Flu- 
ent, when  the  Quantity  under  the  Vinculum  becomes 
equal  to  Nothing  ( which,  in  the  Refolution  of  Problems, 
is,  commonly,  what  is  required.)  For,  it  is  plain  the 
laft,  above  given,  anfwers  no  better,  here,  than  that 
preceding  it  i  becaufc  (the  Divifor  (*;  being  Nothing) 
the  former  Part  of  it  fails. 

In  order,  therefore,  to  determine  a  proper  Fermt  to 
obtain  in  this  Circumftance,  it  will  be  requifite  to  ob. 
serve,  6rft  of  all,  from  ArtUU  a86.  that  the  whole 

Fluent    of  73^  a/*"1""'*,   fuppoGng  that  of 

'T—hfx  *'*~,£  to  be  denoted  by  A,  will  be  truly 

which  l=m+*+l  i  and  where  it  U  reouitK  that  the 
Values  of  *i+I  andf  Ihould  be  pofitive,  olheiwie,  A 
being  infinite,  the  Fluent  (orComparifon)  fails.  Hence, 

hecaufe  the  whole  Fluent  of  a— te"1  X  a*-'  i,  ("hen 

a ia"  —  o)  is  found  =  ^= ,  by  the  common 

m+iX»» 
.Way  •,  it  follows,  by  writing  this  Value  in  .the  Room  of;**  w. 
A,  and  expounding  p  by  I,  that  the  «Mt  ft**  of 

^5?  "  X«"  +  ™-'i  »  "gbdy  e»P'efied  by  ^pj  X 

_3_X_S_WX=1= -f,  "'by^p  X 

m+3      ™+4  l  '      ^fTlXri"*'  X 

Whence 


=4j("+"x»tTx^ 

Dd  4.  That 


4o8      The  Manner  of  making  Bunts  converge; 

That  of  a-fa'1  Xs-'i,  by  fiMituting  r  infleidoi 
w-f-i,  will  conTcquently  be  equal  to  — —  v     * 

X  S+5  M  X— ,  ■  Let  this  Quantity  be  dcnotat 
by  Si  then,  *,  <*,>„,  AnVA,  the  Finer,,,  rf  4, 
feveral  Terms  of  the  Serio  1,  iS!.  '**"   *'**"  s 

drawn  into  the  general  Multiplicator  a te"'"x  Js'""*1*, 

will  be,  refpcaively,  expounded  by  thole  of  the  Series  t, 

J^    r.r+I     r.r+i  .,-f-a  . 

ing  san-^-j. 

If  now  the  Difference,  of  the  Quantities  1,  —M 
r.r+t  ""  '    '* 

n^T  "'■  *"'  co»t«""lly.  ofen  t  i  and  for  _  j, 
R,ual  -m— .  be  fubflituted,  the  Value  of  an*  TV- 
of  the  Se„e„  whofe  MW  ,rom  the  «,«,  eiluf^ 
-denoted  by,,  „  whole  co™fpol>du,g  xirnTir.  £ 
preceding!*^  iai^,    wi„    h    ^^   ^ 

jrehed  by  1  —  !J±1^.'.*hI .»+i,iE 
^' JjJ^  X   >.(+7 

■  •=•3  x  <..F+r.,+r~'+£'<-  w°™, 

if  -  be  interpreted  by  „, ,,  »,  38!-.  foccclBveI)r_  yoa 

will  have  the  Value.  1.  — ,  r-r+'  ,„       . 

'    t '  ,775^  er'-  »°ove  e»bi- 
bited :  But,  if  /  be  taken  as  ■  Kvja' 
of  fuch  an  U^^ft^jy*. 

f  $«  tp  Moibtmetita!  Ejaj,,  p,  9#,  *■ 
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*V*       -  — "  ■ 

the  Fluent  of  Xa—bz"i   X»        x,  in  any  pro- 

pofed  Circumftance  of  t  j  wiiich  Fluent,   it  is  evident, 
•Will  therefore  be  expreffcd  by  B  X  1  —  *'»+'  _j_ 

,.,— ,.»4.i.j,  +  »  ^  or  i(s  E -j    1     x 
1 .  2  >    /  .  *  -f  1  *-H 

—4—  X  ~J-^  M   X  f_I  into  1  —  Il^+i  — 
-2.m+3 


a.r+i  3-«+»  4'+3 

G  We.  (where  '£,  F,  G  EsV.  denote  the  Terms  im- 
mediately preceding  thdfc  where  they  {land,  under  their 

proper  Signs.)    Whence,  dividing  by  — ,   we  have 


1  2  »"+r4-'  1  —  1  - 

4-  x  -rs  W  x  tJLZ.  x  1-  '.-?+■.  - 


■  X£,  fr.  for  the  true -Fluent  of  a— ia"  X 


From  the  laft  Fluent  ri<rf  of  .*— fo"'  X »  i 
(in  which  p  denotes  any  pofirive  Fraction,  proper 
or'improper)  is  very  readily  obtained :  For,  if  the 
fime  (when  a — ia'=o)  be  denoted  by  A ;  then  the 


Fluent  of  a— fa"    X  J****~*i  will  (accordftigfoth* 

p 
Article  above  quoted)   be  eJfprefled   by  JX^Y,-  X 


polltive 
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pofitlve  Integer.    Therefore,  by  making  a — **"*   X 

*"'■    '*  =t  a— fc?   Xa/"+**"*i,  or  r  +  *=>+w, 

the  correfponding  Fluents  mufl,  alfo,  be  equal  j  that  is, 

-I—XJ±^-MX  ££  — —x-2- 

t+m+l  *?+»+*  l  '  j=    _»  +  '  *«»+2 

confequently  A  (the  whole   Fluent  of  «— fa^      X 
*-.        ?+"+!    )>+"+*      />+"+3 .  ,  .,  _£_ 

x4i-xdi M  *  5 *  b"<,'hcS°i°- 

'•*  2.*+i  3.*+*" 

>— 3^mj-A-n  w-    where  /=r+rt+,  and  ,=/  + 

4-'+3 
v — r  ;  v  and  r  being  any  whole  pofitive  Numbers  at 
plcafure. 

355.  An  Example,  or  two,  of  the  Ufc  of  this  Con- 
cluuon,  may  be  proper. 

....     I 

i°.  Let  the  whole  Fluent  of  1 — **)  a-  (expreffiog 
the  Length  of  £  of  the  Periphery  of  the  Circle  whofe 
Radius  ii  Unity)  be  demanded.  In  which  Cafe,  a  be- 
ing =  1,  feel,  m  =  — f,  «=2,  £=£,  r=r+i  = 

— -,  and  j=v— r+|= ~—  ,     the  Fluent 

fought  will,  therefore,  (by  fubflituting  thefe  Values)  be 

*        4.        6  2        A        6 

W=TX|X  j(»)X7X-ix  j(r)    X 
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"  2 .  2C+I  4 .  ar+j 


5  .  2« — ar- 


3f-Z'^-i  ca,.    wfc^     ' 


6.ar+5  8.Jr+7 

by  expounding  v.  by  5  and  r  by  3,  will  become  = 

2,16719  «r.  into 'I- rf-Jfj *-££*■+ 

In  the  bringing  out  of  which  Value,  all  the  Terms  aboTe 
exhibited  are  rcquifite :  But,  of  the  common  Series,  1  + 

1  1 .  3  1.3-5 

a.3  +~fTT  +  2.4.6.7  +  tff*  more  ^  ia 
times  that  Number  of  Termi  would  be  neccuary  to  an- 
fwer  with  the  fame  Degree  of  Exaflnefs. 

Ex.  20.  Ltt  tht  PUuttm  prtpofid  It  -3 — *  ■  ■    - 

fwhofe  whole  Fluent,  when  *=</,  expreflts  the  Time 
of  Dticent  of  a  heavy  Body  in  half  the  Arch  of  a  Semt- 
'  circle,  whole  Radius  is  d*.)  "Aft  «o7j 

Here,    by   comparing    </*  —  3       X*     **   with 

a—tx"     X a*"    '*,  we  have  c=rf*,  J=i,»=2,^« 1 

=  — i,  or^=J;  alio  *  (£  +  v— r)  =»— r  +  j, 
f  (r+m-f-i)  =  ^-f  £  :  Whence,  by  taking  r  and  v. 
each,  equal  to  4,  the  Fluent,  itfclf,  comes  out  = 
■<         7         11        1?  *         4         6         8 

T^T^H""  7*7*7*7* 
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se  4,621 S«:  Wbichisto  zN/zrf,  the  Time  of  De- 
scent along  the  vertical  Diameter  of  the  forefaid  Circle, 
as  2,6215  to  2,8284,  or  as  100  to  108,  nearly. 

After  the  fame  Manner  the  Fluent  will  be  found  in 
other  Cafes :  But,  with  regard  to  the  affigning  of  the 
.Values  of  r  and  v,  it  may  be  obfervcd,  that  the  An- 
fwcr  will,  commonly,  be  brought  out' with  the  leait 
Trouble  when  v  is  taken  greater  by  an  Unit  or  two  than 
r;  which  laft  Quantity  mult  be  greater  or  lefs,  ac- 
cording as  a  greater  or  lefs  Degree  of  Exaftnefs  is  ne- 

ceflary. From  the  foregoing  Expreffiom,  by  varying 

the  Values  of  v  and  r,  a  great  Number  of  Theorems, 
for  the  Summation  of  Seriefes,  may  be  deduced.  But 
this  being  foreign  to  my  prefent  Purpofe,  I  am  not  at 
Lcifure  to  purfue  it  here. 

356.  Hitherto  Regard  has  been  had  to  Fluxions  of 
the  Binomial-Kind  :  But,  from  thence,  the  Fluents  of 
Trinomials  may  alfo  be  found  j  when  thefe  laft  can  be 
reduced  to  Binomials  {by  Art.  307.)  without  introducing 

.  new  Radical  Quantities. BeliJes  which  Method,  I 

fhall,  here,  give  another,  which  will  anfwer  where  that 
fails,  and  is  alfo  applicable  to  Multinomials. 

In    order  thereto,   let  the  Fluent  of  a-f-«.*'  X 

aT~~  i,  be  denoted  by  A;  and  let  it  be  required  to 
find,  from  thence,  the  Fluent  of  the  Radical  Mult'm- 


mial,  or  Infinite  Series,  a+cx*+d**"+tx  '"-f/*4"  t*t) 
Make**"  =«"  +<&"+«*"  +  tsV.  and^i**; 

then,  **  being  =>'  ,  if  this  Value  be  fuhltituted  for 

1 
*",  in  the  firft  Equation,  it  will  become  «;":=*/'  + 

±-       J. 
djp  -j-ty*  &t.    Whence,  by  revetting  the Senw,(Jj 
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wh„«  * = -£  s  =  W±i  x  £  _£.  r= 

Moreover,  by  taking  the  Fluxion  of  the  Equation 
thus  brought  out,  and  dividing  by  pn,  we  have  x1""  "x 

P 

Now  let  this.  Value,  with  that  of  »»  +  A"»+«1" 

4-  tf<-  (given    above)  be  fubftituted  in  the  propofed 

Fluxion,  and  it  will  become  «+«'     X  a         *  +  ' 
«±i  X  It***"*  f  ^X  S.*"*'— '*  +  »r. 

.  Alfo,  let  v  denote  the  Place,  or  Diftance,  of  an/ 
Term  of  this  Series  from  the  firft,  exctulive  ;  then  the 
Term  itfelf,  drawn  into  the  general  Multiplicator,  will 

U  exprefled  by  «+«"*"  X  ^pA  aF**"""1*   (  A 

being  the  correfponding  Coefficient  Jtt  St  T,  &c. )  and 

"   ' 'a  /\  a-f 


; + ii?-1  -fi  3  («j 


1+1  .«       *+i.i«**       i+t  ■ 


Where, 
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Where,  j=ft+v — I,  /=m+j,  /=^-fJB+Ii  ***&  *"* 
Sign  of  the  fall  Term  is  -(-  or  — ,  according  as  v  is  an 
even  or  odd  Number.  Now,  if  in  the  Fluent  thus  gi- 
ven, v  be  expounded  by  1,  2,  3,  4.  &c,  fiicceffivdy,  it 
is  evident  the  Fluent  of  the  whole  Expreffion  will,  in 
all  Circumftances  of  z,  be  obtained.  But,  if  the  Co- 
efficient c  be  negative,  fo  that  a-\-cxn  may  (by  increafing 
x)  become  equal  to  Nothing  i  then,  in  that  CLrcura- 

ftance,  the  Fluent  of  the  forefaid  general  Term  «+ex" ' 

P  V  P 

sT+*""-,i,  making— e  =  i)  being,  tarttf,  =  ~  X 
the  whole  Fluent  of  the  given  Expreffion,  or  in  Equal. 


"xd~-'i+  t^-Xif*"-'*  &c.  will  betndf 
,  j+~'-*»  ■  Fh  •>+*■&■ 


.+,■^■^3.^.  fc-MwJ,».J{t 

*lBSfciEx£+£,  r=t_i±±i±Ix 

2  *         *  6 

p-+i^±+X0  +  ^,  Cfc  and^=tbcFluent 

« — £»"'  Xa       *,  when  «7— is"  =  0. 

3J7.  Hence,  if  the  Fluxion  given  be  of  the  Trino- 
mial Kind  (then,  t,f,  &c.  vanShiiig)  the  wbeli  Fkat 
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of  <t— 5r+7?¥'x»'^*«   (when  »-i*!  +  J»" 
=3  o)  will,  by  fubftituting  for  R,  S,  T,  lie.  \x=AX 


p.f+l      nj  .  p-t+'-P+*-P+i..°A 
'+     t.t     xu+     r.a.    I    .<+! 


+ 


f4  -f+5         3)' 

FT.  ,+1  x  u<  "• 

358.  Ifm-f-I  and  £  are  the  Halves  of  any  odd  Aftir- 


f-i>+'-H-2-l+3.H-4  -f+5         „. 

1.  a  .   3     .    <    .1+1     'J--  X  "'  +     '• 


mauve-Numbers,    the   Fhmt  of  o—W°*  Xa/*- '*, 

when  a  —  fcs"  —  o,  will  be  equal  to 

■  ■).5-7W)Xi.  3.5-7  0>-t)  „."»<?.    .,„  _ 
2.+.6.8.io.ls(*+,J  "-J-"  •  'J%?* 

G  being  the  Periphery  of  the  Qrcle  whofc  Diameter  is 
Unity.  ThereforetbeFluentofff— M+JS'+txS'cfcT 
X  J~~'i,  or  in  Equal,  «— fa"JX  a^'i  +  '_±i 


xfcf*^*"1*  {TV.  is  found,  in  this  Cafe, bymultip! j ing 
the  Expreffion  here  given,  into  the  foregoing  Scries,  i-f- 

359-  An  Example  or  two  will  help  to  shew  the  UTe 
of  what  is  above  delivered. 


Firft,     let   the  tlvtm    of 


^  raa 

(when  the  Divifor  becomes  equal  to  Nothing}  be  re- 
quired. 


Then,  by  comparing  «*  —  **  —  jjj-|         wittf 

the 
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the  general  Trinomial  a—bx*  -f*  dx**\  X*'*~,jc,  it 
appears  that  a1  muft  be,  here,  wrote  in  the  room  of  a, 
and  that  n,  m,  />,  *  and  /,   will  be  interpreted    by  2, 

—  "*"»  ~>  i»  and  — ■  — —  refpecYively :  Whence  we 
2.2,       *  raa  7 

h*»e  <  (?+»+.)  =  I,  : 2.4.t,(„+#, 

X  ? -  =—  »    and  the   Fluent  fought  =  —  X 

_  1.3  ,  '-3-5-7  I.3-5-7-9-"  ,  ,. 
1        2.  2r"r"  a.2.4.4ra       2.2.+-4.6.6r»   ■*  CT'* 

360.  The  fecond  Example  (hall  be,  to  find  the  Fluent 
expreffing  the  Affidt-Anglt  in  an  Orbit  dcTcribed  by 
means  of  a  centripetal  Force  varying  according  to  any 
Power  of  the  Diftance. 

In   which   Cafe   the    given    Fluxion    being 

*  pX  '  (FiJ.  Art.  242. 

P  T  n+i  r   T  n+i 

where  A  is  fuppofed  the  higher  Apfe,  andCA  (and 
confequently  Q>)  equal  to  Unity)  we  thai],  by  putting 

n+3 
1— p*  =  &    -^—=t>,  and  1— *»=;,  reduce  itto 


*f* 


1- 

-;X"'»+- 

— >- 

I V 

'VI— OX 

e 

vy.v.v — 2   , 

-  —  -i y 

2        >S 

V  .  V — 2  .  v — 3 
2. 3-4     . 

3.'+&r4~t 

-i       i       !■        4 
X/    >  +  ^i+>>  +  />+  «r.    WheretheQuan- 
•  ■        tity 
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tity  under  the  Radical   Sign   (now  anfwcring  to  the 
Form  above  prefcribed)    being  compared   with 

a—fo'+dx^+exV  W*j  ,    we  have   m  =s  —  f , 

v       d  v — 1     _^ <u — z.v — 3 

«_,,  t--,     ^_     3    ,*  -        — "^ 

&e.      Alfo  the  Value  of  p   with  regard  to   the  firft 

Term  0       >;  wUl  be  =  {  (becaufe  /w  —  1  =  —  I) 

lifcewife  its  Value  in  the  fecond  Term  (j  »«=  —  ;  in 

the  third  =  —  tic.    In  the  firft  of  thefe  Cafes  we, 
2 

d\ 
therefore,  have  *  (w'+p+  1]  =1,  SftXyJ  = 

"— *      j_V— 2.4f— 5   <r__P 2.IcV— j-JV+22 

6,0 _ ,*_  i6x+s 

Whence  it  follows,  that  the  Fluent  of  the  firft  Term 

(f  —  -jf  +  ^T*./  »ft J      Xj— W ■*« the 

Quantity  under  the  Radical  Sign  becomes  equal  to  No- 
thing (or  the  Body  arrives  at  its  lower  Apfe)  will  be 

G  v— 2  , 

truly  exprefled    by   ~y=-    into   1  +    -^7  .  &  + 


%.v— z.qv— s    _  ,  7:^— 2.16W1— 37^+2i    31 

4BW*  T  6X48^ 

-f  tic. 

In  the  fame  Manner 'it  will  appear,  that  the  Fluent 
of  the  fecond    Term,    in   that   Circumltance,    is  = 

\f\i       «  41'  ■         4S»' 


fcV. 

np.«ih, 
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G 


Ut.   that  of  the  Third  =  — =    X   J^i .  S*  + 

3S-"— *  .  (i  tit.  that  of  the  Fourth  =  -£-  .  p 
iiti1  a»* 

tit.  tie. 

Whence,  the  Fluent  of  the  whole  Series,  by  col- 
lecting thefe  feveral  Values  together,  will  come  out  = 


G 

x.  +  l«  +  20°"T5,"+2.« 

'                                          48W* 

hich, 
(the 
gives 

1  I2TJS 

— 63V1—  +2W— 

*.F+Be.Vi 

Irawaioto 

6X48W1 

}xi  —  is—iP— ^«'—  ="• 

the  general  Multiplicator  f\A— 0, 

Value  of 

G 
~7=-  X 

I     • 

,      V 2  ,  IV 

&1    .    V — 2 

IV  — 

I  .  1C 1 

72 

X  ?_  fcJV .  for  the  true  Meafure  of  the  Angle  required, 

in  Parts  of  the  Radius,  or  Unity:  From  whence,  by 
writing  180  inftead  of  G,  we  (ball  have  the  fame  in 
Degrees :  Which,  laft  of  all,  by  reftoring  »,  becomei 


X 


18  »7+J 

Where  »  is  the  Exponent  of  the  Law  of  the  Force, 
whereby  the  Orbit  is  defcribed  ;  and  ff,  thcDefedof 
the  Square  of  the  Meafure  of  the  Celerity,  at  the  higher 
jfpfi,  below  That  which  the  Body  ought  to  have  to  re- 
volve in  a  Circle,  this  laft  being  denoted  by  Unity. 
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The  farae.Conclufion  may  be  other  wife  derived,  by 
bringing  i— y,  in  the  transformed  Fluxion,  under  the 
Vinculum;  but  this  Way  of  going  10  work,  though 
we  have  but  one  Series  to  manage,  will  prove  rather 
more  trouble  (bme  than  the  foregoing. 

It  will  appear  from  the  two  preceding  Examples,  es- 
pecially the  firlt  of  them,  that  this  laft  Method  uf  rind- 
ing Fluents  is,  chiefly,  ufuful  when  alt  the  Terms  of 
the  given  Expreflion,  after  the  two  firft,  in  refpect  of 
thefe,  are  but  (mall.  Which  is  a  Circunurance  that 
frequently  occurs  in  the  Refolution  of  physical  Pro- 
blems; fuch  as  determining  the  Effect  of  the  Atmo- 
fphere's  Refinance  upon  the  Vibration  of  Pendulums; 
'  and  the  Inequalities  of  the  Planets  arifing  from  their 
Action  on  each  other.—— In  fhort,  wherever  the  Fluen-, 
or  the  Quantity  it  exprefies,  would  belong  to  the  Circle, 
or  fome  other  of  the  Conic- Sections,  were  it  not  for 
the  Interpofition  of  fome  fmall  perturbing  Force 
(whereby  new  Terms,  fmall  in  G'mpnifon  of  the  two 
firft,  are  introduced)  the  (aid  Method  will  be  found  of 
very  great  Service. 
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section    vin. 

The  Vfe  of  Fluxions  in  determining  the  Motion 
of  Bodies  in  refijimg  Mediums, 

PROB.     I. 

361.  Suppuftng  that  a  Body,  lit  go  from  a  given  Point 
A,  with  a  given  Celerity,  in  a  Right-line  AQ,,  it 
refifted  by  a  Medium  (or  any  Forte)  ailing  according 
to  a  given  Power  ef  the  Velocity ;  To  determine  the 
Velocity >,  and  alfo  the  Spaa  run  over,  at  the  End  if  a 
given  Time. 

LE  T  the  given  Celerity  at  A  (meafur'd  by  the 
Space  which  would  be  uniformly  defcribed  in  any 
propofed  Time  r)  be  put  =  c,  and  that  at  any  other 
Point  B,  ssv,  moreover  put  AB  =  x,  and  the  Time 


of  itsDefcription  =  %  \  and  let  theRefiflance,  or  Force, 
afting  upon  the  Body  at  A,  be  fuch,  that,  if  the  fame 
was  to  be  uniformly  continued,  the  Body  would  have 
all  its  Motion  destroyed  thereby,  in  the  Time  wherein 
it  might  move,  uniformly,  over  a  given  Diftance  d 
(CD)  with  its  fitft  Velocity  t:  Which  Time,  let  be  de- 
noted, by  t. 

Then,  fince  the  whole  Celerity  c  would  be  deftroy'd  in 
the  Time  /,  that  Part  of  it  which  would  be  uniformly  ta- 
ken away  in  the  Time  r,  above  propofed ,  will  be  truly  re- 

r  cc 

prefentcd  by    7  X  c ;  or  by  -7  ;  which  is  equal  to  it, 

becaufc  the  Spaces  (c  and  d)  defcribed  with  the  fame 
Ce- 
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Celerity  are  always  as  t^ie  Times  (rtait)  of  their 

Dsfcription  ;    and   therefore  •—  =  -j. 

Hence,  the  Refiftance  at  B  being  to  that  at  A  (by 

Hypothefis)  as  v  to  c* ,  it  follows  that  the  Velocity 
which  might  be  deftroyed  in  the  given  Time  r,  by  a 
Force  equal  to  the  Refiftance  at  B,  will  be  expreffcd  by 

"   X  — ,  or  its  Equal  _— —  :  Which  Expreffion  is, 

■         t"  <fc"— * 

therefore,  the  true  Meafure  of  the  Force  of  the  faid 

Refiftance. 

Now,  it  appears,  from  Art.  218.  that,  if  the  Force 
with  which  the  Body  is  afled  on  (or  the  Velocity  it 
would  generate  in  the  given  Time  r)  be  reprefented  by 
Ft  the  Relation  of  the  Meafurea  of  the  Velocity  and 
Space  gone  over,  will  be  exprefted  by  the  Equation  ±vir 

:=  Fx :  From  whence,  by  writing  — -— •   inftead    of 

Ft  We  have  —  vb  =  — —     (die  Sign   of  w    be- 

ing  negative,  becaufc  v  decreafes  while  x  increafes  *  )  *  *"•  *■ 

From    this   Equation,   we  get  x  =  —  dc      v      v  % 

whofe  Fluent  is  *  =  —  A'~*  Xv%      +  i    which, 

2 — n 
correQed  (by  taking  x  =  0,  and  v  =  c)  becomes  #  = 


'  +  '- 


±*\ 


Moreover,  fince  the  Time  (i)  is  to  the  Time  r,  as 
the  Dirtance  £  to  the  Diftance  v,  we  alfo  have  i  (= 


*)" 


v  i     and    consequently    z  = 
Ee  3 
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,J  7TT"  I  T\ 

writing  t  for  its  Equal  —  j  :    From   which   Equation 


e  _ — 5V_" 

we   get    —   =  i  +  or— i  X  —  :    Likewife, 

w  * 

from   the  preceding   Equation,    we   get    —  = 


ing  compared  together,  there,  at  length,  rctults  *  SB 


» — 2 


.  into  i  +  s—  I  X  -         —  li  for  the  required  Re- 

l  ' l 

lation  of  x  and  z.  Q  E.  J. 

Corollary.  ' 

362.  If  r  =  2,  or,  the  Refinance  be  in  the  Duplicate 
Ratio  of  the  Velocity,  the  Equation  exhibiting  the  Re- 
lation of  z  and    v,  will  be   —  =  1  +  — ,  or  v  = 

■ ■ —  :  But  the  other  Equation  (the  Fluent  failing] 

■  +  T 

becomes   impracticable.      Here  x,    the  Fluent  of  — 
•  Aitiifc  aZt  wiJ|  be  CXplicablc  by  d  X  hyp.  Lag.  —  »,orbyrfX 


.  Leg.  1  +  —  i  becaufc  v  = 

1  + 


In 
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"  In  Ike  like  Manner,  when»=r,  or  the  Refinance  is 
as  the  Velocity,  the  Relation  of  »,  *  and  *,  will  be 

exhibited  by  the  Equations  v  =  t  X  -^,  and  z  =  t X 

hyp.  Log.  j=IX%.  is*.  JZi-  ' mich  Cafe'  ana 

that  above,  are  the  only  two  wherein  the  general  So- 
lution fails. 

PROB.    II. 

Q  363.  If a  Bid),  let  go  from  a  given  Point 

T  A  with  a  given  Celerity,  in  a  virtual  Lsno 

_  CAQ,  it  atltd  on  by  an  uniform  Gravity, 

**■•  and  alfo  by  a  Medium,  refjtlng  according  to 

any  given  Power  of  the  Velocity ;   'tis  pro- 
ofed to  determine  the  Relation  of  the  Ttmn, 
A'  lie  Velocities,  and  the  Spaces  gone  over. 

Let  the  Notation  in  the  preceding  Pro- 
•o  blem  be  retained  i  and  let  the  Force  of '  Gra- 

D  "  vity,  in  the  given  Medium  (meafured  by  the 

1  Velocity  it  might  generate  in  the  propded 

Time  r«)    be  rejfefented  by  b      Then,    *«•  !<■• 
this  Value  being  added  to,  or  fubfltacled 

from  (    "*      )  the  Meafure  of  the  Re- 

finance  +,  according  as  the  Body  is  in  its  Afcent,  ort«*.j«t. 

Defcent,  we  thence  get  -jL-  ±»    f»    *"  «h°>« 

Force  (T)  whereby  the  Motion,  at  B,  is  affeaed: 

Whence  'b,Jrt.2tS)H==p)-j±u~> 

'.   •   ,_i.N  -  —rdd—'i        Wnofc   Fluents. Ait.  3«i. 
».d*C-  „     )-f±M~> 

E  e  4  may     ' 


c 
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may  be  had,  bv  the  Means  of  circular  Arcs,    and  .Loga- 
rithms, from  Art.  331.  '    Q  B*  '- 

Corollary    I. 

364.  It  appears  that  the  Force  f >-.    jof  theRe- 

fiftance  is  to  (b)  that  of  Gravity,  in  the  given  Me- 
dium,   as  v " -to  bd*~ * :    Therefore,  if  this   Ratio  br 

expounded  by  that  of  v  to  a" ,  or  a  be  put  =  bde  , 
it  lullows  that  17  will  exprefe  the  Celerity  with  which  the 
Refutancc  would  be  equal  to  the  Gravity  (finer,  when 
v =a,  the  faid  Ratio  becomes  that  of  Equality. )     Hence, 

alfo,    by  fubfiituting  f—  for  its  Equal  dc       *,     we  get 

\  _    —a'vb  —ra*i 

bXv*±u*  bXv   ±a 

Corollary  II. 

36;.  If  the  Refiftaace  be  in  the  Duplicate  Ratio  of 
the  CeKrkv,  our  two  laft  Equations  will  become  *■  = 


6.                       -                               a*        ,        ,       w±aa* 
mer  whereof  we  get  *  =  —  —7  X  hyp.  Log.  — 3* 

V        ,       ,       u±aa       d   .    ,       „       cc±U 

—  -7  X  it*.  £>?.  — -- —  =  —  X  bjp .  Leg.  — t-Tj 

(becaufe,  here,  a1  —  W.)     From  whence,  when  v=o, 
(fuppofmg  the  Body  toafcend)   there  comes  out  *  = 

—  X  *tf,  Ztf.  1  +  — ,  for  the  Height  (A$J  of  the 

whole  Afccnt.     But,  if  c  be  taken  =  o,  or  the  Body 
be 


tie  fuppofcd  to  defcend  from  Reft,  we  fliall  then  have 

—  7X%.  Log.  i  —  —  =the'Drftanc«.fiS  defcend- 
ed.  Whence*  if  A7  be  put  f?r  theMumber  whofe.  Hyper- 
bolical Logarithm  is  -r,  it  follows,  (becaufe,  Log.  j  — 

tf  2*  .,  «•        I 

—  =  _7  c  —  Lag.  AT;  that  I  —  -=  39..,  .Ml 

confequcrwly  »=«  ^  — ^-.    From  which,  the  Di- 

■  y     n 

fiance  AB  being  given,  the  Velocity  acquired  in  the  Fall 
will  be  determined.  But,  if  the  Body,  firft,  afcends 
from  a  given  Point  A,  with  a  given  Celerity  c,  and  the 
Celerity,  acquired  in  failing,  when  it  arrives,  again,  at 
that  Point,  be  required ;  the  fame  may  be  exhibited  in 
a  more  commodious  Form,  independent  of  Logarithms* 

and  will  be  equal  to  — 7  ■  ■ .  n-=  ,  becaufe  N,  in  tbi» 

J'  +  " 

Cafe,  is  found  above  to  be  =  1  +  — .  Furthermore, 
with  regard  to  the  Time  (z)t  we  have  already  found 


hXw  +  aa  by.w-.ea 

....  ■:-■?—  1  according  as  the  Motion  of  the  Body 

bXaa  —  w/  ^ 

b  from,  or  towards  die  Center  of  Force.     -Therefore 
the  Time  itfelf,  in  the  former  Cafe,  will  be  =  -t 

drawn  into  the  Difference  of  the  two  circular  Arcs 

c  v 

whofe  Tangents  are  —  and-— ,  and  whereof  the  com- 
mon Radius  is  Unity  * :  Whence  it  follows  that  the*  Ait  141. 
Time 
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Time  of  the  whole  Afcent  will  be  denoted  by  -^-mul- 

tiply'd  into  the  former  of  the  faid  Arcs. 

But,  in  the  other  Cafe,  the  Fluent,  exhibiting  die 
Time  of  Defcent,   is  not  explicable  by  the  Arcs  of  a 
Circle,  but  by  the  Difference  of  the  hyperbolical  Lo- 
«"4-»  a-f-f  ra 

•Art,  i»6.  garithms  of  - — -  and  -— -  drawn  into  tj  ••     There- 
fore, when  c  =  o,  or  the  Body  falls  from  Reft,  trie 
ra  ,       *+w        ra 

Time  a  w31  be  barely  =  jj  X  hyp .  Lug.  j^  =--y 

X  hyp.  Lag'.  2T  +  75— ?*  (by  ftibftiiuting  the  Value 
of  v  found  above,  and  ordering  the  Logarithm  as  in 
Art.  303.)     This  Equation,  in  the  foremention'd  Cir- 

cumftance,  where  #=  1  +  — ,  and  v  =  - 


V- 


becomes  z  =  -y  X  Atf .  Ze,f.     /  1  +  fi.  .l.  -£, 

Scholium. 
366.  If,  according  to  Sir  Ifoac  Ntwtott,  we  fuppofe 
the  Refinance  of  the  Air,  to  Bodies  moving  in  it,  to 
.be  in  the  Duplicate  Ratio  of  the  Celerities  *  ;  and  that 

*  That  ibi  Rtfiftaace  it  ai  tbt  Sport  af  tbt  Ct/triry,  tbt 
Learner  may,  in  joint  meafitrt,  etneehve,  by  ctnfidtrhtg  that 
the  fame  Body,  'with  a  double  Felocily,  not  only  pun  ruict  tht 
Number  tf  rtfifiing  Partidtl  in  Matitn,  in  tbt  fam  tint,  bmt 
alfo  u8s  upon  taeb  ninth  a  double  Ftret ;  and  there  fort  mufifkfftr 
a  four-fold  Rtfifianet,  or  a  Rtftftcmct  tropartimtal t«  tbeSonart 
tf  the  fthcitj.  Ibit  -would  h'  jlrialy  true,  <wtrt  it  not  that 
tbt  fyrticttt  fa  f*t  in  Marian  impel  atbirt  lying  be/art  them, 
and  thtrtby  prtmtnt,  ai  it  -wire,  -tht  ABhn  eftht  Body.  What 
Deviatian  fram  tht  forigoxng  Law  may  btnet  arife,  is  Mat  toff 
te  determine.  Tbii,  however,  feemi  plain,  that  tht  RtfifiaHct 
at  the  Beginning  afenj  vtrjfuiift  Matitn  (till  tbt  Air  in  tbt 
(fa/  tf  tht  Body  ctmts  duly  te  participate  tf tbit  Matitn)  will 
it  greater  than  1  bat  fu/tained  by  another  eaual  Body,  mtvimg 
writh  tht  fame  CtleritJ,  that  has  been  in  Mctianfme  limit. 

*  '  D,gi1  zed  by  GOOgle 


in  fffj/Hng  Medium;,  qvf 

%  Ball*  in  the  Time  it  might  move,  uniformly,  over  a 
Space  (d)  which  is  to  \  of  its  Diameter  as  the  Denlity 
of  the  Ball  to  that  of  the  Medium,  would  have  all  its 
Motion  taken  away  by  a  Force  equal  to  that  of  the  Re- 
fiftance,  uniformly  continued :  Then,  from  thefe  Data, 
gpply'd  to  the  Theorems  in  the  preceding  Article,  we 
{hall  be  able  to  determine  the  Velocities,  and  the  Timet 
of  the  perpendicular  Afcent  and  Dcfccnt  of  Bodies  near 
the  Earth's  Surface ;  allowing  for  the  Refinance  of  the 
Atmofphere. 

Thus,  forlnftancc,  let  a  Canon  Ball,  of  four  Inches 
Diameter  (whereof  the  Dcnfity,  or  fpecific  Gravity,  is 
to  that  of  Air  as  6000  to  1,  nearly)  be  fuppofed  to  be 
projected,  perpendicular  to  the  Horizon,  with  a  Velocity 
fufficient  to  caufe  it  to  afcend  to  the  Height  of  half  a 
Mile,  or  2640  Feet,  in  vacuo ;  which  Velocity  (by  Art. 
205.)  will  be  found  to  anfwer  to  the  Rate  of  about  412 
Feet  per  Sicend :  Then,  according  to  the  Proportion  jufr. 
now  mention'd,  it  will  be  as  1  :  6000 ::  \  X  4 :  64000 
Inches,  or  53 33  Feet ;  which  is  the  Value  of  d  in  this 
Cafe.  Therefore,  if  the  Time  r,  in  the  preceding  Ar- 
ticle (which  may  be  aflumed  at  pleafure)  be  here  inter- 
preted by  en*  Second,  the  corresponding  Values  of  d,  e 
and  *  will  be  expounded  by  5333F.  412  F.  and  32  A 
F.  *refpeaivdy.  Which  Values  being  fuBftituted  in#Alt»" 
the  feveral  Equations  in  the  lad  Article,  we  fliall  get 

i0.  a  (=  s/bd  )  =  414  F.  the  Velocity,  ptr  St- 
rand, wherewith  the  Refiitance  would  be  equal  to  the 
Gravity,  or  Weight,  of  the  Ball. 

d  « 

20.  —  X  byp.  Log,  i  +  —  =  1835  Feet,  the  whole 

Height  of  the  Afcent. 

3°.  -r  X  Arch,  whofc  Tang,  is  —  =  10,08  Stands, 

the  whole  Time  of  the  Afcent  (which  is  left  (ban  the 

t 
Time,  in  vcKtu,  by  2,73.) 
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t       \       * 
t'.  .(=-7=5=1  =  »9»,  the  Velocity,, 

y  ■+-/ 

^  aa" 


Stmd,  Kqwrtf  jn  the  DefceoL 


5».Laffly,    ™  X  *tf.  Log.  J  I  +£  +-  ^  = 

liarfo  Seconds,  (he  Time  of  the  Defeent 

A&»,  Iq  this  Example  the  Meafure  of  the  ahtaiuu 
.Gravity  of  the  Body,  in  vacuo,  is  taken,  inftead  of  is 
Gravity  in  Air  :(the  Difference,  there,  being  too  inccv 
fiderahle  to  be  regarded.)  But,  in  Cafes  where  the  fpe- 
cific  Gravity  of  the  Medium  bears  a  fenTible  Proportion 
to  that  of  the  Body,  the  Force  of  Gravity  (b)  matt 

be  expounded  by  321V  X  ■    g  -    (mflead  of  3*Tf) 

where  B  in  to  M  as  the  ipecific  Gravity  of  .the  Body  to 
that  of  the.Medii*m. 

prob.  in. 

367.  7*  determine  the  Rtjijtance,  by  meant  whereof  t 
Body,  "gravitating  uniformly  in  lie  Direftien  tfparaild 
Lintt,  may  defcribe  a  given  Curve. 
Let  ABC  be  the  given  Curve,  and  let  BQ,    parallel 
to  the  Axjs  (or  any  given  Line)  AH,  be  the  Direction 
of  Gravitation  at  any  Point  B  :  Make  PER  perpendi- 
cular to  AH  and  BQ ;  and  let  AP=*,  PB==»,  AB=z, 
BM  (N£)  =i,   MN  (B4)  =>,  BN=i,   and  the 
.   Velocity  of  the  Body  at  B  in  the  Direction  PBR  =  «. 
Then,  the  Decreafe  of  Velocity  in  the  faid  Direction, 
•  A«.  009.  which  is  wholly  owing  to  the  Refinance  *,  being  re- 
prefented  by  —  v,  it  follows  that  the  correfponding  De- 
creafe  of  Motion  in  the  Direction  BN,  arinng  from  the 

fame  Caufe,  will  be  expreHed  by  —  X  — '£  = —  — j 

and,  that  in  the  Direction  BM,  by  —  —     But,  the 

of 
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Celerity  in  this  laft  Direction  being,  every  where,  re- 
presented by  v  X  -T-,  its  Fluxion  j will  be  the 


vohsU  Alteration  of  Motion  In  the  faM  EKreftion,  ariffffg 
from  the  Refiftance  and  the  Force  of  Gravity,  con- 
junctly :  From  which  deducting  the  Part  owing  to  the 

Refiftance,  found  above  to  be  —  ,  die  Remainder  — 
'  y  y 

trill  be  the  Effea  of  the  Gravity.  Which  being  to 
( —  —J   the  Effect  of  the  sbfolute  Refiftance  in  the. 

Bireclion  BN,  as  i  to  —  — ,  the  Force  of  Gravity, 

iuutt  therefore  be  to  that  of  the  required  Refiftance,  in 

the  fame  Ratio  of  1  to  —  —  • 

Moreover,  the  Force  of  Gravity,  meafur'd  by  the 
Velocity  it  would  generate  in  a  given  Part  of  Time  { i ), 
being  denoted  by  Unity,  the  Velocity  generated  thereby, 

in  the  Time  ( — J  of  defcribing  B£,  with  the  Celerity  v, 

will  likewife  be  truly  exprefled  by,  — ,  the  Mcafureof 
the 
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the  (aid  Time:  Which  being  put  =  to  (— )    the  Va- 
lue of  the  fame  Quantity,  given  above,  we  thence  hare 


the  Refiftance  will  be  found. '  But,  if  you  would  hnc 
the  Refiftauce  expreffed  independent  of  v ;   then  let  the 

Fluxion  (iw  ~  —  rr  )  of  the  Iaft  Equation   be  di*   j 
Tided  by  the  Fluent,  which  will  give  —  =  —  ~r  : 
•  And  then,  by  fubflituting  this  Value  in  —  — ,  you  wB 

get  — rr,  for  the  true  Force  of  the  Refinance,  tbot  of 

Gravity  {or  the  Weight  of  the  Body)  being  expounded 
by  Unity. 

The  fame  athirwiji. 
Let  BO  be  the  Radius  of  Curvature  at  B,  and  let 
OQJjc  parallel  to  PB,  meeting  BM,  produced,  inQ; 
Then,  if  the  abtblute  Gravity,  a&ing  in  the  Direction 
BQ,  be  denoted  by  Unity,  its  Force  in  the  Direction 
BO,  whereby  the  Body  is  retained  in  the  Curve,  will 

j  BO 

be  reprefented  by  5™    Therefore,  fince  the  Veloci- 
ties in  Circles  are  known  to  be  in  the  Subduplkate  Ram 
•  Ait.  in.  of  the  Radii  and  of  the  Forces  conjunctly*,  the  Ve- 
locity at  B  will  be  rightly  expreffcd  by  J  BOX  *->, 

or  its  Equal  V^BCi  (For  the  Curve  at,  and  inde- 
finitely near,  B  may  be  taken  as  an  Arch  of  a  Circle 
whole  Radius  is  BO  :  And  it  is  evident  that  the  Re- 
finance has  nothing  to  do  in  forcing  the  Body  from  the 
Tangent, 

k  DigNzedbyG 
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)     Tangent,  but  only  ferves  to  retard  its  Motion  fo,  that 

•     it   may,  every  where,    bear  a  due  Proportion  to  the 

given  Force  of  Gravity .a&ing  in  the  Direction  BO,) 

l     Hence,  putting  BQ_=  t,  the  Increaie  of  die  Celerity 

a     in  the  Time  \~f? )  of  defcribing  BN,  will  be  ex- 

preft'ed  by  the  Fluxion  of  Sft.   or ;=-.  Moreover, 

the  Celerity  that  might  be  generated  by  Gravity  in  the 
(aid  Time  ~=.  being  meafiired  thereby,  die  Increafe, 
in  BN,  arifing  from  the  lame  Caufe,  will  therefore  be 
=  — -p-  ~X  -r  =  -7=  :  Which,  being  taken  from 

— t- )  the  whole  Increafe,  found  above,  the  Re- 
aver/ 

i  —  tx 

mainder,  — 7=-,  will  be  the  Effeflof  the  Refinance: 

20 

Which  is  to  the  EffcS,  ~7=*  of  mc  abfblute  Gravity 
as  — r^-    to  1.    Therefore  the  Refinance  is  to  the 


liity :  Where  the  Signs  are  changed,  becaule  the  two 
Forces  aft  in  contrary  Directions. 

Becaufe  BO  =  ^  *,   therefore  *   (BO  X  -0  =  ., 

—  55  — - —  (=  the  Square  of  the  Celerity)  whence 

i  =  »**■*—  /*+**X*   md  conlequently  the  Re- 
ar* 

finance 
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»»»»"  "1?  =~£r~  =  JS-  '*  •"»  >» 

esbtfbrt.  ' 

Corollary. 

368.  If  the  Refiftance  be  fuppofed  as  any  given 
Power  of  the  Velocity  drawn  into  (Z>)  the  Den£ty  of 
the  Medium  ;  then,  from  hence,  the  Denfity  of  the 
Medium,  at  every  Point  of  the  Curve,  may  be  deter- 
mined :  For,  the  abfolute  Celerity  at  B  being  repre- 

fented  by  — ,  the  Reuftance  at  that  Point  will,  according 

to  the  laid  Hypothefis,  beat??]  XD;  and  therefore 
the  Velocity  that  would  be  deftroyed  thereby,  in  the 
Time  \j- J  of  defcribing  BN,  ai  3]  X  ^:  Which 
being  put  =  (—  T)  the  Efieft  of  the  lame  Re- 

Cfiance,  found  above,  we  thence  get  D  ~ —  -  - ; 

1    Which,  by  fubftituting  for  v  and  v,  becomes  D  ~ 


2i— »X  *•-*"" 

In  this  Corollary,  and  what,  elfewhcre,  relates  to  un- 
equal Denfuics,  the  Gravity  of  the  Body  in  the  Me- 
dium is  fuppofed  to  continue,  every  where,  the  fame, 
or,  that  the  Attraction  incrcafes  with  the  Denfity,  lb 
that  the  Difference  between  the  fpecihe  Gravities  of 
the  Body  and  Medium  may,  at  every  Point,  be  *  con- 
fiant  Quantity, 


E  X- 
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EXAMPLE     t 

369.  Let  tbt  propiftd  Curve  ABC  bt  tbt  ammaii 
Paraitla  : 

Then,  *  btfag  here  =  — ,  we  have  &  =e  — ,  *  — 

&  and  5=oj  and    therefore  ™*  ii  ■1G>=  o  :-A«-S<ft 

Whence  ft  appears  that  a  Body,  to  defcribe  this  Curve, 
fttufl  move  in  Space*  intirely  void  of  Refinance; 

.    EXAMPLE     ti. 

370.    Ltt     tbt    Curvt      J^ 
ABC  it  taken  as  a  $ha- 
drdnl  if  a   Circle,    vjbejc 
Radius  BO  is  —  a. 

In  this  Cafe  we  have  s 
(BQ)  •  zza—x  (=AO 
— -AP)  whence  *  =—  *, 
ay— < 


tnd"  therefore  : 


« 


=       O 


•Ait;  j6# 


jS"  St***     Fr0to  w1lich  M  "  evidcnt»   ^at  th****14* 
Velocity  is,  every  where,  as  s/iSQ^  and  the  Re(iftance 
to  the  Gravity  (or  Weight  of  the  Body)  as  3PB  to 
200. 

PR. OB.    IV. 

.  37 1.  Tbt  Centripetal  Ferce  (F)  being  given ;  U  find 

the  Refi/iantt  and  rtUcixy  tubtrtby  a  Body  may  dtfrribe  d 
given  Spiral  (tr  any  ttber,  pojftble,  Curve)  dbeUt  tbt 
Center  if  First* 

Let  P  be  tbe  Center  of  Force,  and  BO  the  Radius 

of  Comurc  at  any  Point  B  in  the  pronoled  Curv, 

Ff    .  and 
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A 


"Ait.* 


and  let  OQ.be  per- 

B  peRdkular  to  BPO  I 

alfo  let  BP=j,  BQ_ 

VT     =f,   ABsss,  BM 

[mT      =—  >*■  «nd  BN 

^  =  £.     Then,    it   is 

evident  from  ^*.  367. 

.        that  the  Velocity  at  B 

q      will  be   exprefled  by 

-JQ.  JBOX^XF; 

or,  its  Equal,  y/sF~:  And  therefore  its  Increafe  in  the 
Time  (^).  of  describing  BN  will  be  £±g : 
From  which,  deducting  {FX  -p=  X  ^J  the  Ef- 
fect of  the  centripetal  Force,  in  die  lame  Time  and 

Direction,  the  Remainder,  -  -T-— -_£ — Zt  istheEf- 
3S/iF 

feci  of  the  Reftftance.  Therefore  the  Refiflance  is  to 
the  centripetal  Force  as  — X — 5^_^  to  — —  ,  or 


„±tH±iS  t.  Unity 

2fi 


3:  £■  /■ 


EXAMPLE. 


372.  Let  the  Meafure  (fj  of  the  centripetal  Force 

be  expounded  by  any  Power  y"  of  the  Diflance ;  and 

let  the  Curve  be  the  logarithmic  Spiral ;  "putting  the 

f  Art.  61.'  Co-fine  of  the  given  Angle  PBN  |  (to'the.RaUius  r) 

jArt.7+.  =  r.     Then,  1  being  here  =  y  %,   and  _F  =  >y"~'j. 
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we  ,„«  «»+«  +  ««      -fi+j't+l?)       .+< 

i      »+3      ' 

Hence  it  appears  that  the  Velocity  mull  be,  every 
»+t 
Where,  as  y  *    ;  and  the  Refiftance,  to  the  centripetal 
Force,   as  -™  X  —  to  Unity.  But,  when  «  = — 3, 

«-f-3        t 

— —  X  —  becomes  is  o ;  therefore  the  Body,  in  thi» 

Cafe,  mult  move  in  Spaces  intirely  void  of  Refiftance ; 
agreeable  to  Art.  333.  And,  if  K-f-3  be  negative,  an 
accelerating,  inftead  of  a  refilling  Force,  will  be  required. 

Scholium. 

373.  If  the  Denfity  of  a  Medium,  wherein  a  Body 
moves,  be  either  uniform,  or  varies  according  to  a 
given  Law,  the  Nature  of  the  Curve,  or  Trajectory, 
may  be  determined  from  what  is  delivered  in  the  pre- 
ceding Pages. 

Thus,  for  Example,  let  the  Denfity  be  fuppofed  every 
where  the  feme,  and  the  Refiftance  as  the  Square  of  the 

Celerity  ;    then,  from  Art.  368.  we  have  — -n, 

XX  * 

which,  in  order  to  exterminate  i,  may  be  transformed 
to  xx  =jj  -f  x.i  X  Dlxx ;  Where,  D  being  a  conftant 
Quantity  {depending  upon  the  given  Denfity  of  the 
Medium)  the  Value  of  x  will  be  found,   as  is  taught  in 

Seft.  %.  Art.  268.27 1,    an<*  comes  out  =  — J--^l 

DY 
T  ~^T  cSV.     In  which  p  is  put  to  denote  the  Para- 


• 
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meter  of  the  Curve  at  the  Vertex,  or  higheft  Point  A, 
(to  be  detcrmin'd  from  the  Force  of  Gravity  and  die 
given  Velocity  6f  the  Body  at  that  Point.)  This  So- 
lution anfwers  near  enough  when  the  Rcfiftince  is  but 
final  1  in  Proportion  to  the  Gravity  -,  in  other  Circunx- 
ft.it-.ces,  the  Series  not  converging,  it  becomes  ulckfs : 
For  which  Rcai'on,  and  becaufe  the  Cafe  above  fpc- 
cified  is  That  fuppofed  to  obtain,  in  refpeft  to  the  Air 
near  the  Earth's  Surface,  and  its  Refinance  to  Bodies 
moving  therein,  I  Qiati  (hew,  by  a  different  Method, 
how  the  Nature  of  the  Curve  may  be  investigated. 

In  order  thereto,  let  the  Celerity  at  thehigheft  Point, 
A,  above  the  Plane  of  the  Horizon  EC,  be  denoted  by 
t.i  and  let  a  be  the  Celerity  with  which  the  Refiftance 
is  equal  to  the  Gravity    (mi.  Art.  365.  and  366.) 


/S            V 

^\b 

IV  W 

/         ? 

M\ 
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Moreover,  let  d  be  put  for  the  Diftance  over  which  the 
Ball  might  uniformly  move  in  the  Time  that  the  Me- 
dium would  deftroy  all  its  Motion,  was  the  Refiftance 
to  continue  the  fame,  all  along,  as  at  the  firft  Inftani 
(Which  Diflanoe,  according  to  Sir  I/eat  Newton,  is,  al- 
ways in  Proportion  to  J  of  the  Ball's  Diameter,  as 
the  Denfity  of  the  Ball  to  that  of  the  Medium.) 

Then  it  will  be,  as  i :  ~  (BN)  ;:  t-,    the  abfolute 

Celerity  at  B,  to  (  ~\  the  Part  thereof  that  would! 

he  uniformly  defrrtved  by  the  Refiftance  in  the  Time 
uf  defcribing  BN,  with   the  Velocity  at  B :    Which 

Value  being  alfo  exprefled  by  — t —  (w.V,  Art. 367.)  we 

there* 

*"  Digil  zed  by  GOOgle 


tn  refifting  Mediums.  437 

whence  •?  =  — ,  and 

cenfequently,  by  taking  the  Fluent*  ~j  =  —  hyp. 
Log.  v;  which  corrected  (by  putting  2=0,  and  v~x) 
gives  -j  (=hyp.Log.  t— hyp.  Log. v)  =  hyp.Log.— • 
Furthermore,  fince  (by  Hypothecs)  tbe  Refinance 
with  tbe  Celerity  -r  (at  B)  is  to  the  Force  of  Gravity, 

or  the  Refinance  with  the  Celerity  a^as  — ..  ■■  to  a*  j 
ami  it  appears,  from  tbe  aforefaid  Article,  that  the  fame 
Ratio  b  alio  univer&lly  expreucd  by  that  of  ■  -  to 
I,  it  follows,  from  the  Equality  of  thefe  Ratios,  that 

-r  is  ss  — ■  —r-     But,  in  order  to  the  Refolution   of 

the  Equation  thus  given,  let  the  Tangent  0/  the  Angle 
PBA  (orN)  which  the  Ordinate,  PB,  makes  with 
the  Curve  (fuppofing  Radius  Unity)  be,  every  where,  ■ 
reprefented  by  w :  Then,  becaufe i=w ",  k  (v/y'+.v1) 
ap  3  y/t  +'«-%  andi"^=w/  (}  being  conllant)  we 
fall,  by  fubftituting  thefe  Values  in  the  forcfaid  .Equa- 
tion,   get  —  —?  =  -■""  \/t  +  w1  ;     whereof    the 

Jluentwill.be  given,  ~  =^  \w\/i  +wI+fhyp. 

Log.  w  +  V^+W*  %  ■  Which  corrected   (by  taking*  Ar.  u(, 

v=-c  and  w=:c)  becomes  *-j*  —  — -  =  [-  ttV^i  -{-%ul 

*f  £  hyp.  Log.  10  +  v7  +  w',     B..t}  to  fhortcn  the 

Ff3  r* 
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remaining  Part  of  the  Procefs,  let  the  latter  Part  of 
the  Equation,  or  the  Fluent  of  ii>  v^i+w*  be  de- 
noted by  £}  then  —being  =—  +  .£,  webavew= 

ac  z  c  \ 

^===i  «nd  confc,u™%  7(=h7p.Log.-; 

=  hyp.  Log.  i^EE3=  i  hyp.  Log.  I+lff? 
a  aa 

From  which  two  Equations,  the  Velocity  of  the  Ball, 
and  the  Diftance  it  has  moved,  when  its  Dire&ion 
makes  any  given  Angle  with  the  Horizon,  may  be  com- 
puted, let  the  Medium  be  as  denfe  as  it  will :  Alfa, 
from  hence,  if  the  Celerity  anfwering  to  any  one  given 
Angle  of  Direction  be  known,  the  Celerity  correfpond- 
ing  to  any  othergiven  Direction  may  be  found,  together 
with  the  Diftance  defcribed  between  the  two  Positions. 
For  v  (in  the  Defcent  of  the  Body)  being,  univerjaltf, 

ac 
equal  to  — ';'    -  .     — -;,    the  Value  of  c,    expreffine 

the  Celerity  at  the  Vertex  A-,  will  be  bad  from   that 

_  ,  av 

Equation,  and  comes  out  =  — '  :  ~;  whence 

\r  aa  —  2v*Q 

alfo  x    (=<fXhyp.  Log.  —  J    =  d  X  hyp.    Log. 


£  =  -{VXhyp.Log.  i—  2^^. 


\/aa  —  2V*Q 

From  which,  the  Celerity  at  A  being  known,  the  reft 

is  obvious. 

But,  in  the  ascending  Part  of  the  Curve  EA,  beth 
2  and  Qjnuft  be  confi<fer*d  as  negative,  or  wrote  with 
contrary  Signs :  And  then,  from  the  foregoing  Equations 

ac  av 

wc  Iha;!  a!f>>  get  a  =  — -y  =  =?,  c—  -—     —    r— 
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X  hyp.  Log.  1—  ^f-=  IdX  hyp. Log.  i  +  *™5- 

=  d  X  hyp.  Log.  —  :  Anfwcring  in  this  Cafe. 

It  ftiil  remains  to  take  fo'mc  notice  of  the  Values  of 
x  and  y  (in  order  to  have  the  Form,  as  well  as  the 
Length,  of  the  Curve.)  Thefe,  indeed,  are  not  fo 
eafy  to  bring  out  as  That  of  2,  given  above  ;  nor 
can  they  be  exhibited  in  a  general  Manner,  either  by 
circular  Arcs,  or  Logarithms  (that  I  have  been  able  to 
difcover)  but  may,  however,  be  approximated  to  any 
required  Degree  of  Exaflnefs,  as  will  appear  from  what 
follows. 
'    Since  %    ( =  AB)    is  found  =  \  d  X  hyp.  Log. 

aa  -f-  ac1^. 

,  by  taking  the  Fluxion  thereof,  we  get  i= 

aa  +  %«%.        aa+it'-Q,  *•  ' 

Therrfo,.  j   (=  -^=)    =  IT^Sj  «*  * 

f=w})  =r : rri :  Which  Equations,  by  taking 

1        ■"        aa  +  2c  ^  ' 

r  to  1,  as  o1  to  t*  (or  as  the  Square  of  the  Force  of 
Gravity  to  the  Square  of  the  Rtfiftance  at  A)  are  re- 

d<iu  dvno 

duced  to  j  =  —-r — rs»  and  x  =  -  _■_    .,; :  Whence 
rT2-<.  <""rz-C 

IB             *X  i+W  —| 
we   get    v  =  d  into  + —^ : + 

Ff  4        . 
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•  tic.  And  x  =  d  iota 

,1 


{Xi+. 


r+»*l' 


OA. 


.  JsV.      Thcfe  Expreffin* 


(brought  out  by  affommg  jqT£5  +  „,.  +  C& 

for  the  Fluent  fought,  and  proceeding  as  in  Art.  340-} 
converge  very  fait  when  r  is  large  in  companion  to  ^,; 
but  in  other  Cafes  the  required  Values  will  be  had,  with 
Ids  Trouble,  from  the  following  Method. 


DfcrN^iF 


^A     5     S 


Let  PKTK  and  AMTM  be  two  Curves,  whereof 
the  Ordinates  SK  and  SM,  to  the  common  Abjajfa  tv 

[=  AS)  are  exprefled  by  ^Vj®  and  -^_--^ refpec- 

lively :  Then  it  is  plain,  from  the  foregoing  Equations, 
that  the  Meafures  of  the  Areas  of  the  fard  Curves,  mul- 
jiply'd  by***,  will  truly  exhibit  the  Values  of  y  md*; 
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anCwcring  to  any  given  Value  of  w  (or  AS)  the  Tangent 
ft  the  Angle  of  Direction  j  or,  to  fpeafc  more  geo- 
metrically, a  Square  upon  AC  (fuppofing  AC  =  Radius 
;==  Unity)  will  be  to  cither  of  the  laid  Areas  ASKP, 
or  ASM  as  the  given  Diftance  dt  to  the  Value  of  y  ex- 
it required But  now  as  to  a  Way  for  computing 

tbefe  Areas  (without  which  what  has  been  faid  about 
them  would  be  to  yery  little  Purpofe)  the  Method  af 
Equi-dijiant  Ordinal 'ts  may  here  be  apply  'd  to  very  good 
Advantage  ( when  the  foregoing  Sexiefes  do  not  converge) 
By  means  whereof  the  required  Quantities  may,  with  * 
Jitcle  Trouble,  be  brought  out  to  a  fufficient  Degree  of 
ExacmeTs,  let  the  Refinance  be  as  great  as  it  will 

According  to  the  fame  Way  of  proceeding,  the  Va- 
lues of  x  and  y,  in  the  Afcent  of  the  Ball,  will  alio  he 
found,  if  the  Ordinates  sk  arid  sm,  generating  the  re- 
quired Areas,  be  taken,  every  where,  equal  to   ; — —3 

From  what  has  been  thus  far  delivered,  it  will  not 
be  very  difficult  to  calculate  (according  to  the  foregoing 
Hypothefis)  atl  the  principal  Requifites  concerning  the 
Motion  and  Track  of  a  Bait  in  the  Air,  projected  with 
a  given  Velocity,  at  a  given  Elevation  ;  as  will  be  more 
clearly  feen  by  the  Example  fubjoin'd. 

Suppofe  a  Cannon  Ball  of  4  Inches  Diameter  (where' 
of  the  Weight  is  nearly  9  Pounds)  to  be  di  (charged  at 
an  Elevation  of  45  Degrees,  with  a  Velocity  fufficient  to 
carry  it  to  the  pittance  of  one  Mile,  on  the  Plape  of  the 
Horizon,  were  it  not  for  the  Refinance  of  the  Air.--  — 
Then  that  Velocity,  being  the  fame  as  njight  b;  freely 
acquir'd  in  a  perpendicular  Defcent  of  half  a  Mije  *,  *  **  **** 
will  be  found  to  anfwer  to  the  Rate  of  412  Feet,  fm 
Secondy  accord'ng  to  Art.  202.  and  366.  From  whence 
jt  is  alfo  plain,  that  (he  Di  (lance  d  (To  often  mention 'd 
above)  will  here  be  expounded  by  5333  Feet ;  and  that 
the  Celerity  (a)  with  which  the  Retilrance  wouIj  be 
equal  to  the  Gravity  {or  Weight  of  the  BillJ  anlwers 
to  the  Rate  of  about  414  Feet  pf  Second, 

Mwjc- 
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Moreover,  fince  the  Tangent  of  the  Angle  of  Ele- 
vation, or  the  firft  Value  of  tc,  is  given  equal  tm  Unity 

(or  Radius)  we  have  Q  ({w\/u?'+i  -f-  $  hyp.  Log. 


w-r- v/tv'-t-i)  =1.1478:  From  which,  and  v(= 
41a  s/\  )»  weget *  (=  \  dX  hyp.  Log.  i-h'-^^J 
=  2025  Feet  =  the  Arch  d~efcribed  in  the  whole  Af- 
cent.  Alfo  f  (= ,— 7=*===;  1    =  199*  Feet,    fcr 

the  Rate  of  the  Velocity,  per  Stand,  at  die  Iiigbeft 
Point:  Whence  r  (=  — J     =  4,314;     by  Mean 

whereof  the  greateft  Altitude  of  the  Ball,  and  the  ho- 
rizontal Diftancc  correfponding  thereto  will  likewifc  be 
found  :  For  let  AF»  in  tht  preceding  Figure,  be  taken 
=  1  (the  given  Value  of  w)  and  let  the  tame  be  di- 
vided into  three  Parts  by  equi  diitant  Ordinate;  (which 
Number  will  anfwer  fufiiciently  exact]  then  the  fuccefEve 
Values  of  w,  for  the  Ordinates  Ar%  h,  h  and  TF, 
being  0,|,  4  and  1,  thofeof  ^  will  be  O,  0.3394,  0.713, 
and  i.  1478,  and  the  Ordinates  themfelvcs  (or  the  cor- 

refponding  Values  of -a)  =100.2318,0.2751, 

O.3463  and  0.4953,  refpeclively.  From  whence,  by 
adding  the  two  Extremes  to  three  times  the  Sum  of 
the  two  middle  Terms,  and  dividing  the  whole  by  8, 
we  get  0.3239  for  the  Value  0/  a  mean  Ordinate  f; 
Which,  as  AF  is  here  equal  to  Unity,  is  alfo  the  Mea- 
fure  of  the  required  AreaAFTr1:  Which,  therefore, 
being  multiply *d  by  5333  |Vl  gives  1727  Feet,  for  the 
horizontal  Pittance  made  good  in  the  whole  Afcer.t.    In 


r  Step.  117.  ef  mf  M.,d-eiai.ticjl  Dforlrtiw. 

the 
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the  fame  Way  the  Area  AFn  it  found  =  0.1828. 
Whence  the  greateff.  Height  of  the  Ball  appears  to  be 
(=  0.1828 'X  5)33)  =975  Feet. 

By  taking  AC=r,  and  repeating  the  Operation  (only 
changingr  —  2^,tor  +  2^)  the  Area  ACTP  will 
come  out  =  0.1883,  and  ATC  =  0.0875  ;  which 
multiply'd  by  5333  (as  above)  give  1004  F.  and  467 
F-  for  the  Amplitude,  and  the  Dritonce  defended,  from 
the  higheft  Point,  when  the  Direction  of  the  Ball  makes 
an  Angle  with  the  Horizon  equal  to  that  in  which  it 
was  projected. 

But,  to  have  the  Direction  when  the  Ball  (hikes  the 
Ground,  and  the  whole  Amplitude  of  the  Projection, 
we  muft  find  the  Value  of  the  Tangent  AB,  when  the 
Area  ABL  is  equal  to  (0.1828)  theAreaAFm  (fothat 
the  Defccnt,  from  the  higheft  Point,  may  become  equal 
to-  the  whole  Afcent.)  In  order  thereto,  let  0.0K75 
(ATC)  be  deducted  Irom  0.1828  (AFm)  and  the  Re- 
mainder 0.0953  wdl  be  SS  CTBL  ;  this,  divided  by 
TC  (0.15 1 3)  quotes  0.63;  which  would  be  the  Value 
of  CB,  if  all  the  Ordinates  CT,  SM,  &c.  were  equal : 
But,  as  it  is  obvious  from  the  Nature  of  the  Problem, 
and  from  tbe  Law  of  the  Ordinates  already  computed, 
that  BLwill  be  fomething  greater  than  Cf,  and  con- 
fequently  CB  Itfs  than  0.O3— — I  therefore  fuppoTe  the 
Value  of  CB-may  be  about  0.56;  and,  accordingly* 
proceed  to  compute  the  Area  of  CBLT  anfwering  to  mm  ■ 
Number  ;  by  means  of  CT  (0.1513)  and  BL  (o  1852) 
and  one  intermediate  Ordinate  SM  (0.1715)  and  Hnd 

CT+BL+4-SM 
it  (from  the  Approximation r ' X  CB) 

to  come  out  r=  0.0955  :  Which  is  fo  near  the  required 
Value  0.0953,  that.it  will  be  altogether  neeulcf»  to  re- 
peat the  Operation.  It  is  evident  from  hence,  that  the 
Tangent  (AB)  of  the  Angle  of  Direction,  when  the 
Ball  Itiikes  the  Ground,  is  1.56  ;  anfwering  to  57 °:  20': 
From  whence,  CBKT  being  found  =00752,  the 
whole  Area  ABKP  will  be  bad  =0.2635,  and  confe- 
qjently  0.i635Xi333=i4?5  F.  =  the  Amplitude  in 
Hie  wb"'ic  Defccnt. 

3  Fur- 
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Furthermore,  from  the  laid  Value  of  to  and  that  H 
t  (=  199  J)  given  above,   we  get  z  (=  \d  X  hyp. 

Log.  1  +  25?)  =  i788Feet,  for  the  Arch  ddbOd 

in  the  Defcent ;  and  allb  v  =  141  {  F.  which  rnuhi- 
pljrM  by  1.85 17,  the  Secant  of  570:  20%  gives  164 F. 
for  the  Celerity  of  the  Ball,  per  Second,  at  the  End  of 
its  Flight. 

Now,   by  collecting  the  principal  of  the  foregoin; 
Coaclufions,  it  appears,    , 


1°.  That  the  Velocity  at  the  higheft  Point  A  of  lie 
Trajectory  will  be  at  the  Rate  of  1994  Feet,  ptrS* 
tend  ■  Which  i*  to  the  Velocity  at  the  higheft  Point  < 
of  the  Parabola  (Ett)  that  would  be  defcribed,  were  it 
pot  for  the  Refinance,  as  2  to  3,  nearly. 
2°.    EA=2025  and  £4=3030") 
30.    EF=i727  and  E/=t64o  / 
40.    AF=  97s  and  «/"=i320  >  Feet. 
50.     AC=i788  and  <re=3o3ol 
6°.     FCS11405  and_/i  —2640  J 
y°.     Angle  C=57°:  20'  and  e  (=E)  =45*. 
8°.    Velocity  at  C  to  that  at  E,  as  264 
to  412,  or  as  2  to  3,  nearly. 

Thcfc  Proportions,  between  the  Diftances,  iq 
Air  and  in  vacua,  hold  at  an  Elevation  of  45%  when 
the  Refinance,  at  going  off,  is  nearly  equal  to  the  Gra- 
vity, or  Weight,  of  the  Ball.  If  the  Velocity  be  greater 
than  that  above  fpscified,  or  the  Body,  projected,  be, 
either, 
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either,  \<&,  or  tela  deufe,  the  Curve  will  differ.  JUUt 
more  from  a  Parabola. 

Hence  it  evidently  appears,  that  the  Effect  of  the 
Air's  Refiftance  upon  very  fwift  Motions,  is  too  con- 
Uderablc  to  be  intirely  difregarded  in  the  Art  of  Gun- 
nery.^—'Tis  true  the  Method  given  above  is,  by 
much,  too  intricate  for  common  Practice ;  but  when 
the  Lav  of  the  Refiftance  to  very  fwift  Motions  is  once 
sufficiently  eftablithed  (which,  according  to  fome  late 
Experiments,  feems  to  be  in  a  Ratio  greater  than  that 
of  the  Square  of  the  Celerity)  it  will  be  no  very  difficult 
Matter  to  find  out  proper  Approximations  to  coneS 
the  Proportions  in  common  Ufe. 


SECTION     IX. 

Vibe  Ufe  of  Fluxions  in  determining  the  At- 
traction of  Bodies  under  different  Forms. 

P  R  O  B.    I. 

37+-  C^PP^Z  AC  perpendicular  t$  AB,  and  that* 
\^  Corpufcle  at  C  is  attracted  towards  every  Point 
tr  Particle  of  the  Line  AB,  by  Forces  in  the  reciprocal 
duplicate  Rats*  of  the  Dijlantes  ;  So  determine  the  Rats) 
of  the  whole  Force  whereby  the  Corpufele  is  urged  in  th$ 
Direction  C  A. 

Put  AC=<r,  and 
let  AD  (confidered 
as  variable  by  the 
Motion  of  D  to- 
wards B)  be  de- 
noted by  x :  Then, 
the  Force  of  a  Par- 
ticle at  D  being  as 

CjjT  (hy  Hypothe- 
cs, its  Efficacy  in     C 
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ft*  (HA)  :  HB-  =  — .     But,  by  the  hft  Probia^ 

H 


die  Attraction    of  all  the    Particles    in    the   CirdJ 


BC   will    be    meafured    by    VXi-^=^ 

1  —  %  (becaufeHB:=-^\:  Which  therefore  be*** 
multiply "d  l;y  *,  and  the  Fluent  taken,  we  thence  have 


#==*,  w3l  be,  2^  X  EH— Tjn ,   the  Force  of  tbc 

whole  Cone  DEHF :  Which,  if  HK  be  made  =  HE, 
and  KG  perpendicular  to  BE,  will  likewife  be  truly  de- 
fined by  apeEG  {beraufeHG  =  ^).    ,  QE.f. 

Corollaky. 

37?,  Seeing  the  AttracTion  of  ACHB  fc,   every 

ax         b — *  ,   ,  .. 

where,  as  *  —  •£ »  or  — £-  X  *,    it  follows  that  the 

Forces  of  fimifor  Cones,  at  their  Vertexes,  are  direcUy 

w>  their  Al.itudcs. 

PRO* 
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379.  To  find  tit  Ftrtt  of  a  Cylinder  CHRF,  at  any 
Pant  A  in  tit  prtductd  Axis  \  the  Lew  of  Attra&Un  bting 
ftill  at  tn  tht  prtctding  PrtbUm. 

Put  BG  f  ss  CG  =a 
RH)  =  It  and  let  AS 
(taken  as  variable)  as*,*, 

ThercforeAT=v/*r+J^ 


I - :  Which 

(by  Prtb.  2,)  exprefles  the 
Force  of  all  the  Particles 

in  the  circular  Surface  1ST. 


c 

/ 

ta 

S 

\i 

a 

-A 

J 

*......-• 

i1 

Therefore  »  X  i ■     ,    ;  is  Hie  fluxion  of  the 

required  Force :  Whofc  Fluent  (2p  X  *  —  %/>+*') 
when  *  =  AG,  will  be = if  X  AG— ABj  but  when 


»  =  AH,  itwill  be  =  2f  X  AH— AF:  Hence,  by 
taking  the  former  of  tbcfc  Values  from  the  latter,  we 
have  aft  X  AB+Br~ At-  for  the  Mnfure  of  die  true 
Force  by  which  a  Corpufcle  at  A  is  urged  towards  the 
Cylinder. 


Gg 


PROB. 
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380.  Tbt  Law  wf  tbt  Font  being  Mil  fijMfi*  rt 
ft  dtttrmin*  tbt  Atraabm  if  m  Sptin  O  A.BGS, 
ghtn  Point  H  flfew  its  SMrfbtt. 


tbefomti 


Let  BS  be  perpendicular  to  HG,  and  let  HB  be 
drawn;  alto  put  the  Radius  A0=«,  OHxai,  AH  (*— *) 
=  r,  H»=/»  and  HB  *=<:+*}  *hen  A»=j- — *,  G» 


S=ta  "7 1  f,  and  cotifcqucntly  > — e  Xsw — j»+*  (= 
AnXG*  ==  B*1  =  BH*  —  H«»)  =  *T*>*— J* :  From 

fi i- P7.     ■  X  .-  -- 


wbtcb  Equation  we  get  f  St 
%bc-\-  ztx  -f-  y* 


M  +  ir 
^j (becaufe  <j+r=iJ.)    Whence  alio  i>X 


Which  multiply'd  by 

for  the  Fluxion  of  the  required  Force >  whereof  the  Fluent 


=jgi™!>»2±r_£5 


Digi,  zed  by  GOOgle 


in  determining  the  Attraction of Bodies.      451 


&2Lf£L  ,.t*'  will  be  the  Attract  of  the  Segment 
a  B  coincides  with  G  and 
(  for  the  Mcafure  of  die 


ABS :  Which  therefore,  when  B  coincides  with  G  and 

J*" 
Attraaion  of  the  whole  Sphere.  £  £.  /. 

Corollary     I. 
381.  Hence  the  Attraction  (~nr)  at  the  Surface 

of  the  Sphere,  where  b  it  —  a,  will  be  ~- ;  and 
therefore  is  direflly  as  the  Radius  of  the  Sphere,     , 

Co&OLLAKT  II, 

Sphere  whofc  Radius  is  a  *,  it  is  evident  that  the  At-  "Art.  14!, 
traction  (  — rr  )  of  any  Sphere  is,  uni  vei  fally,   as  its 

Quantity  of  Matter  dircftly,  and  the  Square  of  the  DU 
fiance  .from  i,ts  Center  inverfcly ;  and  is,  moreover,  the 
very  dune  as  it  would  be,  was  all  the  Matter  in  the 
Sphere  to  be  united  in  a  Point  at  the  .Center. 

Corollary  III. 

483,  If  inftead  of  a  Corpuicle,  or  a  fingle  Particle 
of  Matter,  at  H,  we  fuppofe  another  Sphere,  having  its 
Center  at  H  :  Then,  iincc  the  two  Spheres,  at  O  and 
H,  act.  upon  each  other  with  the  very  lame  Forces,  as 
if  each  Mafs  was  contracted  into  its  Center,  it  Follows 
that  the  abfolute  Force,  with  which  two  fphcrical  Bo- 
dies tend  towards  each  other,  is  as  the  Product  of  their 
Maflcs  diiectly,  and  the  Square  of  the  Diftance  of  their 
G|  1  Centers 


45*  "  Tbe.Vfe  of  Fluxions 

Centen  mverfely :    And  therefore,   if  the  Mafles  are 
given,  will  be  barely  as  the  Square  of  the  Difiance. 

PROB.    VI. 

384.  Tt>  dtttrmtnt  the  Jam*  at  in  tie  left  Problem,  tbt 
Fere*  tf  each  Partick  being  at  any  Pnvcr  (n)  of  tbt 
Dxftahte. 

Let  HB  =  *,  and  let  every  thing  die  remain  o 

c'+iet+x* 
above ;  then  we  flull  have  jr  := jj — -  =  d  + 

■~z {by putting d=  — rr—  J  and coniequently  j=.-r. 

Now  the  Attra&ion  of  all  the  Particles  in  the  areolar 


Surface  BS,  ii  «  jij  X  rLtXHB"*1—  H»"**  (by 
Art.  376.)  srj^rXjf*"*1—  /**:  Which,  mulri- 

plyM  by  /,  gives  ^TJ  X  *  JJ— >  >  for  the  Flnx- 
ion  of  the  required  Force :  Which,  becaufe  &  is  — 
rf+fl  Xj  =  -^+^,wullikewifcbee 

*L  ~  dP*i  7  *"**7 


Fluentis^X=£!L  +  _ftl       l£g: 

Which,  when  B  coincides  with  A,  or  x:=j>=»,  will  be— 

±X= +  = —  J__:  But,  when 

+        n+3X*      fi+sXzi*       »+3 

Bco- 
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B  coincides  with  G,  or  *  =y  =  2a  +  c  (=f}  it  will 

becom«=-f-  X-£= +  -=L — tr-  = 

Therefore  the  Difference  of  thefe  two,  which  is  =s 

»  +  5  X  alrf  —  at*—  »~+~3  X  <•  _ 
J+j  X  «J+"5  X  2** 


I  +  n  X  ni— a  X  lf/'f'+  ;  +»  X  ab  +  a  X  Jff**1 

n+lXn+jXli+JX*' 
(becaufe /=«  +  *,    and  l*=c'  +  M0  will  be  the 
Attraction  of  the  whole  Sphere.  4L'  #•  '* 

Corollary, 

385.  Hence,   the  Attraction  at  the  Surface  of 

the  Sphere    ( where   c  —  o )    will  he    — rz  X 

ppiitive,  will  be  =  rf         .  ;-*■  •Juti  otiwrwife,  in- 

finite. 

PROS.     VII. 

386.  Suppefiug  ADBJA  M  4.  tf  Cuneus  $f  uniformly 
dinfe  Matttrt  comprhe'd  by  tvia  iqaal  and  fimtlar  eliptic 
Planes  ADBEA  and  AifeA,  htUttd  to  each  otbtr,  at 
tbi  airmen  Vertex  A,  of  either  their  firft  er  feamd  Axes, 
in  an  indefinitely  fimll  JngU  BA4 ;  To  ditermine  the  At- 
tratlim  thereof  at  the  Point  A,  fuppefing  the  Force  ef 
each  Particle  of  Matter  to  be  at  the  Sjuar*  of  the  Dtftatut) 


y,  Google 


454  XbeUfi  •/  Fluxion! 

Let  DE  be  any  Ordinate  t6  the  Attn  AB,  tnd  let 
AD.be  drawn  t  alfo  put  AB=«,  BC=x,  CD=v,  and 
the  Sine  of  the  Angle  B  Ab,  ibrrned  by  the  two  Plana 


(to  the  Radius  i)  =  </;  and  let  the  Equation  of  either 
Curve  be  »*=/*  —  *■  —  £**;  Which  #JD  uiiwer, 

to  the  Conjugate,  or  Tranfverfc  Axis  thereof,  according 
ai  the  Value  of  g  is  pofitivc  or  negative. 

Now  it -will  be,  i  (Radius)  \4»«*-tt  (AC)  :  Cc 

=  <*  X a—  7,  the  TMcknefs  of  the  Cuntut  at  the  Or- 
dinate (01  Section)  DE :    Moreover,  becaufe  AD1  = 

AC+CD*.  we  have  AD  =  V^^?*-}./*—*"-^*  : 

DZXCc 
Whence,  jrm AD\e»preffing (iy^rf.  374.)  tbeAttiac- 

tion  of 'the  Particles  in  the  indefinitely  narrow  Rectangle 
DEXft,  Will  be  denned  by  ~7Z^Z         ri.ini'       * 

Which  therefore,  multiply'd  by*,  will  give  the  Fluxion 
of  the  Force  to  be  found.  But  when  fx  —  ** — gx% 
■  be- 
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become  =  0,  »  will  be  =  j^j  (=AB)  =«!  there, 
fore,  by  iubftituting  for/,  our  Fluxion  will  be  trmf- 


tonnca    to    ■  , ,  _ — —  -  7 

v'srSM-i+ix^*      v^«-*+I+*x» 
aJxr+^xA  _   r+?*x.***   x 

ZTP1 * 

i'  ,31''*  '    i-W"  &c,     Whereof  the 

Fluent,  when  «  =  «■   will  be  I  +  ?    X  Mi  X 

7— 7X  .+7  *»-4      9  "»•♦•<> 
Whidbbeaafery?tX«»  =/X  H?      sfX 

,  _  i,  .    JL  _  2-^5ll  Wf .  will  (by  multiplying 

.  2  ~  *..4       2.4.0 
the  two  Seriefo  together  lit.)  be  reduced  to  z^f  X 
i       a.  «       »■<■'<'       ».4.6.8/'  W(t 
7-T.S+3-5-7         3-5-7.9   ^s/ 

It  may  be  oWerved,  that  the  Fluent  given  above 
may  be  brouriit  out  without  an  Infinite  Series  (by  Art, 
126.  and  378.)  But  the  Solution  here  exhibited  is  belt 
adapted  to  what  follows  hereafter  j  to  which  the  Pro* 
pofition  jtfelf  is  premuW  as  a  Ltmm. 

06  4  PRO  B, 
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P  R  O  B.      VIII. 

387.  Tt  dtttrmint  the  Attraalgn  at  any  Pabrt  Q_u»  ffc 

Surface  jf  a  given  Spheroid  OAPES. 

Let  QRL  be  perpendicular  to  the  Axis  PS  of  theSpte- 
roid,  and  QT  perpendicular  to  the  Tangent  ¥/  of* 

!;enerating  Ellipfis  at  Q»  meeting  PS  in  T:  Moreow, 
et  Qf  Hf  be  a  Seftion  of  the  Spheroid  by  a  Plant  p 
pendicular  to  that  of  the  Ellipfis  APES,  and  thro'  ttf 
Point  r,  in  the  Axis  thereof,  draw  CBe  and  rLtanSd 
to  AE  and  PS :  And  make  the  Abfcifla  Qr=*,  its  0* 
refpondjig  Semi-Ordinate  ra  (or  rb)   =j,  QR-d 


P p 


and  RT  =  * ;  alfo  let  the  Sine  (NG)  of  th*  *$ 
HQp  (to  the  Radius  NQ=i)  =*,  Its  Co-SoeQf* 
=  y,  and  the  Ratio  of  (JA»  to  QP*,  as  any  P** 
Quantity  h  to  Unity.     Now,  by  reafon  of  the 


Triangles  QrL  and  QNG,  we'have  rt  (BR)  =r*' 
and  QL  =  fAr,  aqd  therefore  Br  (RL)  ^V"2*l 
Alfo,    from  the -Nature  of  the  Ellipfis,  AO*:F0 

0 :  1)  ::  RT   (b)  :  OR  =  -•  LikewifeAO'•^,' 
(b:i) 
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m  determining  the  Juration  of  Bodies.      4[j 
<•»<.)  k  QR" :  of%  —  0R'  i  ™iK>'- AO"  (» :  *) 

::  OP'— OB'  :  BC'  =  4  X  OP>— OB'  =  6  X 

OP'— OR+RB'"=SxOi"—  OR1— aOKxKb— KB1 

=QR'+fc<— aORxRrMftFi  becaufe  (by  the  former 

J>roponion)  QR'=ixOP'— OR' :  Whence,  by  the  Pro- 
perty  of  the  Circle,  Cm»,wegety'CBC'—Br')=OR'— 

Br*— JX  aORXRB  +  RB'=o*— }«—«'*  —'X 
|tx/«  +  f*'  =  «r-i(iXK—  «*  +  4»'X**: 
"Which  Equation,  by  making  i+B  =  4,  becomes  y'== 
««  — IfXix— «'+f+Sj*X*'=«j— tyXlv-*'— 
£»■«*  (becaufe  «'+f »  =  1=  ON'  :  Which  being  only 
of  two  Dimenfions,  the  Curve  QaHi,  whereto  it  be- 
longs, is  an  EQipfis. 

The  Equation  of  the  Curve  QaHv  being  now  ob- 
tained, let  its  Asia  QH  be  fuppofed  to  revolve  about  Q. 
as  a  Center  (the  Plane  of  the  Curve  being  always  perpen- 
dicular to  that  of  the  Ellipijs  APES)  and  let  the  Fluxion 
of  the  Arch  MN  (expreffing  the  Angle  defcribed  from 
the  time  the  laid  Axis  begins  its  Motion  at  the  Pofition 
ALD)  be  denoted  by  jt:  Then,  it  is  evident  from 
the   preceding  Problem,    that,    Ms  — 2*/  X  2/f  X 

i-  il*S£  +  llllHZ  Uc  will  be  the  Fluxion 
3         3-5  3-5-7 

of  the  Attraction  of  the  corresponding  Part  DQgof 
■be  Solid,  upon  a  Corpufcle  at  Q,  conGdered  as  acting 
take  Direction  HQ,l"°ich  Expreffion  n  found,  by, 
barely,  writing  M,-J*.  /.and  Bf,  in  the  laid 
Problem,  for  /■  4  and  g  refpeavely.) 

Hence, 

»i«dhyGoo^le 
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Hence,  by  the  Refoiution  of  Forces,  the  Flow  cf 
the  Attraction,  in  the  Directions  QR  and  Qn>  (per- 

pendicuUr  to  QR)  will  be  truly  exhibited  by  z«f — fy- 

'  t  t . c  9 .e  .1 


•  Art  14k 


Z^Zrtp  x  tip  x  i.  -  ii4S£+  - 

3  3-5 

Let  now  another  Plane  Qi  be  fuppofod  to  remit 
about  the  Point  Q,  the  contrary  Way  to  the  former,  fit* 
QD  towards  Q/i  and  let  (ng)  the  Sine  of  the  Audi 
RQ£  be  denoted  by  Pt  and  its  Co-fine  (Qf)  by  5 
Then  the  Fluxion  of  the  Attraction  of  the  Part  DQfc 
in  the  forefaid  Directions  QR  and  Qtw  {by  writing-^ 
inftead  of  p   and  J§.  «ftead  of  f )  wW  appear  *o  he 

*"  3         3-5  -  3-5-7 

«nd„3,+  igX-l>i'X-l  —   *  •**""  + 

3-5-7  " 
the  former  Part,  in  the  fame  Dire&ions,  and  —   an! 

—  refpefiively  fabftituted  inftead  of  Jt  *,  we  have 


♦S~ 


4*into-j  X  ,f+$f j^" Xff* >+«**  »• 

+  4i    into    j  X  FP-tP~^XI»P^t't&,. 
And 
4«into-|x»>— PP  — yy  Xf>>— P">  CTc. 

»■  'Ogle 
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<br  the  Flu*lon  of  the  Attraction  of  both  Parts  together 
in  the  fofcfu'hl  Directions  :  Whereof  the  Fluents,  when 
N  coincides  with  F,  and  n  with  /,  will  be  the  Attrac- 
tion of  the  whole  Spheroid  in  thofe  Directions.  But 
trow,  in  order  to  determine  thete  Fluents  with  as  little 
Trouble  as  poffibk,  let  m  be  affumed  to  denote  any 

whole  pofitive  Number;  then  the  Fluent  aiL-L,  or 
* 


i  X  the  Arch  (MN)  whofc  Sine 


T      ..4.6... 

it  *  •  .■  And  that  of  _— -  ,  « — - —.    (in   tbe«Ait*rf. 


ftmeMatmer)  =  =^X  r^'+^Xi^ 
^    .   1,1.3.^.2^1  v  A|ch  rMjt)mhafc  Sine 

2. 4. 6.  ..2*1 

b  P.  But  when  N  coincides  with  F,  and  n  with  /, 
the  Sines  ft  and  P,  of  the  Arches  MF  and  M/",  be- 
coming equal,  and  (me  Co-fine)  %  =  —  (Co-fine)  j, 

It  b  evident  that  the  Sum  of  the  Fluents  of  tJ.    and 
f 

f^P,  will,  to  that  Cafe  he  truly  edubUed  by 
3 ;  e  . . . .  2W-i  Wifff.|.^i-i--  '*-'  v 


tt.4.6...    *»  *■•  4-°  —  *    *" 

W,Mi.Eq-;;^;::]f7xFW. 


• 


4$o  TUVfc  of  Fluxions 

caufe,  then  all  the  reft  of  the  Terms  (by  reafoo  of  \k 
equal  Quantities  P,  p  and  $b  ~-q)  rfeftioy  one  another 
After  the  lame  Manner  the  Sum  of  the  Fluents  d 

#*">  and  igP**j»,  in  the  fbrcfaid  Circumftance,  *3 
•fct-W  appear  to  be  =      '■  3 -5 -7- •  •  "*"-'  x  FM/». 

i  .4.6.8  ...2flt-r-ai 

Now,  to  apply  this  to  the  Matter  in  hand,  let  dt 
Exponent  of  B,  in  any  Term  of  either  of  the  ale* 
found  Fluxions  be,  univerfally,  exprefled  by  n;  tkt 
the  numeral  Coefficient  (annexed  to  B}  will  be  denax 

by  »-4.o---m+»,    and  (he  variable    Quant* 

l.J.5...  2M+J 

multiplied  thereby,  in  the  firft  Line  of  the  tonne 
Fluxion,    will    be   #"">  +  St?"?  :     Ttierdbrc 

»-4.6,.:CT»xjrx    w HyVa.fr 

1-3. 5-- -"+3 

neral  Term,  (from  whence,  if  *  be  expounded  by  »r 
a,  3  tr*.  fucccffively,  that  whole  Line  will  be  pro- 
duced.) But,  the  Fluent  of  #*">  +  $P"-p,  in  the 
Circumltance  aboye  fpecificd,  (putting  ffl=w  and  FM/ 

s=  tt  appears  to  be  =      ?•  3-  tt7---2»—  1  yj. 
2.4-6. 8. ..M+a 

Which,  therefore,  multiplyM  by  ^♦•6-y"+I 
3-5---*»  +  3 

2.4.6.8...aw4-2         3-5<"3»+3 

X£B*  =      ,  1  for  the  true  Fluent  of  the 

M+1X2W+3 
6id  General  Term :  Whkh,  if  it  be  expounded  by 
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*>»  *»  Zt  3  WV.  fucceffively,  will  becomeequalto'— r, 

— — , , tit.  refpe&velr  1  wid  therefore  the 

3  -5    5-7    7-9  ^        ' 

Fluent  of  the  whole  Line   (drawn  into  the  general 

Multiplicator  la)  is  =  4**  X 4.  —  ~; 

J •  >-3       3.5T.5-7 

■    '■  i-'Wfc     But  now,  for  the  Fluent  of  the  fecond 
7*9 

.Line :    This,   it  is-  plain,  will  be  —  ±b  into  —    X 


3-5 

forelaid  Circumftance,  whenP=*),  intirely  vaniflies. 
.  Therefore  it  appears,  that  the  Attraction  of  the  whole 
'  Spheroid,  in  the  Dire&ion  QR,  is  truly  cxprefled  by 

^ak  X  - —4-— _,    or  its   Equal 

»-3       3-5       5-7       7-9 


'-3       3-5      5-7 

After  the  fame  Manner  the  Fluent  of  the  firfl  Line, 
in  the  latter  of  our  two  Fluxions,  will  be  found  to 


+ 


1.3.5...M+3         , 

- — - —  will  be  a  General  Term  to  toe  fecond  Line. 

^^ 

Whereof  the  Fluent  (by  expounding  in  by  2«+  2) 

appears,  from  above,  to  be  =  aw+z  ^ 

3-5-7-.»»+3 

*"'  *  '■»-?-:^J  =  "    :   Which,  when 

a.4.6...       «»+■*  »*T3 


• 
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a  11  interpreted  by  o,  1,  a,  3  (*v.  fucceffirclr,  OB 

out  equal  to  —  ,  — ,  —  tic.  refpeaively:  Tb» 

fore  the  Attraction  of  die  Spheroid,  in  the  Dinen 

Qw,  a  ediibited  bf  —  fltX— -,-  +  --- 

3         5        7      1 

He.  and  confeuuewly,  That  in  the  copofite  Din* 


0y,  by  iMxi -  +  — 

3       S  T  7 


!4ixi. 


—  +-<*<.  XRT  =  4*X  i+ixi--) 
5        7  3      S 

£!  (s>.  XOR  (rwaufcf+ifxORsltT.J 

From  which  and.  the  Force  in  the  Diafi*  $ 
{round  above;  not  only  the  Direction  ef  thra*» 


Attraction,  but  that  Attracnon  itielf  will  b=  faj°S 
For,  let  RI  be  taken  to  OR,  at  the  Force  at*" 
refiion  Qj.  to  that  in  the  Direaion  Q?  i  a"  ""'ji 


^  Google 
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1  the  Compofition  of  Forces,  QI  will  be  the  Direction  of 
the  Attraction,  01  the  Line  in  which  a  Corpufcle  at  Q_ 

I  tends  to  defcend :  And  the  Attraction  itferf,  in  that  Di- 
rection, (being  to  that  in  QR,  as  QI  to  QR)  will  be 

■   defined  by  4^X^-1^  +  ^   »'■    X  QJ  i 

,    which,  flnce  *i  is  conftant,  will  alb  be  as  — i 

'     «  •  3 

1  JL  j.  fit*,  xoj.  %£.r. 

3-ST5-7 

^  CoaoLtAsr.    . 

388.  Since,  by  Conftniaion,    RI  :  QR  ::  i+JX 

'      i_»  +£_£'»«.    XOR:-£ L. 

1      3        5        7         9  '-3       3-5 

+  £1  6Tc.  X  QR,  it  follows  that  — -  —  —  + 
j.y  ^^^^^^       •*     a*i 

—  tt.:H5x--i  +  -».  bBOjRI, 
W  T         1    .   i        7 

1         J»         «•  ,8 

whence  (by  Diviton)  — -  —  +  j-^  OV.  :  — 

ccmbquenrty,   j^-~fr— tfc  :  3  X  -i- 

L  4.  Jll  faff .  ::  OT  :  01.     ' 

5-7       7*9 

Hence   it  appears  that  the  Dire&ion    QI,    of  the 

abfolute    Attraction,    divides  the  Part    of    die   Axis 

OT,  intercepted  by  the  Center  and  Norma.,    in  a 

given  Ratio:  An*  that  the  Attraction  itfelf  (being  de- 

1  fined 
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fined  by  J. —  4.  JL  M.  X  QM    b  cm 

where  as  the  (kid  Line  of  Direction  QJ. 

Scholium. 

389-  Although  the  foregoing  Concluiiora  ant  a- 
hibited  by  Infinite  Setiefes,  yet  the  Surra  of  those  if 
riefcs  ire  explicable  by  means  of  the  Arch  of  a  Cade. 

1       M      B* 
Thus,  let  the  Series  —  —  -£■  +  -~  £*<?.    (which  i 

one  of  the  two  original  ones  above  found}  be  pat  =&, 

and  let  B  =  ( v ;  then  by  Subftitution,  and  multipJynr, 


—  -Wf.  =  l*S,  and  coBTeauendy  I  —  —  +  T~  f 

tsV.  =  t —  PS  :  Where,  the  former  Part  of  the  Cap- 
tion is  known  to  cxprefs  the-  Arch  of  a  Circle,  wheat 

•  Ait  14s. Tangent  is  t  (B  J  and  Radius  Unity  *:  Wherefore, 
putting  that  Arch  =  A,  we  have  A=.t — VSt  aodcoa- 
-A       1       B    .  B* 


Moreover,  fincc  it  appears  that 

3       s      7 


~  J-S     5-7"*"7-9 
at. 


s  T  7     9 

(»hure  the  Sum  of  —  —  —  +  —    bV.     »  ilre»lj 
found  =  — ■  XJ=  —7-  »    aiJ    wkere    Tl" 
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B      B* 

of —  +  —  tyh  by  the  fame  Method  will  come 

.  /—  A—  f/»\    ....  2S        afi* 

out  =  ■■    —I   it  11  evident  that  —  — - 

*  /  3  *  5      S-  7 

+  2*  «,.  =  '-=1  +  '-'-»'■  = 
7-9  '  '■ 

y  +  '  —  ^xiT?       .      ,      .,     ' 

■  rj i   and   confequently  - — -  — 


B         B> 


a,.  f-i    ;.-+>--^x.+."> 

f  :  Which  is  the  Value  of  che  other 

21* 


3-5+S-7 

=  -JxT+7  —  r 

31' 
original  Series  found  above:   From  whence  that  of 

-2 £    +    |^   will  alio  be  had  = 

3-S  S-7  7-9 

31  +  af  — l/fX  !  +  '* 
Hence,  if 
••       \       I        5  T  7        9/ 

^i         V.     i.j     i.ri-l 

And 

»,+«■-»»*.+?  / ? — j£.l£  »,.=, 

sr  \— J-S       S-7      7-9 

it  ii  evident  that  OT  will  be  to  OI,  in  the  conftant  Ra- 
tio of  g  to  b  ;  and  that  the  Forces  in  the  Directions 
QJ,  QR,  and  Qj.  will  be  as  jXQJ,  /XQR,  and/* 

AO1 

I  +  tfXOR  refpeclively :  Where  i+B  is  =  jgj . 

Hh  PROB. 


466 


the  Vfe  of  Floxioms 


390-  7i  determine  the  AttraSion  at  any  Paint  D)  t 
a  given  Spheroid  OAPES. 


Let  Oapes  be  another  Spheroid,  concentric  with,  and 
fimtkrto,  the  given  one;  whore  Surface  D«M  He. 
panes  thro'  the  given  Point  D  ;  alio  let  FDf  and  HD6 
be  taken  as  two  oppoiite,  indefinitely  {lender,  Cones 
(or  Pyramids)  conceived  to  be  form'd  by  drawing  innu- 
merable Lines  HDF,  hDf  &c.  through  the  common 
Vertex  D)  which  Cones  (or  Pyramids)  having  the 
fame  Angle,  may  be  confidered  as  fimilar  ;  and  fo  their 
•  Ait.  37S.  Forces,  at  D,  will  be  as  the  Altitudes  DF  and  OH* : 
And,  therefore,  the  Excefs  of  the  former,  above  the 
latter,  or  the  Force  whereby  a  Corpufdc  at  D,  tends 
towards  F,  through  the,  contrary,  Action  of  the  two  op- 
posite Cones,  will  be  as  DF — DH,  or  as  DM  ;  becauft 
(by  the  Property  of  tht  Eliipfts)  MF  is,  in  all  Pofitions, 
equal  to  DH. 

Hence  it  appears  that  the  Parts  of  Matter  FMajf 
and  HD£,  without  the  Spheroid  apes  (acting  equally, 
in  contrary  Directions)  can  have  no  Effect  at  D: 
And  this,  being  every  where  the  Cafe,  the  whole,  effi- 
cacious. Force  at  D  muft  therefore  be  that  of  the 
Spheroid  Oapei. 

Hence,  if  the  Ratio  of  Oe*  to  Op*  (or  of  OA*  to  OP*) 
be  denoted  by  that  of  i-f-S  to  1,  as  in  the  Jaft  Problem, 
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it  follows,  from  thence,  that  the  Attraction  at  D,  in  the 
Directions  DM  and  DN  (perpendicular  to  PS  and  AE ; 


fee  thenext  Fig.)  will  be  expounded  by  — 


3-5        S-7 


■     ,    &  _  B* 
3         -S  -7  9 

r  by  their  Equals  g  X  DM 


c*c.  XDM,  and  i  +  BX 

fcfc  X  DN  rerpeftively, 

and/x"i+#XDN  :  Where  the  Vr  lues  of  /and  g 

axe  the  fame  as  given  in  the  preceding  Article. 

Corollary. 

391.  Hence  the  Force  wherewith  a  Corpuiclc,  any 
where  within  a  given  Spheroid,  is  attracted,  either, 
towards  the  Axis,  or  the  Plane  of  its  Equator,  is  di- 
rectly as  the  DilUnce  therefrom. 

P  R  O  B.     X. 

jq2.  Suppefing  every  Particle  of  Matter  in  a  Spheroid 
to  have  a  Tendency  to  recede,  both,  from  the  Axis  PS,  and 
from  the  Plane  of  the  greateji  Circle,  by  Means  of  Forces 
tint  are  as  the  Diftances  from  the  faid  Axis,  and  Planet 
refptclivtly  j  to  find  the  Direclhn  DI  wherein  a  Corpufcle, 
at  any  Point  D,  tends  to  move  through  the  Atlion  of  the 
faid  Forces  and  the  Aitraftion  conjunclly,  and  liiewje  the 
whole  compound  Farce  in  that  Direction. 

Let  DM  and  DN 
be  perpendicular  to 
PS  and  AE,  and  lef 
the  given  Forces,  in 
the  Direction  of  thofe 
Lines  (independent  of 
the  Attraction}  be  ex- 
prefl'ed  by  flixDM  and 
«XDN  refpe&vcly. 


Tbcrt- 
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Therefore,  fince  (by  the  laft  Problem)  the  Fores 
of  Attraction  in  the  (aid  Directions  is  defined  by  g xDM 

and  /  X  i  +5  X  DN,    the  whole   rcfulting    Forces 

will  be  truly  denoted  by  g— mXDM,  and/X  l+fi— * 
X  DN :  Whence  (by   the  Competition  of  Forces)  it 

will  be,  g— m-.fXT+B  —  «::DN  (OMJ  :  MI; 
whence  the  Point  I  is  given : 

Alio  DM  :  DI ;:  f^m  X  DM  (the  Force  in  the 

Direaion  DM)  :  ;— kxDI,  theForceinDl.    QE.I, 

P  R  O  B.     XL 

393.  Eviry  thing  being  fuppeftd  as  in  tbt  prteeJmg 
Problems,  'tis  required  to  determine  the  Firct  of all  lit 
Particles  in  the  Line  (or  Column)  QDO  tending  to  the 
Center  O  of  tbt  Spheroid. 

Let  IH  be  perpendicu&r  to  QO  produced  (fee  tit 
laft  Fig-)  then  the  ablblute  Force,  in  the  Direction  DL 

being  J^m  X  DI,  that  in  the  Dtreaion  DH,  whereby 
a  Corpufcle  at  D  is  urged  towards  the  Center,  will  be 

g —  m  X  DH.  Let  now  OD  (confidered  as  variable) 
be  denoted  by  x;  then  becaufe  the  Ratio  of  OM  to  MI 

,(3  given  (being  every  where  as  £ — m  to/X  i-^-B  —  w, 
iy  tbt  Precedent)  and  the  Triangles  ODM  and  IOHare 
fimilar,  it  follows  that  the  Ratio  of  OD  to  OH  will  be 
given,  or  conftant ;  and  confeauentty  that  of  DH  to 
OH,  likewife :  Let  therefore  this  Ratio  of  DH  to  OH 
be  cxprefled  by  that  of  r  to  t,  and  we,  fliall  bare  DH= 

— ,  and  confequently  (g—">  X  DH)  the  Force  at  D, 

equal  to  g — m  X  —  .'  VVhich  therefore  being  multi- 
ply 'd ' 
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p]y'd  by  i,  and  the  Fluent  taken,   there  comes  out 

g-mXrx^gjzJH  x  do  x  DH,    for  the  whole 

21  2 

Force  of  the  Line  or  Column  OD  at  the  Center. 

3,  *■ 1- 
Corollary. 

'  394.  If  the  given  Forces  tn  and  n  be  fuch  that  the 
Ratio  of  OM  to  MI,  {which  is  found  to  be  universally 

asg  —  m  to/Xi+B — »)  may  become  as  1 :  i+5 
(or  as^O*  :  aO1)  it  is  evident  (from  the  Property  of 
the  Ellipiis)  that  the  Line  of  Direction  DI  will  be  al- 
ways perpendicular  to  the  Surface  of  the  Spheroid  Oapet. 
In  which  Cafe  OD  X  DH  is  alfo   (by  the  Nature  of 

the  Ellipfts)  =  Oa*  :  And  therefore  the  Force  \^~ 

X  OD  X  DH)  of  OD  !■  =  ~^  X  Oa* :  Which, 

when  D  coincides  with  Qj  will  become  — - — X  AO* ; 
and  is,  therefore,  a  conftant  Quantity. 

Moreover,  fince  in  this  Cafe,  g — m  :  fX  i+B— » 
::  r :  i-f-5  (by  Hypotbefis)  we  have  m  —  7Xjj=£ 
—  f :    Which  Equation,   if  »  be  taken  =  o,  gives 

zB       aB*       6B1  7f7*v^ if.  . .      - 

*    J      35      3-7T7'9  2'' 

But,  if  m  be  taken  =0,  it  will  then  give  »=  — 1  ■+■  ti 

X£=f=  —7+BX^L  —  *£  +  ££  ttt.  Where,  ' 
3-5       5-7       7-9 

t  —  B%,  and  4  =  the"  Arch  whofe  Tangent  is  t,  and 
Radius  Unity. 

,         Hh  3  PROB. 
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PR  OB.     XII. 

395.  If  an  oblate  Spheroid  O APES,  whertof  lie 
Square  of  the  Equatorial  Diameter  AE,  is  to  tbat  of  A 
Axis  PS,  in  any  ghat  Ratio  of  l  +  B  to  i»  rtvshx 
about  its  Axis,  wjutb,  a  Time,  that  the  centrifugal  Fine, 
at  the  Equator.  A,  is  to  the  Attraction  at  the    Surface  if 


a  Sphere  whcfe  Radius  is  OA,  in  the  Ratio  of 


3-5 


I  fay,   in  tbat   Cafe,   eon 


AB*       6S' 

=—  + Cft.  to  ■ 

Particle  of  tht  Spheroid  will  be  in  Equilifario  ;  fa  that, 
tho'  the  Cohtfan  of  the  Parts  was  to  ceafi,  the  Figure  itfaf 
would  remain  unchanged. 


For,  the  Attraction  of  the  Spheroid,  at  A,  being  de- 
fined by  — —  +  —  &c.  XAO  (Art.  387.) 

AO 
it  is  evident  (by  conceiving  B  =  o)  that  -—   will  re- 

prefent  the  Attraction  at   the  Surface  of  the  Sphere 
whofc  Radius  is  AO :    Whence  {by  Hypothefis)  the 

iB       iff* 

centrifugal  Force  at  A  (putting  m  r=  - — -f. 

—  ffe.)  will  be  truly  defined  by  m  X  AO ;  and  con- 
fequently 
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Tequcntly  That,  at  any  other  Point  D,  by  aXDM  (be- 
caufe  the  centrifugal  Forces  of  Bodies  defcribing  unequal 
Circles,  in  equal  Times,  are  known  to  be  directly  rs 
the  Radii  *.)  Hence,  and  from  the  Corollary  to  tiie  laft  *  Art.  it- 
Problem,  it  appears  that  the  DiteQion  of  Gravitation 
I>I  is  always  perpendicular  to  the  Surface  opes ;  and 
that  the  Force  of  ali  the  Particles  in  the  Line  (or  Canal) 
OD  or  OQ.  towards  the  Center  O,  will  continue  in- 
variable, take  the  Point  Q  in  what  Part  of  the  Arch 
APE  you  will :  From  which  laft  Confide  ration,  it  fol- 
lows that  the  Force,  or  Preflure  of  every  Canal  QO, 
at  the  Center  O,  (conferring  the  Body  in  a  fluid  State) 
will  be  the  fame :  Whence  (by  the  Principles  of  Hy- 
droftatics)  a  Corpufcle  at  D  has  no  Tendency  to  move, 
either  Way,  in  the  Line  OQ_;  And  therefore,  as  it  , 
hath  no  Tendency  to  move  in  .the  Direction  of  the  Sur- 
face Ope  (the  Gravitation  being  perpendicular  thereto) 
it  is  evident,  from  Mechanics^  that  no  Mmiim  at  all 
can  enfue,  in  any  Direction.  ij\  E  D. 

COROILARY      I. 

%B       4S1       6S> 
396.  Since  m  is  =  —  —  —  +  —    He.     the 

Gravitation  (i-mXDIJ    at  arty  Point  D  in   the 

Spheroid  will   therefore  be    as    —  —  —  +  —  fje% 

X  DI  =   -~~   X  DI  (fit  Art.  3S9.) 

COROLLARY  II, 

357.  If  the  Time  of  Revolution  be  given  — ^,  =:'d 
j  be  put  to  denote  the  Time  wherein  a  (folid  .■  tp'ierej 
of  the  fame  Dcnfity  with  the  Spheroid,  rouft  revolve  ; 
fo  that  the  centrifugal  Force,  at  the  Equator  'hciM-f, 
may  be  equal  to  thedravity  :  Then,  as  this  l.ft 'i'ini* 
is  known  to  continue  the  fame,  whatever  the  iYia?r:it:u:o 
of  that  Sphere  is  J ;  and  the  centrifugal  Forces,  in  equsi  t  Af'- a 
H  h  4  Cucies/"'  '"'■ 
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Circle*,  are  alio  known  to  be  inverfely  as   the  Square* 

of  the  periodic  Times it  follows,  that  p*  '.  q*  z:  J AO 

(the  Attraction,  or  centrifugal  Force,  refpe&ing  tie 

Sphere  OA,  revolving  in  the  Time  j)  :  — *^ 

3-5        S-7 


j.  5iL  y-c.    X  AO,    the   centrifugal   Force   of  Ac 

7-9 
Spheroid  at  A,  revolving  in  the  Time  p.    From  whica 

f        iB       48*       bB* 
Proportion  we  get  p  =  —  -  —  +  j^  ttr.  = 

3+f'Xy~3'  {drt.  394.)  Whence,  by  Help  of* 
Trigonometrical- Canon,  the  Value  of  t  (—  B*\  and 
confequeutly,  the  Ratio  of  the  two  principal  Diameters, 
will  be  round  ;  fo  that  all  the  Parts  of  the  Spheroid 

may  remain'  in  Equilibria.     But,  when  ~~^  is  (hall, 

the  Solution  by  an  Infinite  Series  ii  preferable :  For  tbei 

zB        4S1  ** 

the  Sena  —  -  —  t*«.  (  =  ■—)  converging  fuf- 

ficicntly  fwift,  we  flnll,  by  the  Rcvcrfion  thereof,  find 

B  -  2f  +    +X7^    +     8X49^'  '  lQ    Whidl 

Cafe  the  ftatio  of  the  E  qua  to  re.il  Diameter  to  the  Axis 
if  we  take  only  the  firft  Term  of  the  Series,  will  be,  a 

yi  +  ^:i,or»i  +  g|,  „e„lr. 

the  Lquator  be  to  the  Gravity  as  1  to  289  (that  being 
•AM.»rf.  the  Proportion  at  the  Equator  of  the  Earth  •)  wiU 
come  out  as  23 1  to  230. 

Co- 
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Corollary    III. 

398.   Becaufe,   3  +  *'*J*"~3',  the  latter  Part  of 

our  foregoing  Equation  will  be  equal  to  Nothine?  both 
when  t  is  Nothing  and  Infinite,  it  is  evident  mat  the 
Value  thereof  cannot,  in  any  intermediate  Circumftance 
of/,  exceed  a  certain  affignable  Quantity. 

Wherefore,  to  determine  this  Limit  of  the  Value  of 

—  7  (beyond  which  the  Problem  becomes  impolBble) 
let  the  Fluxion  of  3.f  -  X  A—&  ,  or  in  Double 

3  +  f*X-t/ — J.  ^  ta]an  gnj  put  _  0j  a0(j  you  w;u 
n  * 

have  —  7-H*  X  -A*  +  3'  +  **  X  ^+  6«  =3;  o  : 

Which,  becaufe  ^=  — i— .  •  will  be  reduced  (o  &•**.  141. 

^.7(i  —  1  +7»  X  9  +  r1  X  j/=oj  where  f  isfound 

—  2,5293,  from  whence  the  corrcfpondjng  Yalues  of 

^/Y+J*t   and  —  come  out  =  1,7198,  and  0,5805' 

{&.  refpe&ively.  Hence  it  appears  that  it  is  impar- 
tible for  the  Parts  of  the  Spheroid,  in  a  fluid  State,  to 
continue  at  Reit  among  themfelves,  when  the  Time  of 

Revolution  is  fo  great  that  —    exceeds    0,5805   fcff. 

And  that,  of  all  the  Spheroids  which  can  be  affliimed  by 
a  Fluid  revolving  about  an  Axis,  That  whofe  Equatoreal 
Diameter  is  to  its  Axisas  2,7198  to  Unity,  will  per- 
form its  Revolutions  in  the  fbojteft  Time. 

Thus,  for  Example,  if  a  (folid)  Sphere  of  the  fame 

common  DenGty  with  the  Earth  was  to  revolve  about 

its  Axis  in  the  Time  of  84$  Minutes,  the  centrifugal 

Force 
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,i—J 

-  X  QI)  at  any  Point  in  the  Surface  4 


■('■^ 


a  Spheroid,  whereof  the  Parts  are  kept  in  £^d£in, 
by  their  Rotation  about  the  Axis,  will  be  accurately  t 
a  Perpendicular  to  the  Surface  at  that  Point,  com ' 
to  the  Axis  of  the  Figure.  Therefore  the  Grav_. 
at  the  Equator  is  to  that  at  either  of  the  Poles,  as& 
Equatoreal  Diameter  to  the  Axis  inverfly. 

Corollary  VI, 

401.  But,  if  the  Spheroid  differs  but  little  from: 
Sphere,  the  Excels  of  QI  above  AO  will  (by  the  Pn> 
pertjr  of  the  Ellipfis)  be  nearly  as  OR1.  Whence  k 
appears  that  the  Inereafe  of  Gravitation,  in  going  trot 
the  Equator  to  the  Pole,  is  as  the  Square  of  the  Siocd 
Latitude,  nearly.  • 

Corollary    VII. 

4.02.  Moreover,  fince  the  Ratio  of  the  Equatorial 
Diameter  to  the  Axis  is  found,  in  this  Cafe,   to  betas 

tArt.j97.of  ,  +-~to  i -f-,  theExcefs  of  that  Diameter  above  tk 

Axis  will  be  to  the  Axis  as     ~z  to  Unity;  that  is,  as  - 

of  the  centrifugal  Force  at  the  Equator  to  the  man 
Force  of  Gravity.  Whence,  as  the  centrifugal  Force, 
in  unequal  Circles,  are  univerfally  as  the  Radii  directly, 
and  the  Squares  of  the  periodic  Times  inverfly,  it  fol- 
lows that  the  forefaid  Excels  {in  Figures  nearly  fpherioal] 
will  be  as  the  Radii  directly,  and  as  the  DenGty  and  the 
.  Square  of  the  Time  of  Rotation  inverfly  ;  From  which 
Proportions,  the  Ratios  of  the  greateft  and  lcafl  Diameters 
of  the  Planets  may  be  interred  from  each  other ;  fup- 
pofing  the  Times  of  their  Rotation,  about  their  Axes, 
to  be  known. 


PR  O- 
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PROBi    XIII. 

403,  TodtUrmint  the  figure  wUch  a  Fluid  will  ac- 
fttife  whth,  bifida  the  mutual  Gravitation  of  the  Parts 
thtrtaf,  it  is  attrafled  by  mother  Bed},  fa  renwte,  that 
all  Lines  drawn  from  it  to  The  Surface  of  the  Flaidt  may 
b*  taken  as  Parallels. 

Let  OAPES  be  tHe 
propofcd   Fluid,    and  let 
MPS  andMQ?  be  Right- 
lines,  drawn  from  the  re- 
:  mote  Body  M;  whereof 
:  the  former  MPS  pafles 
thro'  the  Center  of  Gra- 
:  vity  O  :  Moreover,  let 
.  the  Plane  AE  be  perpen- 
dicular to  the  Axis  MOS  ; 
and  put  NQ=ii  and  OM 
(the  Diftance  of  the  re- 
mote Body)  =d;    alfo 
•    put  the  Semi-diameter  of 
the  Body  (at  M)  =  *y 
and  let  its  Denfity  be  to 
:    that  of  the  Fluid  APES, 
as   any   Quantity  v    to' 

Unity.     Then  fince,  according  to  the  foregoing  Cat- 
.     cuhuorft*  the  Attraction  at  the  Surface  of  a  Sphere  (of 
I     a  given  Denfity)  n  expre'flcd  by  f  of  tbt  Radius',  it  fol- 
lows that  the  Attraction  of  the  Body  M-,  it  its  Surface, 

1'  w 

will  be  explicable  by  —  :  And  therefore,  the  Force 

1      varying  according'  tu  the  Square  of  the  Diftance  ifi- 


3  *3^' 
Attraction  of  M,  at  the  Diftance  MN :  Alfo  '1 


fW)  :  r* 


3  *  3xT^' 


its  Attraction  at  the 
Diftance 


• 
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Difiance  MQ.     Whence  the  Difference  of  thefe  tv«. 


Etf*. )  will  be  as  the  Force  whereby  a  Corpufcle  at  Q. 
endeavours  to  recede  from  the  Plane  AE :  'Which  be- 
caufe  (by  Hypothecs)  d  is  very  great  in  rcipe&  of  t, 
will  (by  rejecting  all  the  Terms  after  the  firft)   be  a- 

2vr3  2m1 

prefled  by  — y  X  </,  or  its  Equal  -y  X  NQ^ 

In  the  very  fame  Manner,  the  Force  whereby  1 
Corpufcle  at  y,  below  tbe  Plane  AE,  tends  to  recede 

aw* 
therefrom,  will  be  defined  by  —77-  X  N?. 

Now,  therefore,  feeing  thefe  Forces  are,  rrery  where, 
as  the  Diftances  N  Q,  N q,  from  the  Plane  AE,  it  appears 
(bjArt.  393.  aw/394^)  that  theFigure  OAPES  wiHbe 
a  Spheroid ;  whereof  the  Equation,  for  the  Relation  of 

nvr3\ 
hs  two  principal  Diameters  (putting  n  =  — y I  is  ■= 

_jqfr»xi*-±£ +  **<*.     (In    whkk, 
3-5       5-7       7-9 

the  Ratio  of  PS*  to   AE*  is  denoted  by  that  of  1  to 
i~\-B.)     Hence*  by  reverting  the  Series,  we  have  S= 

—  ~— ^§-  **.  and  confeqaently  PS  :  AE-.:  1: 

■-• t— ir  a'-  "':'-T,na* 

Which,  by  reftoring  the  Value  of  »,  becomes  PS :  AE 
ai:i-*y.  $,£./. 


Co- 
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'C0R011.AB.T. 

404.  Becaufe  -7  expreffes  the  Kite  of  the  apparent 

Semi-diameter  of  .the  Body  M,  to  the  Radius  1)  feen  at 
the  Pittance  OM,  it  follows,  if  the  did  Sine  be  de- 
noted by  r,   that  PS  :  AE  :;  I  :  1  —  5?  X  t*  ;   and 

confcqucntly,  by  Divifion,  PS :  PS  —  AE  ::  r :  jX/». 

Hence  it  appears,  that  the  Forces  of  the  Planets,  to 
produce  Tides  at  the  Earth's  Surface,  are  to  one  an- 
other as  their  Denfities,  and  the  Cubes  of  their  apparent 
Diameters  conjunctly.  (For  the  Sines  of  (bull  Arcs  are 
nearly  as  the  Arcs  themielves. ) 

EXAMPLE. 

405.  If  c  be  taken  =  the  Sine  of  ii>  (exprcfling  the 
mean  Apparent  Semi-diameter  of  the  Moon)  and  v  =. 

—  (the  Ratio  of  her  Dcnfity  with  refpe&  to  that  of 

the  Earth)  our  laft  Proportion  will  become  PS :  PS  — 
AE  "  1 :  0,00000031 5  :  Whence,  if  PS  be  taken  = 
43000000  Feet  [the  Meafurc  of  the  Earth's  Djainetcr) 

V 
PS  — AE  will  come  out  =13,13. 


• 
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SECTION     X. 

Of  the  duplication  of  Fluxions  to  thtRi- 
folution  offucb  Kinds  of  Problems  Di 
Maximis  et  Minimis,  as  depend  up* 
a  particular  Curve,  wbofe  Nature  is  to  it 

'determined. 

I  SHALL   begin  tfcis  Section  with   premifing  * 
following  ufeful 

THEOREM.- 

406-  If  the  Relation  tf  two  flowing  §>uantitut  y  tui 
«  be  required;  ft  thtt,  when  the  Fluent  tf  j'i  btcmes 

equal  te,  a  given  Vahut  that  of  —      a_~     "    mgJ  *•  * 

i 
Maximum  or  a  Minimum;     /  fay,    their  Rehhm 


tbhcriy  the  fame,  er  equal  to  a  emfant  Quantity. 

The  "Demonfttation  hereof  depends  upon  the  fiib- 
fequent  , 

Lemma. 

407.  If  *«  +  *j3™4!,  wherein  «  and  (S  are  indc- 
derminate,  the  Value  of  A  X  mm.±tf  +  BX  (&+#? 
will  be  1  Maximum   or   Minimum,    when  —  X 


t^l        and  -r  X  jSg  ±pp        are  equal  to  each 
other 
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other.  For,  by  taking  the  Fluxions  of  both  Expref- 
fioin  we  have  a*  +  £i  =0,  and  211/fxa  X  **±#>v~ ' 
+  2nBff8  X  $&'±.pf?~  =  o :  From  whence,  'a  and 
0  being  exterminated,  there  refults  —  X  «*  ±#<*"~ * 

=  -j  X &*&"*.  Q E- D. 

Hence,  if  am  +  *£  +  *r  +  &  &'•   =  ■?:  (where 
mt  0,  v,  i  tie.  are  indeterminate)  it  follows  that  AX 

A  X  **±pptm  +  BX  f#±pp"  +CXy>±t}P 
+  b  X  Ji  ±  pp'm  &c.  will  be  a  Maximum  or  Mi- 
nimum, when  all  the  Quantities  — -  X  <™±~#)""*,» 


°y . 


-j-  X  03  ±  pp\       ,  —  X  rr±pf*       **<■.  "*  equal 

to  each  other.  For  that  Expreffion  is  a  Maximum  (or 
Minimum)  when  it  cannot  be  increased  (or  decrcaTed) 
by  altering  the  Values  of  the  indeterminate  Quantities 
involved  therein ;  but  it  may  be  increaied  (or  decreafed) 
by  altering  only  two  of  them  (as  a  and  p)  whilft  the 

reft  remain  unchanged  s  unlets  —  x  «*±:  pp-"^1  and 

-T-  X  8&±pp^~*  are  equal  to  each  other.  (This  it 
proved  above.)  Therefore,  when  AX  ««  ±  pp  V  +  SX 
08±ppT  +  CX  rT±pp'  +  Gfc.  is  a  Maximum  or 

Minimum,  the  Quantities  —  X  aa  +  pp  and  -v- 

X  g0  ±  /pi*""1  cannot  be  unequal :  And,  by  the  very 
fame  Argument,  no  other  two  of  the:  Quantities  above 
fpecificd  can  be  unequal. 

Ii  If, 


• 
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If,  in  the  Right-line  PR,   there  be  now  ifTunal 
Nli  ==;  a,  &&  =  0,  W «■    "^  "P011  '***«»  ■*  B**1* 


Reaangles  NK,  Nit  be  fuppofed,  whofe  Altitudes  UK, 

NK  tfr.  are  denoted  by  a,  hy  e,  d  &c.  it  iievideutthat* 
+  j0  +  ey  +  di  He.  (=Q)  will  be exprcfled by  tk 
Sum  of  all  the  faid  Roftangles,  or  the  whole  Poiygcn 
N/. 

Moreover,  if,  in  the  Right-line  PL  (perpendiatfit 

to  PR)  there  be  taken  MM,  MM  W<r.  each  equal  tt 

p,  and,  upon  thefe  equal  Bafea,  Rectangles  MV,  MV 
{•ft.  be  coiiltituted,    whofe  Altitudes   are  denoted  by 


EEL  By^±pp 
....    >  ^ 


Wr.    it  is  likevifc 


plain  that  the  Value  of -■--■■  +■  :^_;  — 


~^l      will  be  truly  reprefented  by  the 
whok 
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■whole  Polygon  Mb.     Which  Polygon  (as  p  is  con- 
stant) will   be  a  Maximum  or  Minimum,    when  ^  X 

«»±/»p"-|-.BXi3is±/^"  +  y*.    is  a  Maximum  or 
Minimum ;     that  is,  when  all   the  Quantities  — ■  X 


fc/p--"1    *0      W±pp\' 


,  &V.  are  equal  to 
*— -      ■    1  JT- 

each  other  fas  has  been  proved  above.) 

Let  now,  A,  B,  C,  D  WV.  be  expounded  by  any 

Powers,  (MFr,  MP%  MP*  fife.)  of  the  refpeclive 
Diftances  from  a  given  Paint  P ;  and  let,  at  the  fame 
time,  the  correfponding  Values  of  a,  £,  e,  it  EsV.  be 

interpreted  by  any  other  propoftd  Powers  MP",  MP", 

MP"  Wc.  of  the  fame  given  Distances :    Then  the 

Area  of  the  Polygon  N/  will  be  exprefled  by  MP"  x  » 

+  MP"x$  +  MP"xy  &e.  (—^);  and  that  of  the 

Polygon M*,  byMP*x^Z3L  +  laTx-^. 
r"~l  P*""' 

+  MPr  X  yy±^>'    +  We.     And  the  forefiud  equal 
p"~ 

Quantities  ±"  X ^  S  xg*Sdtfr. 
,   MPr~" 


P 

Now  let  the  Number  of  the  Rectangles  be  fuppofed 

indefinitely  great,  and  their  Breadths  indefinitely  final), 

Ii  a  (o 


• 
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fo  that  the  Area  of  each  of  the  two  Polygons  N/  and 
MA  may  be  taken  for  that  of  its  circumfcribing  Curve: 
Moreover,  let  u  and  y  be  put  to  represent  the  Diftancn 
of  any  two  correfponding  Ordinates  EF  and  GI  from 
the  given  Point  P  ;  and  let  *  be  every  where  expreffet 

by  p  (=MM=MM=  &c.)    Then,  «  being  a  general. 

Value  for  any  of  the  Quantities  <*,  ft  y,  i  &c.   (or  NN, 

Niv  He.)  it  follows;  Firft,  that  the  Fluxion  of  the 
Area  of  the  Curve  NEFK  (the  Ordinate  being,  every 

where,  =  f  )  will  be  truly  defined  by  )Tu ;  Second- 
ly, that  the  Fluxion  of  the  Area  MGIV"  (by  lubJb- 
tuting  j,  u  and  j   iriftead  of  their  Equals)    will  be 

r Sfj^-*  and,  laftly,  that  the  Value  of  each 


of  the  equil  Quantities,  Ml/ 

Mp'-r  x  i^jCI 

be  esprdled  by   £220*  "1  E£ 


the  Tbtartm  is  meniftfl,     '         '      * 

408.  If  R  and  S  be  affumed  to  denote  any  Fuocoons 
of  y  (that  is,any  two  Quantities  expreffed  in  Terms  of 
y  and  given  Coefficient*  -,)  then,  in  order  to  have  the 

Fluent  of  S  X  -"f~_f,  -  a  Maximum  or  ATtmmam, 

i 

when  that  of  Rm  becomes  equal  to  a  given  Value,  it  ij 
onflant 
Qua- 
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•Quantity :  This,  alio,  is  evident  from  the  preceding 
Demonftration  ;  and  may  be  of  Ufe  when, the  above 
premifcd  Theorem  is  not  fufficicntly  general. 

PROB.     I. 

409.  To  determine  the  Nature  ef  the  Curvt  ACE ;  fa 
that,  the  Length  of  the  Arch  AE  bei»g  given,  the  Area 
'  ABE  Jhall  be  a  Maximum. 

Calling  (asufual)  theAb- 
fcifla  AD,  * ;  the  Ordinate 
DC,  y ;  and  the  Arch  AC, 
x,  we  have  x  =  \Z**— ; y1*; 
and  therefore  yi  +  =  y  X 

kss— jji1*  =  the  Fluxion  of 
the  Area  ADC.  Now, 
fincc,  by  the  Queftion,  the 

Fluent  of-y  X*k —  }Jr  is  to  be  a  Maximum,    when 
That  of  i  becomes  equal  to  a  given  Quantity  ( ACE)  let  ' 
thefc  two  Fluxions   be,    leTpeclively,  compared  with 

/X  x"      jj\     ^j  £,£  tp  g;vca  m  the  foregoing 


Theorem,.J    By  which  means, 
and  m  =  o  j  and  confeuuently  2— 


i=|,  r=i,  «  =  «,•*«  406. 


=  yiX  xK—fj*  * :  Which  (according  to  the  fay! 
Theorem)  being,  every  where,  equal  to  a  conftant 
Quantity,   we  fliall,  by   putting  that  Quantity  =  a, 

and  ordering  the  Equation,  get  £*  =  fl*  _  >t »  and* 
(v/*1— /*)   =  —/¥- — ~>  aw,»  confequently,  (by 


1*3 


taking 


• 


Of  Problems  Dc  Maxitnis  &  Minimis 


the  whole  Number  of  ParJ 
tides  acting  upon  FHKG 
is  proportional  to  tfce 
Area  of  the  Circle  FG, 
or  as  f  \  the  Flaxice 
beceof  (ip)    drawn   inu> 

will    there/ore 


for     the 


Fluxion  of  the  Reuflanoe 
upon  FHKG. 
Now,  fince  it  ii  required  (by  the  Queftion)  to  one 

yj1 

<+yj 


the  Fluent    of 


Maximum,  when  That  of  x  becomes  equal  to  a  pTtn 
Quantity  (AD),    let  tliefe  two  Fluxions  be   therefore 

+  An.  406.  compared  with  -. -gg-     ■■  and/V  t>      Whence 

/     . 
(r  being  :s  x»  •  s:  *,  »  =  —  i,  and  m  =  o)   we  get 

♦Att.4ofcyi'X^+jJr~*  ._.       .        «__'«      ^_», 

' ^ —  a   (a  conftant  Quantity  *1  j  and 

consequently  yj'1*  =  a  X  i*+jr>V  :  Whereof  the  Flu- 
ent will  be  found,  by  Art.  264.  Tbat  the  Curve  does  not 
meet  its  Axis  in  the  extreme  Point  A,  but  has  an  Or- 
dinate AH-  at  that  Point  (as  reprefented  in  (be  Figure)  is 
evident  from  the  foregoing  Equation.  For  xx-\-r?\ 
(Tq *)  being,  always,  greater  than  y'i  (Jjl'  X  Ff)9 
y  muft  therefore  be  greater  than  <r,  in  the  lame  Propor- 
tion j  and  fa,  can  never  be  equal  to  Nothing. 

Now,  as  it  is  deraonftrable  that  the  Angle  AHF  muft 

be  !  of  a  Right-Angle,  AH  (the  lead  Value  of  y)  will 

therefore  be  =  \a  ((ince  x  aqd  )  are,  in  this  Circupt; 

fianee. 
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^  fiance,  equal  to  each  other.)  But,  what  u,  itfelf, 
ft  ought  to  be,  muft  be  determined  from  the  given  Values 
1  of  AD  and  BD,  and  the  Resolution  of  the  foreGud 
»    Equation. 

'  PROS.    V. 

414.  To  determine  the  Solid  of  the  leaft  Rejtjlana,  fitp- 

1    fifing  the  Area  of  the  generating  Plane  AHBO,  and  its 

greateft  Ordinate  DB  to  he  givtn ;    (fee  the  preceding 

1     Figure.) 

■         Since  (by  the  laft  Article)  the  Fluxion  of  the  Rc- 

1     fiftance  is  eiprefled  by  — -~^ »  and  tnat  of  the 

"     Area  AEFH  by  yx,  it  is  plain  (from  the  premifed  Theo- 
rem *)  that  *     **+&'_    ■„  a  conftant  Quantity.*  An.  **. 

'      Whence,  ^-^Lr-,  or  its  Equal §1*J>,    being 

every  where  the  fame,  the  Angle  pYq  muft  alio  be  in- 
,      variable;  and  confequently  HFB  a Righl-line.    There-  ,, 

fore  me  Solid  of  the  leaft  Refiirance  is  (in  this  Cafe) 

either  a  whole  Cone,  or  the  FruQrum  of  a,  greater, 
'      Cone.     But  it  is  eafy  to  fhew,  that,  when  the  Area  of 

the  generating  Plane  AB  is  given  fo  fmall,  that  the 
*  Angle  B  may  be  taken  equal  to  the  Half  of  a  Right- 
t  angle ;  I  fay,  it  is  demonftrable,  in  this  Cafe,  that  the 
1  Fruftrum  fo  arifiag  will  be  lefs  refifted  than  a  whole 
I  Cone,  or  any  other  Fruftrum,  whereof  the  Bafeand  the 
;       Area  of  the  generating  Plane  are  the  tune. 

In  like  manner  the  Solid  of  Uaft  Refifianee,  when  its 
'  Bulk  and  greateft  Diameter  arc  given,  may  be  deter- 
1        mined :  The  Equation  of  the  generating  Curve  being 


,  or  aiy*  =y  X  a 


Whereof  the  Solution  is  given  in  Art.  264. 

PROS. 
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P  R  O  B.     VI 

415.  To  dtttrmint  the  Line,  altng  which  a  Bmdy,  J* 
til  won  Gravity,  willy  dtfcend,  from  ant  giwm  PmMt  A 
to  another  B,  in  the  jhartejl  Time  poffible. 


A 

I 

>     c 

I> 

Q. 

B^^- 

Let  AD  be  parallel,  and  BC  p 
Horizon,  interfering' each  other  in  C 


ndicular,  to  die 
;  and  let  QP  be 


any  Ordinate  to  the  Curve  parallel  to  BC  :  Then  (calling 
AP,  x ;  PQ,  y  He.)  the  Celerity  at  Q_wUl  be  cxpreaoi 

by  y1  ;  alfo  the  Fluxion  of  the  Time  of  Descent  tare1 

•  Art...*  AQ,will  be  truly  defined  by  -f- *;  or  itt  EousJ  y-* 

X**+p  .    Here,  therefore,  the  Fluent  of  ^~^X 

I 

xx-\-jy>l  is  to  be  a  Minimum,  when  that  of  £  arrives  to 
t  Art,  4ps*  to  a  given  Value  (AC).     Whence,  *y  tbe  Tbetrtm  f, 

jr     tiX  x*4-jyl     *  muft  be  =  aconftant  (Quantity: 
Which  (to  have  the  Terms  homologous)  let  be 

-  1      Th..  A 
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vO- 


;  and  conicqucntly  z=ia — 2al  ■ 


Therefore,  when  y  =  a,  %  it  =  2a ;  which  two  cor- 
refponding  Values  let  be  denoted  by  DV  and  AV  j  and 
let  QE,  parallel  to  AD,  meet  DV  in  Ej  then  VE 
(VD  — ED)  being  =  a—yt  and  VQ.  (AV  —  AQ) 


yt  it  follows  that 
VD  (a)  :  VE  (*~y)  :-.  VA'  (4*1)  :  V<£  C+aX^r) 
"Which  is  one  of  die  moft  remarkable  Properties  of  the 
Cycloid  i  the  Curve  which,  therefore,  anfwers  theCon- 
ditions  of  the  Problem. 

If  the  Celerity  be  fuppofed  as  any  Function  (S)  of 
the  Quantity  y,  the  Problem  will  be  refolved  in  the 
fame   manner  :    The  Equation  of  the  Curve   being 

*  X  ix -fry'  _JL«  •Art.4o«. 

3  ~  «    * 

PROB.    V1L 

'416.  To  find  the  Nature  of  the  Cvrot  AQE,  along 
which  a  heavy  Body  wtfl  dtfeend  from  an  horizontal  Lint 
:RC  to  a  vortical  Line  CD,  fi  that  tbo  Arm  CAE  may 
tog revs,  end  the  Time  of  the  Dtfceni  a  Minimum* 

a     p 9 


If  the  Ordinate  PCI.    t. 
(parallel  to    CD)    be      ■ 

called  7,  and  the  Velo- 
city'at  Q.be  denoted  by 


f  ;  it  it  evident  that 
the  Fluent  of  f  X 

mnft    be    a  Minimum 

when  that  of  yx  amounts  to  a  given  Value. 


D 
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Therefore    (by  the  Theorem  already  mentionM  i 
often)  we  have  j""*-1*  X  **+jy     *  =  *    "    * 


confcquently  &  =  - 


i  which,  by  WD- 


ting  |  inftead  of  n,  becomes  x  =  - 


x  will  be  known.     But,  if  the  Celerity  was  to  be  enn 
where  uniform,  then  (*  being  —  o)  we  fhould  hni 


£  =  — -s.    ■;■■■- ;  and  therefore  x  =:  a  —  V^»m — J1  ^ 

Which  anfwers  to  a  Circle. 

Lemma. 

417.  If,  upon  a  Tangent' \l?y  from  any  Pohd^i* 
the  Circumference  of  a  Circle  FEC,  a  PerpcniuMltr 
CP  be  let  faltt  tbt  Chord  (CE)  jibing  tbmt  Paint  ai 
the  Feint  of  Cental  will  be  a  Mean-Prapartiamatie- 
tweeit  the  /aid  Perpendicular  CP  and  the  Uiammater  Cf 
of  the  Circle. 

For,  the  Angles  P  sd 
CKF  being  both  Right', 
and  alfo  CEP  =  F,  rk 
Triangles  CPE  and  CEf 
'  are  fimilar :  And  there- 
fore CP  :  CE  ::  CE  :  CF. 


P  R  O  B.     VIII. 

4.1 8.  /«  the  rmxt-Un'd  Triangle  ACB,  the  Lengtht  tf 

all  the  Sides  (whereof  CA  and  CB  are  Right-Una}  an 

fuppoftd  given  ;    'tis  required  to  fend  tht  Nature  of  the 

Curve-Jide  AEB,  fi  that  tht  Arte  ma,  bt  a  Maximum. 

Put 
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depending  upon  a  particular  Curve. 


■  Put  the  Arch  AE  =  z_ 
and  the  Ordinate  CE  =>; 
then,  the  Fluxion  of  the  Area 


ACE  being-^-V/*1~>1,* 

the  Fluent  of  y  X  ~**—jj^ , 
:  generated  in  thcTime  where- 
in v,  from  CA,  increafes  to 
;  CB,  muft  be  a  Maximum : 
Therefore)  by  the  Theorem  *, 

we  Have  yk  X  H  —jy'}     * 


=  d»,  or      .       —  =  — .     But,  ifCPbefup- 

pofed  perpendicular  to  the  Tangent  EP>  then  will 
-  CE        y 

=  (Art.  35.)   =  cp— £"p  i    "d  confc- 


quently  j  =  ^>  (  or,  CP  :  CE  (>;  ::  CE  (»  :  j  .- 

"Which  Proportion,  ty  r£f  Lemma,  anfwers  to  a  Circle ; 
whereof  the  Quantity  a  is  the  Diameter. 

Now,  that  AEB  muft  be  an  Arch  of  a  Circle  is  alio 
evident  from  Prob.  i.  but,  that  the  fame  Arch,  con- 
tinu'd  out,  will  pafs  thro'  the  Angle  C,  does  not  appear 
from  thence.  This  is  known  from  above;  and  is  re- 
ciuifite  in  finding  the  particular  Circle  anfwering  to  any 
prouofed  Data. 

PROB.     IX. 

419.  To  find  the  Path  AEB  which  a  Body  muft  it- 
fcribe  in  moving  uniformly  from  one  given  Point  A  W 
another  B  ;  fo  tbaty  being  every  where  ailed  on  by  a  Force, 
or  Virtue,  which  varies  according  to  the  Inverfe-  Duplicate- 
Ratio  of  the  Diftanc.es  from  a  given  Center  C,  tbt  whole 
Anion  upon  tbt  Body  Jhall  beak" 


Putting 
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Putting  AE  =  % 
CE~»,  ^(indcfiohc- 
ly  final!)  =/ *,!>==% 
and  E^  (%/£*  — /') 

=  *  j   we     have    t 

(=y-*x~+7>ii) 

for  the  Meaiure  of  tic 
Force  which  *£b  upon 
the  Body  in  defcribing 
the  Particle  £>  (i): 
Moreover,  if  from  die 
Center  C,  with  any  gi- 
ven Radius  (r)  an  Arch  KT/S  of  4  Circle  be  defatted, 
interfering  C£  in  T,  we  QialJ  have  T/  (the  Meafure 


of  the  Angle  EC*;  : 


.  Therefore,    fince  the 


Fluent  of  y~*  X  ai+yj\  a  required  to  be  a  Mi- 
nimum, and  the  (©temporary  Fluent  of  y «*  (betwea 
CA  and  CB)  a  given  Quantity ;  it  follows,  from  the 
Theorem  premifed  at  the   Beginning  of  the  Se&km, 

that  /"""  +  **  X  *»  +  771     *  muft  be  equal  to  a  eoo- 

ftant  Quantity   ( —  )  and  confequently  —  ■  -        ■  r 

(=  ^k*—y  .J    —  £-:  Which  is  the  very  Equa- 

tion  found  in  the  preceding  Problem.  Therefore,  if  thro' 
the  three  given  Points  A,  B,  and  C,  the  Circumference 
of  a  Circle  be  defcribed,  the  Arch  thereof  terminated 
hy  A  and  B  will  be  the  Path  of  the  Body.        ^-  £.  /. 

Corollary. 

4x0.  If  FR  be  a  Tangent  to  the  Circle,  at  the  Ex- 
tremity of  the  Diameter  CF,  and  CA  and  CE  be  pro- 
duced 
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duced  to  meat  it  in  R  and  Q>  it  follows  that  the  whole 
Adaon  upon  the  Body,  in  defcribing  the  Arch  AE, 
will  be  proportional  to  the  correfponding  Part  RQ_of 
the  laid  Tangent.  For,  if  Cr  be,  alfo,  produced  to 
meet  FR  in  a,  and  EF  be  drawn,  it  is  plain  that  die 
Triangles  CEF  and  CFQj  as  alfo  CE«  and  CfQ,  are 
similar :  Whence  it  will  be,  C£  (y) '.  CF  (a)  ::  CF  (a) 

:  CQ_  (or  C?;  =  y ;  and  CE  (y)  :  E#  (i) ::  C,  (-) 

:  Qj  =  — :  Which  {«  being  conftantj  is  as  (—•  1 

tbe  Force  that  acb  upon  the  Body  in  defcribing  E/  («)• 
And,  as  this  every  where  holds,  die  whole  Action  in 
defcribing  AE  mull  therefore  be  proportional  to  RQ. 
Which  Force  (it  is  eafy  to  prove)  will  be  to  that  ex- 
erted 00  the  Body  in  moving  thro'  the"  Chord  AE,  m 
the  Chord  to  the  Arch. 

P  R  O  B.    X. 

421.  Tt  Jittrmint  the  Path  in  wbitb  a  Body  may  mtvt 
from  me  given  Print  A  It  anttber  B,  in  tht  ftiortejl  Timt 
pojfibk ;  fupptfag  tht  Vtlmtj  tt  be,  every  where,  praptr- 
timtal  tt  any  Power  (yt)  of  thi  Diftanu  frtm  a  nua 
CtnUr  C.     (See  the  Uft  Figure.) 

Here  every  thing  will  remain  as  in  the  preceding 
Problem  ;   tnlj  >— t  mull  be  wrote    inftcad   of  jT"*. 

Therefore  we  have  /"**■  X*  X  a»+y>Y~*  =  » 

conflant  Quantity :  Which  Quantity  (to  have  the  Term* 

homologous)  let  be  denoted  try  — ;  then,  by  Reduction, 

h>~*  _       •         (  __  bA  _  CP  _  CP 
mt    —  v'-'+yy  v-Ery_Cl~j>  : 

by' 
And  confequentJy  CP  sz  — .    Hence,  ifpzso,  or  the 

I  Ve- 


* 
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Velocity  be  conftant ;  then  CP  being  every  when  =*, 
the  Body  mufl,  in  this  Cafe,   defcribe  a  Right-lint 

But,  if  p  =  i,  then  CP  being  =  —  ;  the  Curve  w3 

•Art. 74.    ^  a  logarithmic  Spiral,  whofe  Center  is  C  • :   Expst 
in  that  particular  Cafe,  where  CA  =  CB,   when  it  de- 
generates to  a  Circle.' 
Laftly,  if  /esa,  the  Curve  will  be  a  Circle  (by  uV 

frueding  Lemma)  whofe  Diameter   is  -r-,   and    wlx* 

Periphery  panes  through  the  given  Point  C 
'  After  the  fame  manner,  the  Value  of  CP  (open 
which  the  Nature  of  the  Curve  depends)  may  be  de- 
termined, when  the  Velocity  is  expounded  by  any  given 
Function  (S)  of  the  DiAance  (y)  from  the  Center  of 
4<>7. Force  :  And  (by  writing  S  in  the  room  of  f  f  &V.J 
bS 
will  come  out  CP  =s  —  j  where  *  and  e  reprefcnt  con- 

flant  Quantities. 

When  the  Velocity  is  That  which  the  Body  may  «c- 

quire,  in  defending  thro'  BE,  by  a  centripetal  Force 

•xprefled  by  yt,  then  the  Value  of  S  (the  Mcafure  of 

iluU*"'  *"  Velocity)   DCing  interpreted  by  Vrf'*1 — y*»j 

is/At*1      J*i 
(where  CB=^)  we  therefore  have  CP  5=  — ? ~> 

t 

for  the  Equation  of  the  Curve  of  the  fwifteft  Defbent, 
according  to  this  lalt  Hypoibtfn  of  a  centripetal  Force 
varying  as  any  Power  p  of  the  Diltance. 

412.  Befides  the  Problems  already  refolved  in  this 
Seclion,  there  are  others  of  jhe  fame  Nature  which  are 
confined  to  more  particular  Reftrifiions,  and  require  a 
different  Method  of  Solution. 

Thus, 
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Thus,  if  J^,  .R  and  5  be  fuppofed  to  denote  any 
given  Powers,  or  Functions,  of  the  Ordinate  (j)  of 
a  Curve  ANM,  and  the 
Nature  of  the  Curve  be 
required,  fo  that,  when 
the  Fluent  of  Jjj*  be- 
comes equal  to  a  given 
Quantity,  the  Fluent 
of  R±t  may  elfo  be- 
come equal  to,  another  p 
£ivcn  Quantity,  and  That  of  Sa,  a  Maximum  or  Mi- 
nimum :  Then,  becaufe  there  is,  in  this  Cafe,  a  fecond 
Equation,  or  new  Condition,  beyond  what  is  to  be  met 
■with  in  any  of  the  foregoing  Problems,  the  Method  of  So- 
lution hitherto  explained,  will,  therefore,  be  infufficient. 
But,  by  a  Procels  fimilar  to  that  whereby  the  faid  Method 
wasdemonftrated  (affiiming,  here,  three  Expreffions,  and 
three  indeterminate  Quantities,  inftead  of  two  *)  a  ge- 
neral Anfwer  to  this  Problem  (under  all  its  Reft ritlions) 
will    be   obtained  :  And  is  exhibited  by  the  Equation,  *  An.  407. 

-7-  =  - — <&~ i  wherein  p  and  q  denote  conftant 

Quantities, 

42 j.  Though  it  feems  unneceflary  to  put  down  the 
Invention  of  this  Equation,  after  what  has  been  hinted 
above ,  yet  it  may  not  be  improper  to  obferve,  by  way 
of  Corollary,  that,  if  £s=I,  £=1,  and  S=y\  the 

Equation  will  then  become  ~  —  p  1.  <@'  ;  exprefling 

the  Nature  of  the  Curve,  when,  the  whole  AbfcuTa  (AM) 
and  correfpondingArch  (AN)  being  both  given  Quantities, 
the  Fluent  of  y'x  is  a  Maximum  or  Minimum,  according 
as  the  Value  of «  is  pofitive  or  negative :  In  both  which 
Cafes,  it  is  very  eafy  to  perceive,  that  die  Curve  muft 

be  concave  to  AM,  and  that  the  Value  of  — ,    or  its 
K  k  Equal 


*D!0il» 
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Equal  P±qf,  muft,  therefore,  decreafe  as  y  increafei 
whence  we  may  infer  that  the  Sign  of  qy'  muft  be  at 
gativc  in  the  former  Cafe,  and  poutive  in  the  Utter. 

Ex.  Let  the   Curve   ABDE,    be   the    Cattmmit; 
form'd  by  a  Sender  Chain,  or  perfectly  flexible  Cat, 


fufoended  by  its  two  Extremes  in  the  horizontal  List 

AE :  Then,  fuicc  its  Center  of  Gravity    mutt  be  the 

loweft  pomble,  the  Flaent  of y£,  when  AC=AE,  muft 

t  *«•  >7J-  therefore  be  a  Maximum  \ :  Whence  (n  being  here  -=-i) 

ear  Equation  f-r  =/  ±  0* J   becomes    -r  =  f 

—  qj . 

But,  in  order  to  reduce  it  to  a  more  convaucat 
Form,  lettheDiftance(DF)of  the  loweft  Point  of  dv 
Curve  from  the  horizontal- Line  AE  be  put  -~  b  ;  then, 
when  j  (BC)  becomes  ==  b,  x  will  be  =  &  j  ui 
therefore  the  Equation,  in  that  Circumftancc,  is  i  =» 

—  qb ;  whence  ^  =  i  +  $£,  'and  confequemly  —  s 

i  +  ?t_ff—  i-j-?X  t^y :   Which,    by   putting 

i-r-y  (-DH)    =  /  and  a  =  —  is  reduced  to  -r    —  ■ 
j  x     — 

+•  —  :  From  whence  «*«*  (=  a+jTx*1)  =5"+J» 

X  «l  — ;*  j  and  confequently  BD  =  \Ziai~\~  is. 

For  another  Example  (wherein  the  Exponent  m  will 

be  negative)  let  the  required  Curve  be  That  along 

which 
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which  a  Body  may  defccnd,  by  its  own  Gravity, 
from  one  given  Point  A  to  another  B,  in  lefs  Time 
than   thro'  any  other  Line  of  the  fame  Length.     In 

which  Cafe,  the  Fluent  of  iy~ **  being  a  Minimum, 
when  *  and  z  become  equal  to  given  Quantities,  our  li- 
quation   (by  writing  — |  fot  n)    will  here  become 

-r-  =  p  +  <o     *  :  From  whence  exterminating  *,  or 

i,  by  means  of  the  Equation  **  +J1  =  £%  the  Fluent 
may  alfo  be  determined. 


SECTION      XI. 

The  Refolution  of  Problems  of  various  Kinds. 

PR.  OB.     I. 

424.    *  NT  hyptrbulicai  logarithm  (y)  Mug  ghrni, 
f\_  'iii  frtfoftd,  U  find  the  natural  Nnmbtr  an- 
fwtring  iberett. 

If  the  Number  fought  be  denoted  by  i+*i  we  mail 
(by  Jrt.  126.)  have/  =  "j. "»  «/+  *7  —  *  =  0. 
Let  Ay  +  By*  +  Cy'  &e.  =  x  ;  theta  Ay  +  zByy 
4"  3^y  ^'"-  --  *>    ai,d  out  Equation  will  become 

y  +  4j'  +  £/y  +   ijy  »<■  I  =  _      ' 

—  4  —  .«»'  -  jC/y  —  fDfy  Ut.  f  -  "• 
Whence,  by  comparing  the  homologous  Terms,  we 
A         \  B  1 

g«^=.,i=T  =  T,c=7=— ,  J>  = 

7  =  17^4^-    Therefore  I+,  +  ^  +  ^  + 

r^7+,.3,Vs  ^.i.  (=!.+«) thcNum- 
ber  fought. 

Kkt  PROB. 
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425.  The  Radius  AO  and  any  Arch  AB  iftCra 
ABD  being  given ;  U  find  the  Situ  Wl,  and  Ct-jm  OC 

Let  AO  (BO)  =  r,  AB  =  *,  AC  =  jt,  BC=* 


C    _A 


B*  =  *,  B«  —  i,  aaAh=j:  Becaufe  o/tbtW« 
Triangles  OBC  and  Bui,  it  will  be 

OB  (r)  :  BC  (,)  ::  B*  (i)  :  B*  (i) 

And  OB  (r) :  OC  (r—x)  :;  B*  (i)  :  in  if) 

From  which  we  have 
yi  =rx 

And  ry  :=  r*  —  xi. 
Let  *  =  Ax  +  Sz*  -f.  Cz'  +  *>**  +  Et>  fcfc. 
And  jr  =  ax  +  *«*  +  «'  +  dz*  -f-  «'  tfc. 
Then,   by  Subftitution  and  Tranfpofition>   outt" 
Equation)  will  become 

*   +  axk  +  h?i  4.  «»£  -f  ^£  y,.  1 1 

— rAi— zrBxx— %rC»*»~^Dz*K — crEz*i  cfc  I' 
And 

raK+irbKi+iMfk+trdfi+sreX**  &c.    ?-0 
— r±+Azi-t-Bz*i+C*'i+Dx*i  CSV.  I 

From  which,  by  equating  the  homologous Tera*«J* 
A=ot  a=irBt  b=y€t  t=4rDy  d=sr£  #'• 


Tbeif 
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A        n  S 


Therefore  zrB=  i,  yC  =s  —  -->  4>*J>  ="--=» 


C  t 

5r.fi  s=  —  — ,  E*f.  and  confequently  5=  — »  C=o, 

-4== — ■ '  ■ ,  ,<*■ 

5 .  6r*       2  '  3  .  4 .  5  .  o .  r' 

Whence,   alfo  b  (=3^3    =  o,  c  (=4r2>)  =  — 


Hence  it  is  evident  that  y  (—  «x  -f  b?  +  ezs  &c.) 

—  *"■  a .  3r*  +  «  •  3  •  4  •  S^1  ~~  * . 3 . 4- 5  -6  >T* 
+  »t.  And  that*  (=A+B2*+Cssi  tfc.)  =  —  — . 


a  .  3 .  v1      » •  3  •  4  ■  5  •  6r'  "~     ' 

PKOfi.     UL 

426.  Ts  find  the  Value  if  x,  whm  x 'is  a  Minimum. 

The  Logarithm  of  **  1#=B*X.£.  »iwhofe  Fluxion 
i  X  /.  *  +  x  being  —  o,  we  have  / !  *  =  —  1 .  But 
(byPnb.  1.)  the   Number  whofe  hyp.  Log.  is  y  will 

1*  1+J  +  T  +  2T3  + 27^  V<*  Tkrefiw^bj 

writing  —  1    inftcad  of  y,   we  have  *  =  I  —  1  -f» 

%  Tbt  SahflatKt  tf  this  Sekthx  (hiing  tbt  mfi  mat  axi 
Artful  I  btvv/jitn  ta  that  ufiful  Preiiaa)  J  had  from  a  Uttep 
fign'i  •  Needier  1  -which  tutu  put  inlc  mj  Hands  by  a 

frim**,  tub*  ncriv'd  it.  frtm,  tbt  lati  Dr.  Halle/,  tp,  luk/tg, 
it  •mat  iiT-o/i. 

K*3 


■ 
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_  427-  7i  rfwV*  *  given  Number  (a)  ft  tbttiit* 
iinual  PrtduS  of  all  iti  Parti  may  U  a  Maximum. 

It  is  evident  (frm  Art.  23.)  that  all  the  Parts  »ri 
be  equal :  If,  therefore,  any  one  of  them  be  dewd 

by  *,  their  Number  will  be  — ,  and  we  Hull  lm 
3*  a  Maximum ;  And  therefore  its  Logarithm  ~  * 
£.*  a  Maximum  alfo;  And  its  Fluxion—  ?x£.* 
—  —  =0  •:  Whence  H-£.  *=!,  and  confab 

t.*«.4a4-*=I  +  1  +  —  +  —^—4.  — i — EA-.SU>'1' 

2       2-3  T  2.3.4 

&<■.     Therefore  the  next  inferior,  or  faperior,  H* 

ber  to  2,71828  £!ff.    that  will   exaaiy  meatoe* 

given  Number  *,  is  the  required  Value  of  each  Pj«: 

Thus,  leta=  10  ;  then  becaufe ^Tm7  St 

a  .  718*0  ot. 

nearly,  the  Number  of  Partt,  in  this  Cafe,  wiU  b* 


•  Art.  m. 


and  the  Value  of  each  =—  =  2.5. 

PROR      V. 

42S.  7i  <AW;  o  ^/p/f,  /m/,  AOB  intimW 
AOC  W  BOC,  /a  i&n*  /i,  JVwbA  „/  any  give*  ?**"> 

AP'  X  EQT,    V  rfm-rSflw  AP  *W  BQ.  «?  *" 

Maximum. 

:     ■  W 
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Let  AP,  produced,  cut  the  Radius  OBin-D,  and 
the  Arch  AB  in  F  j  likewife  Jet  FE  and  AL  be  perpen- 
dicular to  OB,  and  join  O.F:  Putting  AO=r,AP=*. 
and  BQ==y.  Then,  becaufe  *">"  is  to  be  a  Maximttmt 
we  have  nf~*i  X  >"  +  *"  X  »f~*j '= o  ;  and  con- 
iequently  njx  =  —  mxy* 

Moreover,  fince  the  Fluxion 
of  the  Arch  AC  isl- 


and that  of  BC  ■—     ,  ,_  l 
\drt.  1+3.)     we    alfo    have 


t         =  — —j -  which  mult'iply'd  by  the 


,  we  tot  »XPD  (=>»)  =-XAPi 

uri  therefore  PD  :  AP  ::  m  :n ,  whence  (by  Comr 
poGtion  and  Divifion)  AD  :  DF  ::  •+•  !  »-« •'  B"< 
Kfc  r™.*-)  AD  :  DF  :.  AL :  FE ,  conf«,»ent£ 
!7+  »  :  -  -  .  a  AL :  FE  i  that  i.,  as  the  Sum  of  the 
India  of  the  two  propofed  Peers  is  to  ■»™  Dif- 
ference, fo  the  Sine  of  the  whole  given  Angle  to  the 
Sine  of  the  Difference  of  its  two,  required,  Parts. 
This  Proportion  is  given  in  Words,  at  length,  becaufe 
it  will  be  found  of  frequent  Ufe  in  the  Solution  of  me- 
chanical Problems.        ■  P  R  O  B. 
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Tht  Refohttion  of  Problems 
PR  O  a     VL 

420.  Tt.jhtw  that  the  Uaft  Triangle  that  m  k  * 
fcribtd  afout,  and  tht  griateft  Paralltltgram  u,  *  r* 
Curvt  ABC,  mkow  ft  i«  Axif,  will  hi  whn  A  W 
bmrt  FT  »  *f«fl/  ro  /&  A*A  BF  «/"ri*  ParMpa, 
tr  half  the  Baft  BT  tf  tht  Triable. 


It  appears  from  Art,  25.  and  is  demonftn*^ 
common  Geometry,  that  thegreateft  ParalWog1"1™ 
can  be  infcrib'd  in  the  Triangle  BTR  (fupp°K* 
Pofition  of  TR  to  remain  the  fame)  will  be  ritfw* 
Bafe  BF  is  half  the  Bafe  BT  of  the  Triangle:  T» 
fore,  as  a  greater  Figure  cannot  poflibly  be  ioftriW* 
the  Curve  BAC  than  in  the  Triangle  BTR  as* 
fcribing  it,  the  greateft  Parallelogram  that  can  h* 
fcribed,  either,  in  the  Triangle  or  the  Curve,  tt&* 
That  above  fpecified.  ,   . 

But  now,  to  make  it  alfo  appear  that  the  TiW 
BTR  is  a  Minimum  when  FT=BTj  let  Btr  ** 
Other  circumfcribing  Triangle,  and  let  the  tWM* 
gents  TER  and  tir  tnterfect  each  other  in  P-  'J* 
ER  being  se  ET,  it  is  plain  that  RP  is  left  than^J' 
and  Pr  ( lefs  than  PR  lefs  than  PT j  lefs  than  ft  ■'  «* 
fore,  the  Sides  PR  and  Pr  of  the  Triangle  Rft  JjJ 
lefs  than  the  Sides,  PT  and  Pr  of  the  Triangle  m 
and  the  oppofite  Angles  RPr  and  TPr  equal  »  *• 
other,  it  follows  that  the  Triangle  RPr  is  left  W«  ™ 
and  confequently,  by  adding  the  Trapezium  B'r 
both,  it  appears  that  BTR  is  lefs  than  B/r.  q,. 
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Corollary. 

i         430.  Hence  the  greateft  infcribed  Parallelogram  it 

1    half  the  lead  circumfcribing  Triangle. 

1        In  the  fame  Way  it  may  be  proved,  that  the  greateft 

>  infcrib'd  Cylinder,  and  the  leaft  circumfcribing  Cone* 
in,  and  about,  the  Solid  generated  by  Revolution  of  a  given 
Curve,  will  be  when  the  Sub-tangent  is  equal  to  twice 
the  Altitude  of  the  Cylinder,  or  \  of  the  Altitude  of 

,   the  Cone :  And  that  the  two  Figures  will  be  to  each 

,  other  in  the  Ratio  of  4  to  9. 

PROB.     vn, 

431.  Three  Points  A,  B,  C  being  given,   to  find  the 

Ptfition  of  a  fourth  Ptint  P,  fi  that,  if  Lines  be  drawn 

■  from  thtnte  U  the  three  farmery  the  Sum  of  the  PrtduStt 

tfXAP,  JXBP,  and  cXCP   {where  a,  b  and  c  denote 

given  Numbers)  Jhall  be  a  Minimum. 


If  CP  and  BP  be  produced  to  E  and  F,  it  will  appear 
from  Art.  35.  and  36.  that  the  Sine  of  BPE  muft  be  to 
that  of  APE,  as  a  to  b;  and  the  Sine  of  CPF  (BPE) 
to  that  of  APF,  as  a  to  r.  Therefore,  the  Sines  of 
the  three  Angles  BPE,  APE,  and  APF  (which  Angles, 
taken  all  together,  make  two  Right-ones)  being  in  the 
given  Ratio  of  a,  b  and  e,  it  ioilows,  that,  if  a  Tri- 
angle RST  be  ronftrucied,  whofc  Sides  RS,  ST  and 
£?*""  ,n,  the  faid  R3tio  °f  ",  b  and  c,  the  Angles 
T,  R  and  S  oppoCte  thereto,  will  be  refpe<2ively  equal 
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to  the  fore-mention*d  Angles  BPE,  APE  and  APF. 
From  whence,  all  the  Anglo  at  the  Point  P  being  gi- 
ven, the  Petition  of  that  Point  is  given  by  common 
Geometry. 

But  it  is  obfervable,  that,  when  one  of  die  three 
given  Quantities  a,  by  t  (fiippofe  a)  is  equal  to,  or 
greater  than,  the  Sum  of  the  other  two,  a  Triangle 
cannot  then  be  formed  whofe  Sides  are  proportional  to 
the  (aid  Quantities  :  In  that  Cafe  the  Point  P  will  fall 
in  the  Point  (A)  correfponding  to  the  greateft  Quan- 
tity (a).  For,  it  is  plain  that  bX AB  is  lefs  than  iXBP 
+  iXAP  (  and  that  cX  AC  is  lefs  than  fXCP+rX  AP; 
whence,  by  adding  the  Lefs  to  the  Lefs,  and  the  Greater 
to  the  Greater,  it  alfo  appears  that  bX  AB-fcX  AC  muft 
be  lefi  than  AXBP+fXCP+i+'cXAP  lets  than 
iXBP+fXCP  +  tfXAPj  becaufe  a  (by  HypothefisJ 
is  equal  to,  or  greater  than,  b-\-c, 

P  R  O  B.     VIIL 

431.  To  determine  in  what  Latitude  a  Xigbt-lint  per- 
pendicular to  the  Surface  of  the  Earthy  and  Another 
drawn,  from  tbt  fame  Point,  to  the  Center,  mat*  tbt 
greateft  Angle,  p'Jfible,  with  each  other;  the  Rati*  of  tbt 
Jxis  and  tbt  Equator -tal  Diameter  being  fupptftd  (htm. 

Let  AE  represent  the  Equa- 
torial Diameter,*  and  SP  the 
Axis  of  the  Earth  (taken  as 
an  oblate  Spheroid)  alfo  let 
RO  and  RM  reprefent  the 
two  Lines  fpecified  in  the 
Problem,  whereof  let  the  latter 
(perpendicular  to  ARS)  meet 
SP  in  M  j  and  let  RB  be  per- 
pendicular  to  SP. 

It  is  evident,  from  the  Property  of  the  Ellipfis,  that 
SP1 :  AE1 ::  BO  :  BM.     And  (by  Trigonometry)  BO 
:  BM ::  Tang.  BRO :  Tang.  BRM  ;  whence,  by  Equa- 
lity, 
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]lty,  SP*  :  AE*  ::  Tang.  BRO  :  Tang.  BRM  j  there- 
fore, by  Compofition  and  Divifion,  AE*+SP1  :  AE* 
— SP* ::  Tang.  BRM+Tang.  BRO  :  Tang.  BRM— 
Tang.  BRO.  But,  the  Sum  efthe  Tangents  of  any  two 
Angles  is  tt  their  Difference,  as  the  Sing  of  the  Sum  ef 
theft  Angles  tt  the  Sine  tf  their  Difference  * ;  whence  it 
follows  that  AE*  +  SP*  :  AE*— SP*  ::  Sine.  BRM  + 
BRO  :  Sine.  BRM  —BRO  (ORM). 

'Now,  lince  the  Ratio  of  the  two  firft  Terms  is 
conftant,  or  in  every  Part  of  the  EUipfis  the  fame,  it  is 
obvious  that  the  Angle  ORM,  or  its  Sine,  will  be  the 
greateft  poffible,  when  its  Antecedent  (the  Sine  of 
BRM+BRO)  is  the  greateft  pofiible,  that  is  when 
BRM+BRO  =  a  Right-Angle  and  its  Sine  =  Radius. 
Therefore,  in  the  propofed  Circumftance,  when  ORM 
is  a  Maximum,  our  laft  Proportion  will  become  AE'-f- 
■  SP*  :  AE*— SP1 ::  Radius:  !  Sine  of  ORM :  And  half 
the  Angle,  lb  found,  added  4$°,  will  give  (BRM)  the 
Complement  of  the  required  Latitude;  becaufe  BRM 
+  BRO  (or  2BRM— ORM)  being  =  90%  it  is  evi- 
dent that  2BRM=o,o+ORM,  and  confequently  BRM 
=  45°  +  {ORM. 

PROB,     IX. 

433.  Of  ail  the  Semi-cubical  Parabolas,  to  determine 
that,  whereof,  the  Length  tf  the  Curve  being  given,  the 
Area  Jball  be  a  Maximum. 

The  general  .Equation  is  ax*  =j* :  Moreover,  the 
Area  is  univerfally  ~  - -- ,  and  the  Length  of  the  Curve 

_^±^-  _!?  (JeeArt.  137.)    Let  the  laft  of  theft 

2/tf*    .  2^ 

be  put  =  c,  and,  by  ordering  the  Equation,  you  will 

E» 

•  Vii.  f.  5  J.  tf  mj  Trigonometry, 

i:    r,vl 


Jo8  Tit  Rrfolutim  rf  Problems 

a*  X  27c  +  8a!E  —  4*    __  3ji 


(ad 


confcqucntly  —J  being  8  Maximum,  it  is  evident  that 


Fluxions  and  reduced}  gives  a  =(X< 


-  40*  muft  likewife  be  a  Maximum .-  Which,  put  iot» 
,9  +  3.\/*i. 

Whence  *  and  y  will  alfo  be  found, 

PROB.     X. 

434.  Tb  dtltrmint  the  Ratio  of the  Periphery  of  avj  given 
Ellipfu  to  that  of  itt  eWaanfirib'tHg  Cirdt. 

Call  the  Semi-tranfverfe  Axis  CB,  a ;  the  Somi-rao- 
jugate  CE,  c ;  any  Ordinate.  DR,,y  i  and  its  Oiftaw* 


A  C     B     B 

CD  from  the  Center,  * .-  Then  (by  the  Nature  of  the 
Curve)  j  being  —  —  \/aa — *■*,    we  have  7'  = 

—  CXx  .      j.. 

"     >-    — =)  and  eonfequently  £  lv*'+/1  )    = 
av  «a  —  ## 

is/a*  —  a»  — 


*%/*« * 


Which,    by   making  ,  *"  = 
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y/a~a 


**      _  dx*  _    rf»*+    __     3^'*6 

\/«  —  **     *        W       2.4a*       z.4.6*6 
(by  throwing  die  Numerator  into  a  Series)  whereof  the 

xJnk  Fluent,  when  x  becomes  =  a,  will  be  2  (ERB) 

s^i - 


3-3-5^       „ 


3.2        2.2.4.4       a.  z. 4.4. 6.6 


,  3>3-5-5-7^+       yCt   a.  Aru  a86.)    where  yf 
2.2.4.4.  6.0.8.8 

denotes  the  Length  of  the  Arch  G»B,  or  {  of  the  Pe- 
riphery of  the  circumfcribing  Circle. 
Hence  it  follows  that  the  Periphery  of  the  EUipfia  is 
d 
to  that  of  its  circumlcribing  Circle,  as  1  —  j-j  — 

2.2.4.4         2. 2. +.+.6. 6 

iTaXy/+47T  +  6'6  +8-« 

£**.  to  Unity :  Where  A  B,  Ct  D  &e.  denote  the 
preceding  Terms,  under  their  proper  Signs. 

FROB.     XI. 

435,  To&etrrmint  the  Difference  between  the  Length 
«/  the  Arch  of  *  Semi-byperbda  infinitely  preduetdt  and 
its  Afymputi. 

Call  the  Sesflt-tramWe  Axis  (AC)  a\  the  Semi- 
conjugate  (or  its  Equal  AE)  b ;  the  Diftance  (CF)  of 
any  Qrdinate-from  the  Center,  x ;  the  Ordinate  nfetf, 
y ;  and  the  Arch  correfponding,  % ;    Then,  frotn  the 

by/x^^-      . 
Nature  of  the  Curve  we  have  y  = i  whence 
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a      f      a 

y  =   ~T===i  and  confequentr/  «(=*'*' -f-_y*)s: 


C   N 


,^= :Whidi, 


^—  CE*/  andB  —  ~  will  be  transformed  to*  z 


I  — otnrf 
•  X  ,    ;  whereof  the  upper  Surd,  a- 


panned,  a  =  I — j-  tit.    And  therefore  i 


=  +  - 


5  +  Z^=  + 


i — (in        iyi- 


8  .  6vA  —  i,T  8.6.8  %/T— 

Fluent  of  the  firft  Term  hereof,  -r    into    ^"* 

(  =  ,/v^—   »  )     "  "niverfally   expreffed    by 

•s/j^f        .    „     ,  BFXCE 

- ,  or  its  Equal  — ^ —  :  Which,   if  BN 

be  parallel  to  the  Atymptote  EC,  will  {becaufe  AE : 
CE 


Digilzedby  GOOglt' 


tf  various  Kinds.  5 1  j 

CE  ::  BF :  BN)  be  alfo  truly  reprefented  by  BN  :  And 
this  Line  BN,  when  *  or  z  becomes  infinite,  will  co- 
incide with  the  Afymptote.  Therefore  the  Fluent 
cf  the  remaining  Terms  is  the  Difference  fought : 
Which  Fluent,  when  tt  =  I,  or  _y=o  (putting  A  for 
i  of  the  Periphery  of  the  Circle  whofe  Radius  is  Unity) 


will  be  = 

--.Ay.  L 

2 

+  1 

.  2. 

.4+- 

3 

2. 

•  3* 

4-4. 

17  + 

3-  3 

.5.5^ 

+  ; 

3  ■ 

3    5-5 

■7 

.7* 

-  Hi. 

(by  Art.  z8b.)  but  =  o  when  1 
Therefore  the  Excels  of  the  Afymptote  above  the  Curve 
is  truly  exhibited  by  the  preceding  Series.  $>.  £.  I, 
If  a  be  taken  =  I,  and  J=o,  then  d  will  become 
~  1 :  And  therefore,  the  Curve  in  this  Cafe  falling 

into  its  Axis  AG,  we  have  A  X  - 

: UJ + 3-3-Si"  t*.=CA,- 

2.2.4.4.O        2,2.4.4.  .6.6.  tf 
or  Unity.    Whence  it  appears  that  the  Sum  of  the  Se- 
ries   1- 1 7  '»  the  Reciprocal 

*    "2.2.4^2.2.4.4.6  ^ 

of  J  of  the  Periphery  of  the  Circle  whofe  Radius  is 
Unity.  And,  from  the  Problem  preceding  the  hit,  it 
will  likcwilc  appear,  that  the  Sum  of  the  Series  1  — 

1  3  <  •_!•  5  • 


».»-.. 9. 4.4      2.2.4.4.6.6-^-    wiU'be 

denoted  by  the  fame  Quantity  ;  and  confequently  that 
theft:  two  Sericfes  are  equal  to  each  other.  From  the 
Addition  and  Subtraction  of  which  and  their  Mul- 
tiples) various  other  Sericfes  may  be  produced,  whofe 
Sums  are  explicable  by  means  of  the  Periphery  of  a 
Grcle. 
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P  R  O  B.    xn. 

436.  Ta  determine  the  Nature  of  the  Curve  CDH, 
tuhitb  will  interfeil  any  Number  of jimilar  and  concentric 

Ellipfts  AMB,  amb  &c.  at  Right-Angles. 

Let  the  "Tangent 
DT,  which  is  1 
Normal  to  the  £1- 
lipfis  AMB,  meet 
the  Axil  AB  inT; 
and,  fuppofing  AC, 
CM,  eC,  Cm  iSe. 
to  be  the  principal 
Semi-diameters  of 
their  refpedive  Ellipses,  let  the  given  Ratio  of  AC  to 
CM1  (or  of  aC*  to  Cm1  £*<:.)  be  that  of  1  to  *  .•  Put- 
ting CE  =  *,  ED==r,  Dp  (Ee)  =  i,  and  dp=j. 

It  is  a  known  Property  of  the  Ellipfis  that  AC : 
CM1 ::  CE :  ET  [  therefore  ET  =  *x ;  Moreover  ET 
(nx)  :  Dp  (£)  ::  ED  (y)  :pd(y)  by  fimUar  Triangks) 


Jtb 


whence  —  =  — ,  or  —  = 


*y 


whereof  the  Fluent 


•Ait  116.  is  L  :  *  —  L:«  =  »L:jf — nL'a*  (where  a  denotes 
any  conitant  Quantity  at  Pleafure.)     Hence  we  alio 

haveL:  —  =  «XL:— =L:— ,  and  cooieqaenth 

a  a  a' 

?-=£   or  «"-'*=/. 


P  R  O  B.     XIII. 

437.  7V  find  tht  Equation  af  o  Curve  ERD  that  wiU 
tut  any  Number  of  Ellipfis,  ar  Hyperbolas,  having  tht 
fame  Center  O  end  Vertex  A,  at  Right-Angles. 

Let  RT  be  a  Tangent  to  any  one  of  the  propofed 
Conic  Sections  ARF,  at  the  Interferon  R,  meeting 
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0  T        A.        b      E     O 

the  Axis  AO  in  T }  and  put  AO=a,  OB=*,  BR==r, 

nr=xy  R«=:  —} :  Then  (per  Cmics)  BT  =  . 

in  the  Etlipfis,  and  =  — -1 — >  in  the  Hyperbola  : 
Whence,  by  reafon  of  the  funilar  Triangles  TBR, 
and  Rrs,  it  will  be       **■    (BT)  :  y  (BR)  ::  — > 


(Rn)  :  i  («):  Therefore  —jj  =  — ^ =  — 

co x£,  and  confequently  —  —  +rf*  =«*  X L  r  —  w 

I  x*.  Where  d  denotes  a  conftant  Quantity,  depending 
on  the  given  Value  of  AE. 

P  R  O  B.    XIV. 

«  the  fame  time., 
from  two  given  Ptfitient  B  and  C,  with  equal  Celerities, 
along  twe  Right -lines  BA  and  BC  perpendicular  to  each 


438.  Lit  two  Prints  n  and  m  nave,  at  the  Jam 
'rem  two  given  Ptfitient  B  and  C,  with  equal  Ctt 


ether ;  'Tit  prtpsfed  to  determine   the   Curve  ASC, 
which  a  Right-line  ji ' 
be  a  Tangent. 


which  a  Right-line  jeining  the  /aid  Paints  Jhall,  always. 


Let  DS  and  ev  be  parallel  to  BA,  and  Srb  perpen- 
dicular thereto  :  Putting  BC=«,  CD=*,  SD=jr,  Sr 
=x,  and  rv=i.     Therefore   (by  Jim.  Triangles)  j  :  * 
LI  "J 


Digil  zed  by  GOOgle 


SH 


The  Refolution  of  Problems 


a  —  *X-f_ 


BtfD 


hi  :  Whence  Cm  (CD— Dm)  =  *  —  y,  and  Bit  (Bi 
+  J»J  =r+lZ^2Si:  Which  two  laft  Values,  bc- 
caufe  the  Velocities  of  the  Bodies  are  equal,  nmft  alio 

be  equal  to  each  other,  that  is,  *  —  — = y  ^ ±—Z : 

Hence,  by  making  *  conftant,  and  taking  the  Fluxion 
of  the  whole  Equation,  we  get  x -p. =  j  — 


antes  a 


i  from  which  there 
:  Where, 


the  Fluent  on  both  Sides  being  taken,  we  have  2>/f 
—  i\/a  —  a  \/a — *»  and  confequentty  x=t2\f/ay 
— y:  Which  Equation  pertains  to  the  common  Pa- 
rabola. 

Otbtr- 


t  0h  ™d  hy  Google 


tf  various  Kinds.  $t$ 

Otherw'tfe  mere  univerfally,  thus. 
439-  Put  Cm=v  and  Bu=w,  and  let  thefc  Quan- 
tities (inftead  of  being  equal)  have  any  given  Relation 
to  each  other.  Then,  fince  the  abfo'ute  Celerity  of  m 
is  exprefled  by  vt  its  angular  Celerity,  in  a  Direction  per- 
pendicular to  S»t,  by  which  the  Line  S«  tends  to  re- 
volve about  the  Point  of  Contact  S  as  a  Center,  will 

SinttfBrnn 
be     truly    defined    by      Mw       X  •£■    {Art.   35.) 

Iti  the  lame  manner  the  angular  Celerity  of  »,  about 

Sin.  Bnm 
the  Point  S,  will  be  defined  by      „    ,     X  •&.    Now, 

as  thefe  Celerities  mult  be  to  each  other  as  the  Di- 
stances Sm  and  Sn  from  the  Center  S  (or  dirc&ly  as 
the  RadiO  we  hav|:  Sm :  Sn  (::  DS :  bn)  •■:  Sin.  Brm  X  . 
•b  '.  Sin,  Bnm  X  <u  ;  whence,  becaufe  Sin.  Bum  '.  Sin. 
Bnm ::  Bn  (to)  :  Bm  (a  —  v)  we  alfo  have  DS  :  bn  :: 
vi  X  *  ;  a — v  X  w :  Therefore,  by  Competition,  DS  : 
(DS  +  foiJ  to  ::  u-v  '.  wv  -J-  a — vXw,  and  confe- 

:  Whence  bn  (to  — 
SD}  _  -— ;  and  BD(:=Sfc==™  ) 

T^7,*Xw 

=  ■ — ,    "    .  :  From  whence  the  Curve  itfelf 

tw  +  a  —  v  X  w 

will  be  given. 

If  v  and  w  be  taken  equal  to  each  other  (as  above) 

w*  W 

then  SD  (y)  will  become  =  — ,  and  BD  =  a~v/ 
a  a 

s=  tf —  aui  +  —  i  in  which'  laft,  if  for  t«  its  Equal 
LI  2 
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\/aj)x  fubjfctuted,  we  (hall  b»e  BD  =«  —  i\/aj 
+ji  and  confcqucntly  CD  («—  BD)  =2V^- h 
the  very  lame  as  before. 

PROB.    -XV. 

4+0.  Sttppofing  a  Body  T  to  proceed,  tmifirmfyt  rnkmg 
a  Right-line  BC,  and  another  Body  S,  in  fur/nit  of  the 
fame,  always  dirtHly  towards  it,  viith  a  Celerity  which 
is  U  that  of  T,  in  any  given  Rati*,  of  \  ion;  'tis  prt- 
ptfid  to  fi>id  thi  Equation  tf  tbi  Curat  ASD  defcrihtd  hj 
the  tatter. 

Let  the  Tangent  AB,  which  makes  Right-Angle* 
with  BC,  be  put  =  a,  BR—  x,  RS=y,  and  AS=s  : 


BR  T      c 

Then  the  Subtangent  RT  being  =  —.,  we  h»e  BT 

=  *  +  ZZ7  '•  Moreover,  fince  the  Diftancet  BT  and 

AS  gone  over  in  the  fame  time,  are  as  the  Celerities  m 
and   i,  we  alio  have  BT  (=«X  AS}  =«  =  *  + 

-^-. :  Whence,  in  Fluxions  (making  j  conflant)  — r— 
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The  Fluent  of  which  (bj  Art.  ia6.J  »  — a  X  Log.j> 
=  Log.  jr+v_i_+.Jf, ;  But  when  j^ro,  *  is  =  0, 

and  then  the  Equation  becomes  —  n  X  Log.  a  =  o ; 
therefore  the  Fluent*  duly  corrected,  is*XLog.  a  —  n 

X  Log.  3  =  Log.  XT      -^    .    *  1  or  Log.  —  se 
-  +  V^*  +  **■    Whence  it  is  evident  that  *L 


from  which,  by  iquaring  both  Sides,  2*  is  found  ~ 

£i-~£L;  wbofe  Fluent  b  1*  =  —  *&!l!  + 
/  a"  i-» 

-—■-•+* 

But  when  j  —  0,    *  is  =  o,  and  then, 


a  a  una 

° = -  —, + j+-  =  -  r=^  =  """f0"  "" 

Fluenl  conead  ii  »  =  —  *'J'~*  +  """■,'  '  + 
1— o  »+i 

,-=?•  *** 

Olhtnoiji  (without  fitend  Fluxiau.) 

441.  Put  ST  =P  and  RT  =  Jg.  Then  fince  the 
abfolute  Velocity  of  the  Body  8  is  denoted  by  Unity, 
that  with  which  the  Ordinate  SR  is  carry'd  towards  the 

Body  T  will  be  denoted  by  jr  X  1  or  f  (if  Jtrt.  35.) 

which  fubtra&ed  from  «  the  Velocity  of  5",  leaves  n — . 
-p  for  the  relative  Celerity  with  which  T  recedes  from 
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-  ■?. 
R :  After  the  fame  Manner,  if  from  p-X«  tbeCeleriry 

of'7'in  the  Direction  ST  produced,  there  be  taken  (i) 
the  Celerity  of  5  in  the  fame  Direction,  the  Remainder, 

-0  —  i,  will  be  the  Celerity  with  which  T  recedes 

from  S:  Therefore,  die  Fluxions  of  Quantities  beings 

the  Celerities  of  their  Increafe,  we  have  n —  -p  ;  -^ 

— \\:§\P ;  and  confequently  n^-Px^=nP — $xP\ 
But,  fince  the  Quantities  P  and  ^.are concerned  exaeHy 
alike,  the  Equation  thus  derived  will,  in  all  probability, 
become  more  fitnple,  by  Tub  {touting  for  their  Sum  and 
Difference :  Let  therefore  P  +  ^J=:j,  and  P— $==vt 

or,  which  is  the  fame,  let  P  =  — — ,  and  .£= : 

Then,  by  Subftitution,  we  Hull  have — _IIf 


X— - — = 2  ~}~  *    Wh,C,,    con" 

trailed,  &c,  becomes  i+bXv^i^X^,  or  i+nX 
-  =  i—'n  X  ~  J  whofe  Fluent  (corrected)  is  i  +n 
X  Log.  i  =  i— nXLog.  v  +  2»  X  Log.  a,  or  Log.  *l4* 
^=Log.  a±nv~".  Whence  t1*'  =  a"v~"t  and 
confequently  i      X  u    *  =  "    v*:Butsv(=S  J'-f-RT 


X  ST— RT  =  RS1)  =/  ;  therefore  im  X  w,+"  = 
/"**  =  «*V,  and  w^^"  ;  whence  *  (  —  £_  J 

3  = 
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-  _^._ZLI.B«RSWtRT(r-^--41') 
a/""1      m  VV"-1     m  J 

v.j'.x;  whence"  2*  =  -~- -— - ,   and  2*  =  — 

y"        « 

J. +  _ — ' —  +   — ■-,  the  very  fame  as  before. 

i—n  n-\-t  i~nn  ■ 

Corollary. 

441.  If  the  Velocity  of  S  be  greater  than  that  of  T 
(or  n  be  lefs  than  Unity)  the  two  Bodies  will  concur 
when  the  latter  has  moved  over  a  Diftanceexpreiled  by 

na 
r * ;  becaufe,  when  y  becomes  =:  o,  2*-  is  barely  = 

ISf 

J^l-  But  if  the  Velocity  of  S  be  le&  than  that  of 
T,  it  is  plain  that  S  can  never  come  up  with  7*:  But  ita 

neareft  Approach  will  be  when  y  —■  n  •  ,  |    X  a  :  For, 

a"  '* ' 

fince  ST  is  univer&lly  =  —  j_-  +  - —  »  let  the  Flux- 
ion of  this  Expreflion  be  taken  and  put  equal  to  No- 
thing ;  and  y  will  be  found  as  above  exhibited. 

If  the  Celerities  oF  S  and  2",  inftead  of  being  uni- 
form, vary  according  10  a  given  Law  j  then,  denoting 
the  former  by  A  and  the  latter  by  B,  the  Equation  of 

*  By 

the  Curve  will  be  — r =  —  -y  '■    And  if  tha 

vV  +  5s  4 

a; 

Fluent  of — -j-  be  explicable  by  a  Logarithm,  as  L.  W; 

then,  the  Fluent  of  -^==  being  L.  j+v^'+*"«,  *  **■ ,l5> 
LI  4  we 
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£  ~r*    i     which,    order' J, 


we  {hall  have  N  = 

j 

givw  jj  __  *2  _  J^:  Whence  *  wiU  be  found. 

PROB.     XVI. 

4i%.  To  Jtttrmiiu  the  Fruftum  CDEF  of  a  THam- 
gular-Prifm,  of  a  given  Baft  CF  and  Altitude  BA; 
tubitb,  moving  in  a  Medium,  in  the  DirtSim  mf  m 
Length  BA,  JhaU  be  reftfted  thi  Uafi  &§bU. 

Draw  CH  parallel  to  BA  meet- 
ing ED,  produced,  in  H :  More- 
over, let  HP,  -PQ  and  PR  be  per- 
pendicular to  CD,  CH  and  DVl 
reflectively. 

Since  the  Number  or  refitting 
Particles  acting  upon  DC  is  as 
DH,  and  the  Force  of  each  at 

(.I)?*)  tncSquarcof*neSineof 
the  Angle  of    Incidence    DPR, 
the  whole  Refiftance  (uftaincd  by  DC  will  therefore  be 

DHXDR*       „ 
exprened  by  — gg; — ,  ot  DR,  which  is  equal  to  it  (by 

the  Similarity  of  theTriangles  DHP  and  DPR)  Whence 
the  Refinance  upon  ADC  is  truly  cxprefled  by  AR  (AD 
+  DR)  and  is  a  Minimum  when  its  Defect  (PQ)  be- 
low the  given  Quantity  AH  (or  BC)  is  a  Maximum : 
But  PQ>  a  Maximum  when  CQ.and  HC^are  equalt 
hecaufe,  the  Angle  CPH  being  Right,  a  Semi-circle  de- 
fcribed  upon  CH  will  always  pafs  thro'  the  Point  P  j 
and  it  is  well  known  that  the  greatett  Ordinate  in  a 
Semi-  circle  is  That  which  divides  the  Diameter  into  two 
equal  Parts. 

Hence  the  Angle  DCH,  when  the  Refutance  upon 
ADC  is  a  Minimum,  will  be  jufl  the  Half  of  a  Right- 
Angle,  provided  BC  be  given  greater  than  BA  ;  otter- 
wife, 


y,  Google 


of  various  Kinds. '  ^21 

wife,  the  whole  Prifrn  CAF  will  be  Ie£  refilled  than 
any  Fruftum  CDEF  of  a  greater  Piifm. 

PROB.     XVII. 
444..  To  determine  tht  Angle  RBE  which  a  Plant  EBF 
tnujl   make  with  tht  Wind  slowing  in  a  given  'Dirttliom 
RB,  fo  that  the  Plant  itftlf  may  hi  urgtd  in  another  given 
DirtHion  BA  with  tht  greatejt  Font  poffible. 

It  is  known,  from  the 
Resolution  of  Forces,  that 
the  Force  whereby  the  Plane 
EF  is  urged  in  the  given 
Direction  BA,  by  a  Par- 
ticle of  Air,  acling  in  the 
Dire&ion  RB,  is  directly  as 
the  Rectangle  of  the  Sines 
of  the  Angles  (ABE,  RBE) 
which  the  two  given  Directions  make  with  the  Plane : 
Therefore,  fince  the  Number  of  Particles  acting  on  EF 
is  as  the  Sine  of  RBE,  it  follows  that  the  whole  Force, 
or  Effect,  of  the  Wind,  in  the  Direction  BA,  will  be 
as  S .  ABE  XSau.S.  RBE ;  which  being  a  Maximum, 
we  have  (by  Preh.  $.)  3:1 ::  Sine  of  the  whole  given 
Angle  RBA  :  Sine  of  RBE— ABE.  Whence  the  Angles 
RBE  and  ABE  are  both  given.  Q  £-  £ 

Corollary. 

445.  If  the  Angle  RBA  be  a  Right  one  (which  is 
the  Cafe  with  regard  to  the  Sails  of  a  Windmill)  then 
the  Sine  of  RBE — AEB  being  =  £  =  ,333  fie.  we 
Owl!  have  RBE  —  AEB  =  io°:  2#;  and  confequently 
me(RBA±AE8)=54„:44| 

PROB.    XVIII. 

446.  If  Hot  Bodies  A  and  B,  joined  by  a  String,  be 
urgtd  in  tffefitt  Dirttliom,  towards  P  and  Q,  by  any 
givtn  Forces  F  and/,  uniformly  contimi'd;  'tis  propofed  t» 
find  tht  1'enjim  of  tht  String,  or  tht  Force  whereby  tht 
Bodies  tndtavuitr  to  recede  from  easb  other, 

1  Since 
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Since  F — /  is  the  abfolute  Force  by  which  the  two 
Bodies  are,  conftantly,  urged  towards  P,  the  tvbtic 
Motion,  generated  in  Both,  in  any  Time  T,  will  there- 
fore be  cxprefled  by  F—fi<T:  Whence,  becaufe  both 
Bodies  (by  reafon  of  the  String)  acquire  the  Tame  Ve- 
locity,   the  Motion    generated  in  J,  alone,    "will   be 

2',-gX  ^Z)rxr,orthatPartof  the  Whit  defined  by 

-.  y  ■«•      But  the    Motbn   of  Ai    had    it  not  been 

retarded   by  the  String   (or  B)    would  have   been   / 
X  T;    therefore  the  Lofs  of  Motion ,  by  the  Action 

P 


upon  the  String,    is  FX  T—  VXg  X  F—fX  % 

=  jirz  XT:  Which> divided  b?  *•  TimeT 

fJ+PB 

(wherein  that  Lofs  or  Effe£l  is  produced)  gives     .        ■, 

for  theTenfion  of  the  Thread,  or  the  Force  fnfficient  to 

caufe  the  hid  Lofs  of  Motion. 

The  jam'  athertvifi. 
417.  Becaufe  the  Force  F,  was  it  to  aft  alone,  wooM 
communicate,  by   means  of  the  String,  the  fame  Ve- 
locity to  B  as  to  A,  the  Pirt  therefore  of  the  Force  F 
employ 'd  upon  8,  by  which,  the  String  is  ftrech'd,   will 
S  _  BF 

J" A-  '"  ^     *   or  A  A-  R  '"  *nt'>  ^rotn  t')c  vel7  '*n,e 
Argument,' if  the  Force/wasto  aft  alone,  the  TenuM 


the 
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the  Forces  act  together,  the  Tendon  will  be     j\H  - 

For  it  is  very  plain  that,  their  acting  both  at  the  fame 
time,  no  way  influences  their  refpective  Effects  on  the 
Thread.  QE.I. 

CoROtLARY. 

448.  If  the  Forces  F  and/be  refpettivel  7  expounded 

by  the  MalTes,  or  Weights,  of  the  Bodies  A  and  B ;  the 

■lAB 
Tenfion   of  the  Thread  will   then  become  'V  ■  "jj» 

Whence  it  appears  that  the  Tenfion  of  a  Thread  Hiding 
over  a  Pin  or  Pulley,  by  means  of  two  unequal  Weights 
A  and  B,  fufpended  at  the  Ends  thereof,  is  equal  to 
zAB  •      '  4/fB 

yv  p  ■*  The  Double  whereof,  or  . _■_  p',  is  the  Weight 

which  the  Pin  or  Pulley  fuftains,  while  the  Bodies  are 
in  Motion ;  becaufe  the  Thread  hangs  double,  or  on 
both  Sides  the  Pulley. 

If  feveral  Bodies  St  Bt  C,  *D  He*  communicating  by 
means  of  a  String  or  Wire  AF,  be  urged  towards  a 
Point  P,  in  the  Direction  of  the  String  or  Wire,  by 
any  given  Forces  p>  q,  r,  i  (s'c.  refpeflively,  the  Tenfion 
of  the  Part  AB  will  be 


_  fX«4 

t  +  DBt^A(+f+i  lit. 

of  the  Part 

A+B+C+D  tit. 
BC 
;  +  i)  +  is  (it.— J+BXr+i+t 

lit 

A+ts-i-u  +  v  a,. 
■a     9      r      j-     t 

ABODE 

V 

-0 

of  CD 

B 

•    ?+?+> 

-  x  n + c ;+ f—  •>'  +  *  +  <-'*•  t 

'+", 

tit,  &t. 

A  +  it  -t  t-'  +  u  <**• 

All 

;db/  Google 
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AD  which  eafily  follows  from  above  ;  and  will  au- 
fwer  alfo  in  thofe  Cafes  where  fome  of  the  Forces  ire 
fuppofeti  to  aft  in  the  contrary  Direction,  if  every  tilth 
Force  be  cuafidered  as  a  negative  Quantity. 

PROB.    XIX. 

449.  Let  it  be  required  to  raife  a  given  Wight  N,  b 
a  given  Height  BG,  along  an  inclin'd  Plane  AC,  by  mean 
tf  another  given  Wtigbt  M,  conrutted  to  the  former  by  a 
flexible  Rope  NrM,  moving  over  a  Pulley  at  C  ;  to  find 
the  Ten/ion  of  the  Rope  ;  alfo  the  Inclination  and  Ltmgtk 
tf  the  Plane,  fe  that  tit  Time  of  the  whole  Ajcent  may  he 
the  Iteft  pfftble. 

It  is  well  known  that 
the  Force  by  which  N 
tends  to  defcend  along 
the  Plane  AC,  or  a£b 
in  oppofition  to  M  (fup- 
pofing  BC=u,  and  AC 

*N 
=  * )    will  be  —  : 


xM—aN  .     L      m     .       „  .       t.  L     r 

or 1S  jj,e  efficjg^uj  Force,  by  which  the 

Bodies  are  accelerated:  But  it  is  Ukewife  dcmonftrabk 
that  the  Time  of  describing  any  Line  by  means  of  a  Ve- 
locity uniformly  accelerated,  is  in  the  uibduplicatc  Ratio 
#  ,  of  the  Length  thereof,  dire&ly,  and  the  fubduplicate 

Ratio  of  the  accelerating  Force,  inversely  *:     Whence 
it  follows  that   the  Time  of  defcribing  AC  will  be 


reprefentcd  by  - 


Whole    Fluxion    (or 


r  \/xM—  aN' 

that  of  its  Square)  being  made  equal  to  Nothing,  *■  wiB 

iaN 
be  found  =  -jrr ,  or  M  '.  zN ::  a  :  x.    Hence  the 

Time 
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Time  of  the  Afcent  will  be  the  leaft  poffible,  when  die 
Sine  of  the  Plane's  Inclination  is  to  the  Radius,  as  the 
Power  [M)  is  to  twice  the  Weight  (N)  to  be  railed. 
The  Tenfion  of  the  Rope  will  be  determined  from 

the  Jaft  Problem,  (by  writing  N  for  A>  —  for  F,  Nt 

MN      a+x 
fori?,  and  Mtosf)  and  comes  out=  jfcrffX  -j-. 

PROfi.    XX. 

'  450.  Let  AC  rtprefent  a  Piece  »f  Timber,  moveable 
about  a  Center  C,  mating  any  Angle  ACG  with  the 
Pine  of  the  Horizon  CG  j  to  determine  the  Pofitieu  ef  m 
Prop  or  Supporter  OS,  ef  a  given  Length,  which  pall 
fuftain  it  with  the  grtateft  Facility y  in  any  givon  Poft- 
tic* ;  and  alfo  what  Inclination  AC  mill  have  to  the  He~ 
rixan  when  the  leaft  Forte  that  ean  fuftain  if,  it  greater 
than  the  haft  Farce  in  any  other  Pejttien, 

Let  R  be  the  Center  of  Gra- 
vity of  the  Beam  AC,  and  let 
R»,  R/s  and  CD  be  perpendi- 
cular to  AC,  CG  and  OS  re- 
foeaively :  Putting  SO=m,  CR 
— r,  On=*»  and  the  Weight 
of  the  Beam  =«. 

Then,  by  '*»  Prbutpkt  of 
Mechanics,  we  (hall  have,  firft, 

as  Rj»:R«,  or  as,  r  :*::»:  (—)  the  Force, 
which  afiing  at  R,  in  the  Direction  R«,  is-  fufficient  to 
fuftain  the  Beam  AC  i  fccondly,  as  CO :  CR  (r)  !:  — 
(the  Quantity  hft  found)  :^,   the  Force  able  to 

fupport  it,  at  O,  in  a  pefP«nn'cuIar  &*&»*  >  and« 
laftly, 
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Ia%,  as  CD :  CO ::  ^  'J^,  the  Force,  or  Weight, 

a&ually  fuftained  by  the  given  Prop  SO.  Which  Force 
will  therefore  be  the  Icalt  poffible  when  the  Perpendi- 
cular CD  is  the  greateft  poffible,  let  the  Angle  of  In- 
clination GCA  be  what  it  will:  But  of  all  Triangles, 
having  the  lame  Bate  (OS)  and  vertical  Angle  (SCO) 
the  Ifofceles  one  is  known  to  have  the  greateft  Perpen- 
dicular :  Therefore  the  Triangle  CSO  will  be  Ifofceles, 
and  the  Angles  S  and  O  equal  to  each  other,  when  the 
Weight  fultain'd  by  the  Prop  OS  is  a  Minimum. 

But,  now,  to  give  a  Solution  to  the  latter  Part  of 
the  Problem,  or  to  find  (fuppofing  the  Angles   S  and 

O  to  be  equal)  when  t^j  Xwisi  Maximum,  Jet  CD 

produced  meet  mR  in  F ;  and  then,  becaufe  of  the  fimi- 
lar  Triangles  CDS  and  GwF,  we  fhall  have  CD  '.  * 

x         «F 
(Cm)  ::SD(i«)  :  mFy  orCD  =  IT  *    "^    conk" 

*  mF 

quemly  prj  X  to  ==  5— ■  X  w :  But,  fince  CF  hucfis 

the  Angle  mCR,  we  alfo  have,  r+*  (CR-f-Cw)   :  jt 


*Jt?* 


(Cm)   ;:  x/r1— x*  (Km)   '.  Fm  =   *V^~~**  = 

mF 
Whence  the  Force  -3-    X  w„     acting 

upon  the    Supporter,    is  likewife  truly  exprelled   by 

ivx     I  y.  ,.x 

r-    I  :  Whereof  the  Fluxion  being  taken   and 

put  equal  to  Nothing  £s7.  we  get  x  „.-  T%/  5       r  . 


Therefore  CR  :  Cm  (::  I  :  ^J L^    :;  Radius  :  Co- 

Gue  of  RCG=si°:5c',  the  Inclination  required. 

PR  OB. 
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PROB.    XXI. 

451.  To  determine  the  Pojitim  of  a  Beam  CD,  move- . 
able  about  one  End  C  as  a  Center,  and  fujlained  at  the 
ether  End  D  by  a  given  Weight  Q,  appended  to  a  Cord 
QAD  pajftng  over  a  Pulley  at  a  given  Point  A. 

Let  G  be  the 
Center  of  Gra- 
vity of  the  Beam; 
alfo  let  DF,  GK 
and  CH  be  per- 
pendicular to  the 
Plane  of  the  Ho- 
rizon, and  CL 
and  AH  parallel 
to  the  fame:  Put- 
ting AH=o,  CH=i,  CD=(,  CG=4  DL=a-,  CL 
=jr,  and  the  Weight  of  the  Beam  =w.  Then  AF 
=a—y,  DF=*+*,  and  AD  (v/AF^+DF1)  — 


%/a1, —  %aj  +>* + £*+  lb*  +  **  i  which  (became  ^-f- 
**=(*)  will  alfo  be  =  y/a^+P+f+zbx-- toy  = 
y/f+ibx—xay  (by  putting  /*=aa+4*+0  whole 

Fluxion,      ;======  ,  multiply'd  by   ^  is  the 


itum  of  t 
to  be  in  Motion. 

GI,  we  have  GI  = 


Momentum  of  the  Weight  i£,  fuppofing  the  Beam  to 
Moreover,  becaufe  DC :  DL : : 


whole  Fluxion,  - 


::CG. 

multi- 


ply'd  by  tn,  is  the  Momentum  of  the  Beam  itfelf  in  a 
vertical  Direction. 

Wherefore  making  thefe  Ahmenta  equal  to  each  other 
(according   to   the   Principles  of  Mechanics)   we  get 

—       r.-.-r=r  X  ij*  =  ~  X  k>,    and  confequently 

y/f*-\-ibx—ia] 

bx  —  «;X(^=  dwx  VvH-  2-bx —  -i"y  -  But,  fince 

/+ 
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»*  -f-  **  =  '%  we  have  2jy  +  2**  =  o,  or  — j  = 
— .-  And  therefore  (by  Subftitution)  ii  +  -X^ 
=  dwi\/fl+2bx  —  iay,  or  6J+^X<%  =  JrmX 
VY*  4*  2**  —  ^°J  '•  From  whence,  and  the  foregoing 
Equation *l+f'=c%  both *andj  may  be  determined. 

The  fame  tthtnoifi. 
454.  It  is  evident,  from  Mechanics,  that  the  Force 
which,  a&ing  in  the  Direction  DF,  would  Tuftsin  the 
End  D,  is  to  the  whole  Weight  w,  as  CG  to  CD. 

CD 
and  therefore  is  =  pTj  Xw:  It  is  tikewife  known 

diat  two  Forces  afting  in  the  different  Directions  DF 
and  DA,  fo  as  to  have  the  lame  Effect  in  fhmuning 
DC,  or  caufing  It  to  move  about  the  Point  C,  muft  be 
to  each  other,  inverfelv,  as  the  Sines  of  the  Angles  of 
Incidence  FDC  and  ADC.  Therefore  we  have  S.  FDC 

CD 
:  S.  ADC::J§,:pQXwi  from  which  given  Ratio  of 

the  Sines,  the  Angles  tbcmfelves  will  be  found,  by  an 
algebraic  Procefr  independent  of  Fluxions. 

CoROLLAEY. 
453.  If  the  Pofition  of  CD  be  feppofed  given,  and 
theTenfion  of  AD  (or  the  Weight  %J  be  required: 
Then,  from  the  foregoing  Proportion,  we  (hall  have  ^= 
S.  FDC       CG 

5"  ADC  *  CD  *  w'  ^'^  w'"  a"°  **?**&  *•* 
Tenfion  of  AD  when  the  End  C  is  fuftaincd  by  a  Cord 
BC  inftead  of  a  Pin  at  C:  Whence  it  follows  that  the 
Tendons  of  two  Cords  AD  and  BC,  faftatning  a  Beam 
or  Rod  CD,  at  its  Extremes  D  and  C,  are  expreffed  bj 
8.  FDC      CG  S.  HCD      DG 

there- 
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CG  DG 

therefore  are  to  each  other  as  "s'Tryr,  *° T~ gfTf}'  ot 

as  S.  BCD  X  CG  to  S.  ADC  X  CG  refpeSirely  j  be- 
caufe  the  Sine  of  FDC  and  that  of  its  Supplement  H  CD 
are  equal  to  each  other. 

PROS.     XXII. 

4.54.  To  determine  the  Pefitim  tf  a  Beam  DC,  Juf- 
f ended  at  tti  Extremes  by  two  Cords  AD  and  BC  tf  given 
Lengths,  from  two  given  Prints  A  and  B  in  the  fame 
horizontal  Line  AB, 

Let  G  be  the  Center  of  Gravity  of  the  Beam,  and 
Jet  DF  and  CH  be  perpendicular  to  AB. 


It  appears,  from  the  Corol.  to  the  lafl  Problem,  that 
CG 
the  Tenfton  of  AD  is  to  that  of  BC,  as  s  aqq   to 

s  BCD  j  whence  (by  the  Refolution  of  Forces)  the 

Force  of  AD,  in  a  Direction  parallel  to  the  Horizon, 
is  to  the  Force  of  BC,  in  the  oppofite  Direction,  as 
CG         S.  ADF         DG     w  S.  BCH 

rAocx^wrtorHuDx-^r--  Wluch 

Forces,  tfiat  the  Beam  may  remain  in  Efnilibrii,  rpuft 
M  m  con- 
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consequently  be  equal  to  each  other  i  and  therefore 
S.  BCD      S.  BCH      DG  '..... 

5TADC=rADFXCG-    But  now,  to  detern.™ 

the  Angles  themfelves,  from  this  Equation  and  the  gives 
Lengths  of  AB,  BC  &e.  let  AD  and  BC  be  produced 
to  meet  each  other  in  P,  and  let  PQ.  perpendicular  to 
AB,  be  drawn;  putting  AB  =  a,  At)  =  4,  BC  =  r, 
DC=4,DG=/,  CG^,  AP=*  and  BP^,. 

Then,  becaufe  AB  :  AP+BP ::  AP— BP  :  AQ^-BQ. 

AB'  +  AP1— BP*  - 

—  rrs »  andconrequentlytheCo-uocol 

AB1  1  AP* BP* 

A  (=  Sine  ADF)  to  the  Radius  I  =       aXflXAP      : 

Whence,  from  the  Tame  Argument,  it  is  evident  that 
the  Co-line  of  B  [=  Sine  BCH)  will  be  exprefied  by 
AB'+BP'-AP'  „,  ,._„,  AP*+BP-AB' 
VaABxBP      i»«TtaeorAPBb,      3APXBP      ■ 

PD'+PC»— DC 
and  alfo  by         aF]5xFC '  wn'cn  two  ^  Quan- 

tiiies  being  equal  to  each  other,  we  have  PD  X  PC  X 

AP*+(JP'— AB'=APXBPXPD'+PC'— DC'i  that 

is ~i^ix~e  X x-+y'—a*=x,X*— * "+j^'_ d: 
Moreover,  lince  PC :  PD  ::S.  ADC  (or  PDC) :  5.  BCD 

/     t>rn,  '      tr   a.       PD      S-  BCD      s-  BCH 
(or  PCD)  we  alfo  b«=  R;  =  STaDC  =  STSBF  X 

DG 

^tq  (by  the,  firft  Equation)}  whence  CGXPDX 

S.  ADF  =  DCS  X  PC  X  S.  BCH ;  that  is  CG  X  PD  X 

jaUxhP     — ia»xk.x aABXBP — ,  O. 
CG 
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SI* 


CGXPDXBPXABx+APa— BP*=DGXPCXAPX  ' 


AB'+BP* — AP%  which,  in  algebraic  Terms,  agyX 
X^JX  „»+**—»»  =/*  Xf^Xa*+y*— x\  From 
whence  and  the  preceding  Equation  the  Values  of  x  and 
y  will  be  known. 

pr ob.  xxnr. 

455.  Suppajing  a  Beam  CD,  meveable  about  one  End 
C,  as  a  Center,  to  be  (ujlainid  at  the  ethir  End  D  by 
means  of  a  given  Weight  P,  hanging  at  a  Rope  faffing 
ever  a  Pulley  at  a  given  Point  A,  vertical  t»  C ;  'tis  prt- 
fefed  to  find  the  Curve  APK  along  which  the  Weight  mujl 
ajttnd,  tr  dejeend,  fi  at  to  be,  every  where,  a  juji  Coun- 
ter foife  te  the  Beam. 

From  the  Center  C, 
with  the  Radius  CD, 
let  a  Semi-circle  HDR 
be  defcribed,  and  let 
DB  and  PF  be  perpen- 
dicular to  the  vertical 
Line  AHCRj  alfo  let 
CD=w,  CA  =  *,  AH 
=  e,  AF=*,  PF=7, 
HB=z,  and  the  Length 
of  the  Rope  DAP=mi 
likewifc  let  HQ  ( b)  be 
the  given  Value  of  * 
(AF)  when  D  coincides  with  H, 

Becaufe  the  Weight  and  the  Beam  are  always  in 
Equilibria,  by  Hypothefis,  their  Momenta,  and  con- 
fequently  their  Velocities,  in  a  vertical  Direction,  muff 
Ve  every  where  in  a  conftant  Ratio ;  and  therefore 
the  Diftance  Qf  (h—x)  afcended  by  the  Weight  P, 
will  be,  to  the  Diftance  HB  defcended  by  the  End 
of  (he  Beam  D  likewife  in  a  conftant  Ratio  :  Let 
this  Ratio  be  that  of  b  to  any  given  Quantity  d, 
that  is,  let  h  —  x:z::b:d,  and  we  mail  have  db  — 
dx=zbz :  Moreover,  we  have  AD1JCDM-A£l— 2AC 
XBC)  =al+b*—  lbXa~^i  =  b— al+2bz=el+zbz 
—  S  —  idb.+  idx:  Whence  AP  (m  —  AD)  =m  — 
Mm  z 
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•s/cc—tdh+idx,  and  therefore,  y%  (AP*— AF»)  sa 

After  the  Came  manner  a  Cum  may  be  found,  afeng 

which  a  Weight  defending,  flull  be  every  where  u 
Equilibria  with  another  Weight  afcending  thro'  the  An* 
of  a  given  Curve. 

PROB.    XXIV. 

456.  7*  find  the  Equation  tf  a  Carve  ASH,  <aJng 
vihieb  a  givtn  Weight  P,  fujpemded  by  a  Strhg  FED 
faffing  ever  a  Pulley  £,  ipaj/r-  «&/«**,  >  **«/  si*  Ttmfim 
tf  the  String  may  vary  atcsrdmg  U  any  given  Law. 

Let  EC  be  perpendicular,  and 
CP  parallel,  10  the  Plane  of  the 
Horizon  j  alio  let  AE=tf,  AC=r, 
CB=y,  EP=«,  and  let  the  Ten- 
fion  of  the  String  (or  the  Force 
acting  at  the  End  D)  be  denoted 
by  any  variable,  or  coaftant,  Quan- 
tity 4 

Therefore,  beraufe  the  Celerity 
of  the  Weight  Pt  in  a  vertical  Di- 
rection, is  to  its  Celerity,  in  the 
Direction  EP  produced,  (or  the 
Celerity  of  the  other  End  D)  as 
i  to  i,  it  is  evident  that  the  Weight 
itfclf  mud  be  to  the  tending  Force  J^  inverfcJy  in  that 
•  Ratio,  and  confcquenily  rV=Jgv. 

Furthermore,  becaufe  ZC=a+x  and  BC'=BE»— 
EC*,  wehavey*  =  «'1 — «  +  *'*:  From  which  Equa- 
tions, when  the  Relation  of  P  and  4J.  is  given,  the 
Curve  itfelt  will  alfo  be  known. 

Thus,  for  Example,  let  the  Ratio  of  P  to  J9,  be 
conftant,  or  that  of  m  to  «,  then  mx  being  =*■£>,  w« 
have  (by  taking  the  Fluent)  mx  +  "a  =  nv;  whence 

*  —  a  -f-  -j- ;   and  therefore 7*  (=«H T — j- 
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—  «»—  tax — **)  =.^— X  20*4-— -j —  X**J 

Which  is  ths  Equation  of  an  Hyptrbob. 

.  Again,  for  a  fecoiid  Example,  let  the  tending  Fore* 

Q  be  to  the  Weight/",  as  DE*  to  AC"  X**"*,  or  at 

*— t*  :#"***"*  (ftppofing  fc=PED  and  f==  any  given 

Line  AF)    Therefore,  fince  £  =    *""      X  -P,  and. 

*T3T  -    1B 

'—, ,  ■XP*-fa=J^)  =f*,  we  hare  i— p    X* 
«+r       — — ,«+» 


.        ? ,»+i       - — .**t 

whence   b  —  wi         =   6  —  *         — • 


and   v   (EP)    =  »  — 


w-f  1  I 

the  Relation  of  x  an*  y,  or  Ac  Value  of  EC,  is  aha 
known. 

But  if  m  =  a,  and  *  =  t,  ( vhich  will  be  the  Cafe 
when  the  Force  ailing  at  D  is  equal  to  that  by  which  a 
Beam  or  Rod  is  made  to  move  about  a  Center,  as  in 
the  laft  Problem)  v  will  then  become,  barely,  =  b  — 


i— 'i'1 — 2»l%  and  therefore  y*  (=  p* — «»+***) 

s  t  —  V^i^l*  —  2f#)  — J+*>*  :       Therefore 
ABH  is,  in  this  Cafe,  a  Line  of  the  fourth  Order. 

Mm  3  PR  OB, 
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pitoa    xxv. 

4S7-  Suppefmg  a  Ray  sf  Light  ABCD  H  be  refreBtd 
at  the  Surf  ate  *f  a  grant  Spbtrt  MQND,  and  after- 
wards rcfltft td  any  given  Number  (n)  »f  Timet,  vntbim 
(he  Sphere ;  to  determine  the  Dijianct  of  the  Incident  Ray 
AB  from  the  Axis  MN,  fi  that  the  Arch  MBCDE,  in- 
tercepted by  the  given  Paint  M  and  the  emerging  Ray  at 
E,  may  be  a  Minimum. 

Let  the  Radius 
OB  =  i,  the  Sine 
of  Incidence  BR= 
x,  and  the  Sine  of 
Refraaion  OP=y, 
and  let  the  gircn 
Ratio  of  the  two 
laftbethatof^tof. 
Since  all  ihc  An- 
gles  of   Incidence 
and  Reflexion  BCO 
OCO,  CDO  tfc. 
arc  equal,  the  Area 
BC,  CD  and  DE  mull  alfo  be  equal ;  and  confequentlf 
MBCDE=MB+^+7x  BC=MB+a^+IxBQ; 
•An-M.   whofe  Fluxion  is  to  be  equal  to  Nothing*.    Now 
the  Fluxion  of  the  Arcb  MB,  whofe  Sine  h,  x  and 

t  Ait.  14.. Radius  Unity,  will  be  =  -yX-=  f  j    and  that  of 
the  Arch  BQ,  whofe  Co-fine  (OP)  is  y,  =  —~Zl—, 

y/i—j* 

0  :  But, 


Vi-f 
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*  is  found 


51 S 


1  **    mi— i 


which  it  is  obfcrvablc,  that,  when  mq  is  lefs  than  ^,  or 

2n-f  2  lefs  than  — ,  the  Arch  MBCD  continually  in- 

areafes  with  BM ;  and  therefore  is  the  leaft  pofiible, 
when  B  coincides  with  M.  ^  E.  1. 

PROR     XXVI. 

45  8.  If  two  'Rays  of  Light  PR  and  Yr,  from  a  givat 
Print  P,  making  an  indefinitriy  final!  Angle  with  each 
tther,  it  refit  fled  at  a  given  Curve  Surface  ARB  i  'tis 
pnpefed  to  determine  the  Concourje,  or  Focus,  Q_of  tBt 
refefled  Rays  RQ_,«k*  rQj  ; 

Let  RO,  perpendi- 
cular to  the  Curve,  be 
the  Radius  of  a  Circle 
having  the  fame  Cur- 
vature with  ARB  at 
Rj  make  PH  and  QM 
perpendicular  to  RO, 
ioinQ,0;  and  put  RO 
=r,  PR==*  RH=v, 
and  RQ_=  *. 

Then,  becaufe  the  Angle  of  Reflection  ORQ  is  equal 
to  the  Angle  of  Incidence  ORP,  the  Triangles  RQM 
and  RPH  will  be  fimifctr,  and  therefore  y  '■  vn*  '.  RM 

=  — :  Whence  OQ;  (RO1-}- RC£— iROXRM)- 

zrvz 

=  r1  +  as1  — , 

T  J! 

But,  fince  this  Quantity  OQJ  continues  the  fame 

.  (by  Hypothecs)   whether  we    regard   one  Ray  or  the 

other  (that   is,  whether  y  {lands   for  PR  or  Pr)    its 

Fluxion  mult  therefore   be  equal   to   Nothing  ;   that 

Mm  4  ii, 
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„2zx-~- — Q>       J i=:e:  Whence 

-:Bot(f>ir*.  35.)i=r— ^j  therefore  *= 


;  \^9  •  J» 

I*J i    Moreover  (Jy-iA*.  73.)  r  ==  ?: 

»-  -+V-7*        therefore 

— »y vff 

Esamplei.  Let  ARBbeanArchof  AeLogtrithmk 
Spiral :  Whole  Equation  is  ay-=.by  f :  And  then,  * 

being  =  — ,    wc  (hall  have  *  (  — ~- —  1  s  •  • 
0        &  \2/w  —  iy/  — -'■ 

Therefore  in  this  Cafe  the  Incident  and  Refle&ed  Rays 
are  equal  to  each  other. 

Ex.  2.  Let  ARB  be  fuppofed  to  degenerate  into  a 
Right-line :  In  which  Cafe  v  being  conilant,  its  Flujiou 

*u=oj  and  therefore*  (  =  ~~\  =*_ 7.-ty"nkh 

being  negative,  indicates  that  the  Rays  do  not  converge 
after  Reflection,  but,  on  the  contrary,  diverge  from  a 
Point  on  the  contrary  Side  of  ARB,  at  the  L&fapce  7 
Which  is  very  eafy  to  demonftrate  by  common  Gcol 
metry. 

P  R  O  B.      XXVII. 

459.  Let  two  Rajs  of  Light  PR  and  ?r,frm  agivtn 
Point  P,  **  refraeled  at  a  given  Curve  Surface  ARB  -  u 
determine  the  Focus  Qjf the re/railed  Rays  RQjmdrQ. 

Let  the  Lines  RO,  RH  &t.  be  drawn,  and  denoted 
as  in  the  preceding  Problem :  Moreover,  ]«  the  Sine  of 
Incidence  PRH  (to  the  Radius  1)  be  reprefented  by  j 
and  let  it  be  to  the  Sine  of  Refraction  ORD>  in  the 
given  Ratio  of  1  ton.  ^* 

3  Then 
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Then  (byTrigmumttry)  i :  u  (SincQRM)  i:gfRQ) 
:QM  =  sjz;   and  therefore  RM  ss y/%%  —  a?i*»* 

H 


ssiV^i—  «V.     From  whence,  following  the  Srepi 
of  the  preceding  Problem,  we  alfo  get  OQ^=r*+a» 


+  n*rsui  =  o.  But(fr  .(6-/.  33.;  *  =  _„>.  there- 
fore—  *jfV/'i'  —  nV-J-rfX  1  — »V  +  arxw  =  o ; 
Moreover  (*y  Trig.)  1  (Radius)  :  t  (Sine  of  PRH)  :: 
y  (PR)  :  vV— W*  (PH,)  whence  we  have  9  = 

=  7i »  which  Values,  of**  and  sSt  being  fub- 

ftitutcd  in  the  foregoing  Equation,  it  becomes  —  xj 
Vi  — «'+~+r#Xi  —  «*  +  -*  ' 

**y — yiw> 


-  =  o,  or  —  ttffi/i—mXf+tf&  +  ry)  X 


-«nXf  +  nV+wzXw'>-jw=:o  j  or  (putting 
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«wy  —  wjpxw  =  o.   '  But   {by  Art.  73.)    r  =  -^ 

therefore  —  zjwii  +  ufyy -}- nzv*j —  b^ciw^o*   and 


confequently  z  =  - 


".y 


-     .       -  .  ,     9.B.I. 

wy  +  wy  X  v  —  m» V 

From'  this  Solution,  that  of  the  preceding  Problem 
is  eafily  derived :  Alfo  from  hence  the  Cauitx  (or  the 
Curve  which  is  the  Locus  of  all  the  Points  Q_  thus 
found)  will  likewife  be  given. 

PROB.    xxvin. 

460-  To  find  the  Tiriu  of  thi  Vibration  if  a  Pendtdam 
in  tbi  Arch  of  a  Circlt, 

Let  AB  denote  the  Pen- 
dulum in  a  venial  Portion  ; 
and  from  air/  Point  D  10  the 
given  Arcb  CBH,  wherein 
the  Vibrations  are  perfoi  m*d, 
draw  Df  parallel  to  CH ;  and 
let  AB=*.  BE=c,  Bf=*, 
and  BD=x.:  By  the  Nature 
of  the  Circle  we  have  i  = 

•:  Whencethe 


= 

v<< 

X  1 

+  r 

3  ■  5  ■  1". 

+ 

2    . 

4.6.8. 

6fi* 

t?c*.    Whereof  the  Fluent, 
when 
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equal  to  ps/faX  H i 3'y  — ,.  ,    , 

r  *•*-  "^2.2.4.4.-13* 

7        3-3-5 -5'*  3.3.5.5.7.7** 

2.2.4.4.6.6  .  2?1  2  .  2  .  4.  4.  6.  6.8.8  .~2al* 
(ft.  Which  therefore  is  proportional  to  the  Time  of 
half  one  Vibration ;  where  p  (lands  for  the  Semi- Peri- 
phery of  the  Circle  whofe  Radius  is  Unity. 

Corollary    I. 

461.  Since  the  Time  of  the  perpendicular  Defcent 

of  a  Body  through  any  given  Right-line  u,  computed 

according  to  the  fame  Method,   is  as  the  Fluent  of 

— -7=  or  is/u-,  it  follows  that  the  Time  of  falling 

along  the  Diameter  BF  (2d),  or  the  Chord  CB  \,  will  t  An.  aoj, 

be  truly  defined  by  ly/Ta :  Which  therefore  is  to  the 


e  3-3' 

4-  + '■ ;zr.  &c.    From  whence. 

T  2.1.2a  ^2.2.4.4.  a? 

as  the  Time  of  falling  thro'  the  Diameter  BF,  is  abfo- 
lutely  given,  by  Art.  202.  the  true  Time  of  Vibration 
will  silo  be  known. 

Corollary  II. 

'  '462.  If  the  Arch  in  which  the  Pendulum  vibrates  be 
very  fmall,  the  above  Proportion  will  become,  nearly, 
as  4  to  p.'  From  which  it  appears,  that  the  Time  of 
Defcent  thro*  any  very  fmall  Arch  CB  is  to  that  along 
the  Chord  CB,  as  the  Periphery  of  any  Circle  is  to  four 
times  its  Diameter. 


Coroilary     III. 

463.  Hence,  we  have  a  Method  for  determining  how 

far  a  Body  freely  defends  in  a  given  Time  i  by  knowing 


the 

Digil  zed  by  GOOgle 


$4_o  The  Rtjakttion  of  Problems 

the  Time  of  Vibration,  of  a  given  Pendulum :  For,  if 
BN  be  afltawd  for  the  Space  thro'  which  a  Body  would 
defend  d«ring  the  Time  of  one  whole  Vibration,  ia 
the  very  finall  Arch  CBH ;  then,  the  DrAancea  do- 
*  Art  iei.  feended  being  as  the  Squares  of  the  *  Times  we  have, 
from  the  laft  Corollary,  as  41  :  2^  ^  BF  (20)  :  BN, 
or  t  :  ip%  :  a :  BN  ;  that  is,  as  the  Square  of  the  Dia- 
meter of  a  Circle  is  to  half  the  Square  of  its  Periphery, 
fo  is  the  Length  of  the  Pendulum,  to  the  Diftance  a 
Body  will  freely  defcend,  from  Reft,  in  the  Time  of 
one  Ofcillation.  Thus,  for  inftance(becaufeir  is  found 
from  Experiment  that  a  Pendulum  39,2  Inches  long 
vibrates  Seconds)  it  will  be  as  1  :  41934  [—Ip*-)  ::  39,2 
:  193  Inches,  the  Diftance  which  a  heavy  Body  will 
til  ip  the  fivii  Second  of  Time. 

COROLLARY       IV. 

464.  Moreover,  from  the  foregoing  Series,  the  Time 
which  a  Pendulum,  vibrating  in  an  exceeding  teal) 
Arch,  will  lofc  when  made  to  vibrate  in  a  greater  Arch 
of  the  fame  Circle  may  alfo  be  deduced : 

For  let  7*be  pat  to  denote  the  Number  of  Seconds 
in  14  Hours  (or  any  other  given  Time)  then  the  Num- 
ber of  Vibrations,'  performed  in  that  Time  will  be  as 

7*     ' 

;  which,  there- 


ay1 


1  +   a .  2  .  2»  T  2  .  z  .  4  .  £>»  &,,, 

fore,  in  an  exceeding  finall  Arch  (where  t  may  betaken 

as  Nothing)  will  be  expreflcd  by  T:  And  fo  the  Time 

(f)  or  Number    of  Vibrations  loll  will  be    T  — 

r 

■  =  T  X 


3-3' 


t    2.2.2a       a.2.4.4.221  tfc. 

—  +  — —  isV.  (bv  dividing  by  the  Denominator  ) 
ba        2;Dit* 

Now,    if  the  Number  of  Degrees  defcribed  on  each 

Side  of  the  Perpendicular  be  represented  by  D,    the 

Aith 
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Arch  itfclf,  tin  each  Side,  will  be .=  J.I4IS9  »•  X  « 

__  £_ 


;  which,  if  the  Value  of  D  be  not  Bjoee  than 


about  15  or  20  Degrees,  will  he  nearly  equal  to  its 
Chord,  reprefented  by  v'a"  (=v'BFXBE.)  From 
which  Equation  we  get  —  =  g^jj :  Thil  Val™> fub" 


5^" 


=  rx- 


;arly :  Which^  when  Tis  interpreted 


flituted  above,  gi 
Z?» 

by  86+00  Seconds  (or  one  whole  Day)  becomes  ==i£)e 
/>*,  nearly :  And  fo  many  are  the  Seconds  which  will  be 
loft  fur  Dim  in  the  Arch  D.  From  whence  we  gather, 
that  if  the  Pendulum  ineafures  true  Time  in  any  final! 
Arch,  whofe  Degrees  on  each  Side  the  Perpendicular 
are  denoted  by  Jt  the  Number  of  Seconds  loft  per  Diem 
in  another  Arch  whofe  Degrees  are  B,  will  be  nearly 

wprefanted  by  -f  X  if1  — > :  Thus,  if  a  Pendulum 

•meafures  true  Time,  in  an  Arch  of  3  Degrees,  it  wM 
lofe  10I  Seconds  a  Day  in  an  Arch  of  4  Degrees,  and 
3+"in  an  Arch  of  5  Degrees. 

PROB,     XXIX. 
465.  To  dtttrmnt  tht  Meridional  Parts  mfwtringta 
wprspefid  Latitude,  eceordhg  a  Wright'*  Praje£li<m, 
Mpplfd  to  the  trm  fpbtroidal  Figure  of  the  Earth, 

Let  DAR  be  the 
Axis,  AB  the  Se- 
mi* equatoreat  Dia- 
meter, and  DBR  a 
Meridian,  of  the 
Earth  ;  atfo  let  im 
be  an  Ordinate  to 
the  Ellipfis  DBR ; 
putimgAD(=ARj 
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=  i,  BA— d,  Ab—x,  ht—y,  _Bb=%,   and  tie  Meri- 
dional Diftance  (in  Parts  of  the  Semi-Axis  AD)  =x. 
Then,  by  the  Nature  of  the  Ellipsis,  we  have  j=ti* 

y/l — **  j  therefore  j  =  '    .,  \  and  confequentlf 
Vi-i 

i=  /  **  +  -  1  :  Which,  by  putting  J*  =/* 
—i,  will  be  reduced  to  «  =  'V/l+ily*  Whence, 
by  the  Nature  of 'the   Projection,  it   will  be  is  H 

(AA=^:ABM,„.  iC^^r)    :;= 

?■•¥. — ^-        ;  which  is  the  Fluxion  of  the  Quantity 

required :  But  we  are  now  to  get  the  lame  thing  ex- 
preued  in  Terms  of  the  Latitude  of  the  Place  a  .-  In 
order  thereto,  putting  the  Sine  of  that  Latitude  =si*  we 

— 7  —  ■  -  1  : — j 
\/i — **  J 

(ixx       \ 
.  j  ;:  Radius  (i)   ;  t ;    and   coruequently 

t\/  i-f-i1**  =  <&  j  from  which  Equation  *  is  found= 

====:  Whence  i  = j;alfoi— **= 


d'—fi'—l'    fr—pl' 

f  —  tv    =  <<*  — iv  (teeaufe  J*  =■  +  *")  ■«*, 

> : —   /*     <^\  * 

Mly,   v'l+W  (=—  )=— J=:   Whidi 

fcvcral  Values  being  fubftitutcd  in  that  of  u,  found  above, 

it  will  .become 


/■  <fi  4 

I  =  ' -  X      ,  -) 

+—P,'  \  di 

==  J  =     . ;  which  refolve 

i'xi  — <V     «*— *vxi  —  » 


of  various  Kinds.  £** 

into  two  Parts,  for  the  more  readily  finding  the  Fluent, 
gives »=  -j;;- d^'—p's*'-  Whcrcof  the  Fluent, 
being  taken,  we  have 

f      x  .302585  «f.'  X  IdX  Log.  }~ 

I  —  2.3 


.3025851*.  X$iXLog.£±-£ 


But,  as  3,14159  &f.  X  21/  (the  Meafure  of  the  whole 
Periphery,  of  the  Earth  at  the  Equator,  in  Parts  of  the 
Semi-Axis  AD)  is  to  21600  (the  Meafure  of  the  fame 
Periphery  in  Geographical  Miles)  fo  is  the  forcfiud  Va- 
lue Of  K  tO 

f      3958  X  Log.  ii  1 

"<  „  ...  >  the  correfpondine  Value 

of  «,  in  Geographical  Miles,  or  the  Meridional  Parts 
required.  ' 

Corollary. 

466.  If  the  Earth  be  confidered  as  differing  but  little 
from  a  Sphere,  i  will  be  nearly  =1,  and  confequently 

(x/d* — 1)  the  Value  of  4,  very  fmall:  Therefore,  in 

(3Q(W 
—  ^^—X 

d+bs\ 
Log-  7 ;•  )  will  become  nearly  =  34406**  (becaufe 

d4-bs      its\  1 

I-°E-  7ZJ,  =  7)  X  T^TST*-  B"'  '">*  E»* 
be  taken  as  a  perfect  Sphere,  this  lalt  Expreffion  will 
vanifh,  and  fo  the  Value  of  «  will  become  barely  =3958 

+  Then  is  a  Mflolt  in  p.  43.  and  44.  of  my  Diftriationt 
(hi  ftrltlling  In  diviit  br  I'm  MojuIui  Z.3OZ5  &C.)  •uriifS 
»,-T  /"*  tnnct  btrt-iif/d. 


y,  Google 
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XLog.  — .     Which  Logarithm,  it  is  cafy  to  prove, 

exprefles  twice  the  artificial  Tangent  of  half  the  given 
Latitude  increafed  by  45  Degrees  (Radius  bojng  Unity.) 
Wherefore,  if  the  Meridional  Parts  anfwexing  to  any 
given  Latitude,  -thus  found  (from  a  Tabic  of  logarithmic 
Tangents)  when  the  Earth  is  confidered  as  alpcrted 
Sphere,  be  denoted  by  M,  it  follows  that  the  Meridional 
Parts  anfweriog  to  «e  fame  Latitude,  when  the  Earth 
is  taken  as  a  Spheroid,  will  be  nearly  equal  to  M— 
3440**1  .*  Which,  beeaufeOP*  (1)  :OV  (t+**)  :: 
•Art.  397. 1-30;  231  *,  will  (by  fifbftihrting  the  Value  of  *  hence 
ariftng-)  be  reduced  to  M—^os,  Whence  thefoBow- 
ingRirle. 

M 

As  Radius-,  to  the  Sine  of  the  given  Latitude,  Ji  is  30 
to  a  Fourtb-Proportional ;  which  ftibtratied  frm  the  Me- 
ridional Parts  when  the  Earth  is  taken  as  a  Sphere  (found 
as  above)  gives  the  Meridional  Parts  anfmering  t*  the 
fame  Latitude,  when  it  is  confidered  as  an  oblate  Spheroid, 

Thus,  for  Example,  let  the  given  Latitude  be  5a0: 
Then,  firft,  for  the  Meridional  Parts  m  the  Sphere; 
we  mult,  according  to  the  foregoing  Prefcript,  take  the 
Logarithmic  Tangent  of  2504-+5°>  or  700 :  Which, 
by  the  Table,  is  found  =  o, 43893  &c.  This  multi- 
ply'd  by  the  conftant  Multiplicaior  7916  (=3X3958) 
produces  3475  for  the  Meridional  Parts  in  the  Sphere: 
Then  by  the  Rule  above,  it  will  be  as  Radius  to  the 
Sine  of  50°,  fo  is  30  to  23 ;  which  fubtra&cd  from 
3475,  leaves  3452  for  the  Meridional  Parts  anTwering 
to  50°  Latitude,  in  the  Spheroid. 

P  R  O  B.    XXX. 

-  467.  To  determine  the  Paths  tvhieh  Sbadews  of  Ob- 
jects defcribe,  upon  the  Plane  of  the  Horizon,  during  the 
Sim's  apparent  diurnal  Revolution. 

Let  CSODT  be  the  Plane  of  the  Horizon,  and  AV 
the  perpendicular  Height  of  the  Object:  Then,  fince 
the  Rays,  intercepted  by  the  higheft  Point  V,  would, 
in  the  Sun's  diurnal  Revolution,  form  a  conical  Sur- 
face 
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face  VDFEH  about  that  Point  ai  a  Vertex  i  whofc  Axis 
PV  produced  pates  thro'  the  Pole  of  the  World  ;  it  is 
evident  that  the  Path  of  the  Shadow,  being  the  Inter-   > 
teSdon  of  the  Plane  of  the  Horizon  with  that  Surface, 
nuft  be  a  Conic  Sc&on. 


Let  its  two  principal  Diameters  therefore  (when  an 
Ellipfis,  that  is,  when  the  Sun  never  defends  below  the 
Horizon)  be  CD  and  ST ;  alfo  let  DPE  and  CG  be 
perpendicular  to  VP  the  Axis  of  the  Cone,  and  CQ 
perpendicular  to  DV :  Putting  the  Sine  of  ( QVC)  twice 
the  Sun's  Declination  VEP=/;  the  Sine  of  (DCV)  his 
greater  Meridional  Altitude  ~g,  and  that  of  the  letter 
(CDVJ  =A.-  Then  {by  plane  Trig.)  g\i  (AV)  ::  1 


;:/ (Sine  of  DVC):  DC  ==  i:  Moreover,  1  {Ra- 


&' 


p 

GVC)  ;  GC  =  —  :  And  in  the  very  fame  Manner  it 


{•aid.  Art.  41.J  whence  we  have  ST  (1  OS)  = 


will  be  found  that  DP  =  -j  :  But  GC  X  DP  =  OS*^ 

From  which,  and  the  Tranfverfe  Axis  (DC  ^:  ~r  1  the 

Curve  itfclf  is  given.  J&  E.  I. 

Na  Limha 
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468.  In  any  fphtrfcal  Triangle,  if  Radius  be  f*pPtfed 
Unity,  thePrduft  if  thi  Sins  of  any  two  of  the  Sides 
drawn  into  the  Co-Jim  of  the  Angle  tbp  inelude,  added  t* 
the  Produft  of  thiir  Co-pus,  u  equal  U  the  Ctfint  of  tbt 
remaining  Side. 

This  is  demonflrated  by  the  Writers  upon  Spherics. 

PROB.    XXXI. 

460  The  Elevation  of  the  Pile  and  the  Declination  of 
the  Sun  being  given,  to  find  a'  what  Time  if  the  Day  the 
Azimuth  of  the  Sun  incrcafes  tbt  Jhwefl. 

It  Is  evident  that  the 
Time  fought  will  be  when 
the  Fluxion  of  the  Hour 
Angle  P,  bears  the  grateft 
Ratio  pofuble  to  That 
of  the  Azimuth  Z. 

Now  the  Fluxion  of  the 
Angle  P  is  to  that  of  Z, 
univerfally,  as  Rad.  XS.ZO 
:  5.  POX O-/O  {by  Art. 
i$b,Cafe  2.)  Confequcntly 
S.  PO  X  Ct-f.  O  Co-f.O  .  ... 

Rad.XS.Z5-*  W  "S^O  "  a  *■*■*  m  *■ 
Cafe,  becaufe  PD  may  be  confidered  is  conftanf. 

Let  now  the  Sine  of  PO  be  put  =£,  its  Co-fine  =dt 
the  Co-fine  of  PZ  =  *,  tliat  of  ZO  =  *,  and  that  of 
0=j> ;  then,  the  Sine  of  ZO  being  =  v'i — *%  we 
have  {by  tbt  Lemma)  f\/\ — **  X y-%-dxs.b\  whence 


,  and  therefore   -  * — 


V     V'i—*-/ 


s.zo  V-v-5^?. 


=^=r:  Which  put  into  Fluxions,  rod  re- 

fX  1  —  «' 

duccd. 
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duted,  gives  *  =        '     — ,  for  the  Sine  of  the 

Sun's  Altitude  at  the  Time  required :  Whence  the  Time 
itfelf  is  given. 

P  R  O  B.     XXXII. 

4 jo.  To  determine  the  Ratio  of  tb*  Heat  received  from 
the  Sun  in  different  Latitudes,  (luring  the  Time  of  one 
whole  Day,  or  any  Part  thereof. 

Let  p-=  the  Sine  of  the  Sun's  Polar-Diftance  fO  (fee 
the  loft  Fig.) 
rf=  its  Co-fine,  or  the  Sine  of  the  Declination. 
b=  the  Sine  of  the  Pole's  Elevation. 
t=  its  Co-fine,  or  the  Sine  of  PZ. 
3=  the  Angle  (P)  exprefling  the  Time  from  Noon. 
*=its  Sine,  and  y/i — **  =  its  Co-fine. 
Then     (by  the  foregoing  Lemma)    we    fliall    have 
pcy/x  L_>  -J.  bdz=.  Co-fine  ZO  =  Sine  of  the  Sun's 
Altitude 

Now,  it  is  known  that  the  Number  of  Rays  falling  in 
any  given  Particle  of  Time,  upon  a  given  horizontal 
.  Plane,  is  as  that  Tim';  and  the  Sine  of  the  Sun's  Alti- 
tude conjunftly  :  Therefore  the  Number  of  Rays  fall;ng 

in  the  Time  £,  or  "■>  1  .    --t    (mi.  At.  142.)    will 

be  denned  by  pci+bdi :  Whole  Fluent  pcx+bdz  it. 
therefore,  as  the  Heat  required. 

Where  it  may  be  obferved, 

j.  That  when  the  Latitude  and  Declination  are  of 
different  Kinds,  or  P©  is  greater  than  90  Degrees, 
the  Value  of  d  is.to  be  confidered  as  a  negative  Quan- 
tity. 

2.  That,  if  the  Expreffion  for  (he  Heat  found  above 
be  divided  by  the  Square  of  the  Sun's  Diftance  from  the 
Earth,  the  Quotient  will  exhibit  the  Ratio  of  the  Heat, 
allowipg  for  the  Excentricity  of  the  Earth's  Orbit. 

Nn  *  Cb- 

Digil  zed  by  GOOgle 


54S  The  Refolution  of  Prohkms 

Corollary    I. 

471.  If  the  Phce  propofed  be  at  the  Equator,  the 
Heat,  received  in  half  one  diurnal  Revolution,  will  be 
barely  asp;  beciufe&=0,  c=.j,  and  xszt. 

Corollary  II. 

472.  But  if  the  Place  be  at  the  Pole,  then  the  Heat 
will  be  as  d  X  3,14159  &c.  fince,  in  this  Cafe,  f=o, 
fc=I,  and  z  (=  Semi-Circle)  ^3,14159  &c. 

Lemma. 

473.  The  Number  of  ParticUt  *f  Light,  yetted  hj  the 
Sun,  upon  the  Earth,  in  a  given  lime,  it  f>rip*rtiimi 
to  the  Anglt  defcribed  about  hit  Center  in  that  Time. 

For,  let  S  reprefent  the  Center 
of  the  Sun,  A£B  the  Orbit  of  the 
Earth  (orTbat  of  any  other  Planet) 
and  let  E  and  r  be  two  Points  there- 
in as  near  as  poiEble  toeach  other: 
Since  ihe  Triangle  ESr  may  be 
taken  as  rectilineal,  its  Area,  if 
the  Angle  ESr  be  fuppbled  given, 
or  every  where  the  fame,  will  be 
as  SEXSV,  or  SE* :  And  there- 
fore the  Time  of  defcrihine  Er 
(being  always  as  that  Area)  is  arfo  explicable  by  SE*  : 
But  the  Intenfity  of  the  Light,  or  Heat,  at  theDiftance  of 

SE  is  as  gv.i  :  Therefore  the  Intenfity  compounded 
with  the  Time  (or  the  whole  Number  of  Particles  re- 
ceived in  that  Time)  will  confequently  be  as  fsx  SE1 

{=1)  Which  being  every  where  the  fiune,  toe  Propth 
fit  ion  is  manifeft. 

prob.   xxxra. 

474.  To  determine  the  Rath  of  the  Heat  received  frim 
the  Sun  at  the  Equator  and  either  ef  the  Pdes,  during 
the  Time  ef  ant  whole  Year,  or  any  Part  thereof, 

B 
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If  the  Sine  of  the 
Sun's  Declination  be 
denoted  by  d  and  its 
Co-fine  by  p,  the 
Heat  received  at  the 
Equator.and  the  Pole, 
during  half  one  di- 
urnal Revolution  of 
the  Sun,  wiil  be  as  p  f— =,,- 
and  11X3,14159  ESV.  A.  Ji 
jrefpefiively  {by  the 
CoreUar'm  to  tbe  preeeding  Problem.) 

Let  the  Sun's  Longitude,  coniidcred  as  variable,  be 
now  denoted  by  z,  and  its  Sine  by  / ;  and  let  /  be  put  . 
for  the  Sine  of  the  Obliquity  of  the  Ecliptic :  Then 
(per  Spherics)  we  ihall  have  d=fs7  and  confequently  p 
(=  \/i—d*)  zzx/-,—/1?;  Wherefore,  feeing  the 
Ratio  of  Heat  in  tbe  two  Places,  for  one  Half-Day,  is 
that  of  \/i  —f*t*  toft  X  3,1+  tfr.  let  each  of  thefe 

Tenm  be  tnuhiply'd  by  ■  ■   .     ■    ,~  (=*)  •  expreffing*A*M4* 

tbe  Quantity  of  Heat  falling  upon  tbe  Earth  in  the 
Time  of  delcribing  i  (fee  tbe  foregoing  Lemma)   then 

the  Produfls  '^'— /"*'*,  ana  3.I+/x-^=  will 
%/>—  11  y/i—tx 

be  the  Fluxions  of  the  required  Heat,  anfwering  to  £, 

Buujiow  to  exhibit  the  Fluents  hereof,  let  ACB  be 
an  Ellipfis  whofe  greater  Semi-Axis  AO  is  =  Unity, 
and  its  Excentricity  FO=/i  and,  fuppofing  ADB  to 
be  a  Circle  defcribed  about  the  Ellipfis,  let  the  Arch  DH 
exprefs  tbe  Sun's  Longitude  from  the  Equinoctial  Point; 
whofe  Sine  (OR)  being  =*,  its  Co-fine  RH  will  be  = 

But,    by  the  Property   of  tbe  Ellipfis,   OD  (t) 

PC  :   WT^T)  ::  RH  (\/7^i)   :  RG  = 

y'l-Z/Xy'i-ii;  Whofe  Fluxion  being  sa 
.    Nn  3 
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, -,  we  nave  U  >  +  — —  ■ 

%/i  — «  i— < « 

_  jV^/V  _  ftc  Fluxion  of  CG.     Whence  it 
\A  — «  

appears  that  the  Fluent  of  ■  ~~  «  truly  defined 

by  CG,  or  CGXAO1. 

But  the  Fluent  of  the  other  given  Fluxion*  3.  itfX 


s/t~s, 


FQX  OL>  —  RH.  Therefore  the  twoFLents,  when 
H  ;md  G  coincide  with  A,  will  be  to  each  otner  ax 
CA  X  AO  to  ADB  XF  O :  Whereof  the  Antecedent, 
multiply  'A  by  4,  will  be  as  the  Heat  received  at  the 
Equator  during  one  whok  Year ;  and  the  Coiifequent, 
inultiply'd  by  1,  as  the  Heat  at  the  Pole  in  the  fame 
Time  (bscaufe  the  Sun  mines  at  the  Pole  only  two 
Quarters  of  the  Year.)  Hence  the  required  Ratio,  of 
the  Heat  received  at  the  Equator  and  Pole,  in  one 
whole  Year,  will  be  That  of  CA  X  AO  to  DAXFO  j 


;.  44.6-6 

•  A«.  434;  *  yf .  to  /;  which,  in  Numbers,  is  as  959  to  396,  or 
as  17  to  7,  nearly. 

P  R  O  B.     XXXIV. 

475-  **  find  when  that  Pari  of  the  Equatim  tf 
Time,  mfng  from  tht  Obliquity  of  the  Ectiftit  U  the 
Efuitoffiai,  it  a  Maximum. 

In  the  right  angled  fpherical  Triangle  ABC  let  the 
Ah^ie  A  be  that  made  by  (he  Ecliptic  AC,  and  the' 
Equinoctial  ,ABj   then  the  Problem  will  be,  to  find 


Digi,  zed  by  GOOgle 
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when  the  Difference  be- 
tween the  Bafc  AB  and 
the  Hypothenufe  AC  is 
the  grcateft  pofliblc  (the 
Angle  A  remaining  inva- 
riable.) Now  (by  Art. 
2S4-)  we  have  Ca-f.  BC 
:  Sin.  C ::  Fluxion  of  AC 
Fluxion  of  AB :  Alfo  (per  Spberi 

Rad. :  Ce-f.  BC  =  '  si„  c  "  '  ■•  Whence,  by  mul- 
tiplying the  two  firft  Terms  of  the  former  Proportion 
by  thefe  equal  Quantities,  refpe&ively,  we  get  this  new 
Proportion,  vix.  Ca-f.  B(X  :  Ca-f.  A  X  Radius  ::  fo  is 
the  Fluxion  of  AC  to  That  of  AB.  But,  when  AC— 
AB  is  a  Maximum,  thefe  Fluxions  become  equal ;  and 
confequently  Co-j.  BC\l  =  Ca-f.  A  X  Red.  From 
which  Equation  BC,  and  from  thence  AC.  will  be 
known.  £.  E.  I. 

Tht  fame,  without  Fluxions. 

476.  It  will  be  (fir  SfherUs)  Rod. :  Ca-f.  A  ::  Tang. 
AC:  Tang.  AB;  and  therefore  by  Compoficun  and 
Diviiion,  Rad.  +  Ca-f.  A  :  Rad.  —  Ca-f  A  ::  Tang. 
AC  +  Tang.  AB  :  Tang.  AC  —  Tang.  AB  ::  Sin, 
AC+AB  :  Sin.  AC— AB,  by  the  Theorem  mention'd  ■ 
in  Problem  8th :  From  which,  by  following  the  Steps 
there  laid  down,  it  appears  that,  Radius  +  Caf.  A  : 
Radius  —  Caf.  A::  Radius :  Sine  of  AC— AB,  when 
a  Maximum  :  Whence  (AC-f-AB  being  then  =1  90*) 
faun  AC  and  BC  will  be  given. 

Corollary. 

477.  Since,  Radius  +  Ca-f.  A  :  Radius  —  C>-f  A 
::  Ca-tang.  \  A  :  Tang.  {  A  * ::  Radius'1 :  fang.  \  A)*  \ 

•  Fid.  f.  70.  ami  j  1.  »f  myTrignamttrf. 

Nn  4  There- 
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therefore  RadiuF  ■  Tang.  £aV  »  &«fi«  :  Sim  of 
AC  —  /\B,  Or,  #<»rf«J :  Tang .  |  A  ::  r<M/.  J  A  :  the 
Sine  of  the  greateft  Equation :  Which,  fuppofing  the 
Angle  A  to  be  23°  29',  comes  out  2° :  28' :  34*:  an- 
fwering,  in  Time*  to  9  Minutes  :  54  Seconds. 


PR  O  B.     XXXV. 

478.  To  determine  when  the  ahfelutt  Equation  ef??xtt 
eriftng  from  the  Inequality  of  the  Sun's  apparent  Aj+~ 
tion,  and  the  Obliquity  of  the  Ecliptic,  ccnjun£llj,  is  a 
Maximum. 

Let  ABPD  be  (lie 
Ellipfis  in  which  the 
Earth  revolves  about 
the  Sun,  in  the  Focus 
S ;  let  F  be  the  other 
Focus,  and  T  the 
Place  of  the  Earth  in 
its  Orbit  at  the  Time 
required.  Moreover, 
about  S,  as  a  Center, 
let  a  Circle  GEKI  be 
defcribed,  whofe  Dia- 
meter GK  is  a  Mean 
Proportional  between 
the  two  Axes  AP  and 
BD  of  the  Ellipfis;  fo 
that  the  Area  thereof 
may  be  equal  to  That 
of  the1  Fllipfis:  And,  fuypofing  Sm  to  be  indefinitely 
near  to  ST,  let  ESa  be  a  Sector  of  thefaid  Circle,  equal 
to  the  Area  TSm. 

Then,  the  Time  in  which  the  Earth  moves  thro* 
the  Arch  Tib  being  to  the  Time  of  one  intire  Revo- 
lution, as  the  Area  TSm,  or  ESn,  is  to  the  whole  El- 
lipfis or  t*'e  equal  Circle  GEKF ;  and  thefe  Areas 
ESn,  and  GEKI  being  in  the  Ratio  of  the  Arch  Ew 
(0  the  whole  Periphery  GEKI ;  it  is  evident  tfeat  En, 
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or  the  Angle  ES«,  will  exprefs  the  Increafe  of  the  Mean 
Lungitudt,  in  the  foreiaidTimeofdefcribing  theArchTm: 
And  that  this  Angle  or  Increafe,  by  rcafon  of  the  Equa- 
lity of  the  Areas  ESn  and  T&m,  will  be  to  the  Angle 
TSm,  expreffing  the  correfponding  Increafe  of  the  True 
longitude,  as  SI'*  to  SE\  Therefore,  if  the  former 
SE' 
he  denoted  by  M,  the  latter  will  be  reprefented  by  gT» 

X  M.  But  now  to  get  a  proper  Expreflioo  for  the 
Value  of  this  Increafe  of  the  True  Longitude,  in  Al- 
gebraic Terms ;  let  FT  be  drawn,  and  alfo  TH,  per- 
pendicular to  AP :  Putting  AC  (=CP)  =  a,  CG=*, 
CS  (=CF)  =  r,  ST=xt  and  the  Co-fine  of  (TSP) 
the  Earth's  Di  (lance  from  its  Peribeiiin  (to  the  Radius 
i)  =  * .-  Then  FT  being  {— AP— ST)  =ia  —  % 
(by  the  Property  of  the  Ellipfis)  and  SH=*a  {by  Trig.) 

we  have  TT+aT  X  FT— a'  f  (m X as— 22)  =  FS 
X  iCH  (2cXzXc+xx)  by  a  known  Property  of  Tri- 
angles :  From  which  Equation  z  (ST)  a  found  =: 
c *  _  e*  £* 

— ; =  — ; :  And  this  Value,  with  that  of  ES* 

a  +  c x        a  +  ex 

(=  ab)  being  fu'aftituted  in  the  Increafe  of  the  True  Lati- 
tude, found  above,  we  thence  get j- X  M 

for  the  Meafure  of  that  Increafe;  where  M  denotes 
the  Increment  of  the  Mean  Metitn  correfponding. 

This  being  obtained,  let  <&  W  T  (in  the  an- 
nexed Figure]  reprefent  the  Southern  Semi- Circle  of 
the  Ecliptic,  P  the  Place  of  the  Perihelion,  *f  the 
Tropic  of  Capricorn,  o  the  apparent  Place  of  the  Son 
in  the  Ecliptic,  and  Qp  his  Declination,  at  the  Time 
required  :  Then  it  appears,  (from  Art.  47c.)  that  the 
Increafe  of  the  True  Longitude  ^o,  in  an  indefinitely 
finall  Particle  of  Time,  wil!  be  to  That  of  the  Sigbt- 
Afctnfion  *iQ,  in  the  fame  Time,  as  the  Square  0/  tho 
Cofinc  of  CL©  is  to  a  Rectangle  under  the  Raflius  and 
(he  Co-fine  of  the  Angle  <o= :  Therefore,  the  former, 
2  being 
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being  expreffcd  by  - — f  Tl .-  X  M,  the  latter  is  truly 

reprefented  by rf—  X  M  X  — — \ —   . 

*•  Ci-f.  gq)1      ■ 

Which,  in  the  required  Circuroftance,  when  the  pro- 
oofed  Equation  (or  the  Difference  between  the  Sua's 


Mean  Motion  and  Right  /ffcenjlon)  a  a  Maximum,  rouft 
confequcntly  be  equal  to  (M)  the  correfponding  In- 

create  of  Mean  Motion  ;    and  therefore  "X"  £f^! 
_      W-  0(j)' 
™"  Had.  X  Ce/  <*  ' 

But,  to  obtain  the  Value  of  the  latter  Part  of  this 
Equation,  alfo,  in  Algebraic  Terms,  let  the  Sine  and 
Co-fine  of  (b=P)  the  Diftance  of  the  Perihelion  from 
Jrf ,  be  denoted  by  m  and  n  refpeflivejy  j  then,  the 
Co- fine  of  P©  being  (as  above)  exprefied  by  x,  and 
its  Sine  by  \/i  _  xx,  we  (hall  thence  get  «*  + 
7n\/i — *jr=Co-fine  of  0V?  =  Sine  of  <&o  (hfibt 
Eltm.  of  Trig.)  But  (putting  the  S.ne  of  the  Angle 
£*=P  and  US  Co-fine  =q)  we  have  (per  Spheric f) 
Radius  (1)  :  Sine  &O  («*-(-«  \/,—xx)  ::f>:fms+ 
pm^/i — jrJr  =  Sinc  of  Q.O  ;  from  whence  Co-l.t^G\' 

=  I  —  pnx  +  fmy/i  —  x'xY:  Which  Value,  with 
That  of  the  Co-fine  of  the   Angles,   being   fub- 
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■»■; — - —     ™     ■  ;  from  which  Equation  the 

Value  of  x  may  be  determined. 

The  foregoing  Equation,  it  may  be  obferved,  gives 
the  Time  of  the  Maximum  which  precedes  the  Winter 
Sqiftice ;  but  if  the  Maximum  following  that  Solftice  be 
fought  j  'tis  but  changing  the  Sign  of  m,  and  then  you 


-fmx—pm 


will  have    •* — r— ■ — 

anfwering  in  this  Cafe,  And  from  the  negative  Roots 
of  this,  and  the  preceding,  Equation,  the  Times  of  the 
other  Maxima  after,  and  before,  the  Summer  Solftice  will 
aifo  be  obtained.  ^>.  £.  /. 

CoKOLlAfcY, 

479.  It  is  evident  that  the  Equation  of  the  Earth's 
Orbit  (or  that  Part  of  the  Equation  of  Time  arifing 
fiom  the  Inequality  of  the  Sun's  apparent  Motion)  will 
be  a  Maximum,  when  the  Center  of  the  Earth  is  in  the 
Interferon  I  of  the  EUiplts  and  the  Circle ;  where  the 
Mean  Molten  and  True  Longitude  increafe  With  the  fame 
Celerity. 

pxoa    xxxvi. 

-  480.  To  determine  the  Law  »f  the  Denfity  of  a  Me- 
dium and  the  Curve  defcribtd  therein,  by  Meant  *f  an 
uniform  Gravity,  ja  that  tbt  PrejeSiU  may,  every  where* 
mtve  with  the  fame  Viktity. 

It  appears,  from  Art.  367.  that     I  yl  is  a  general 

Expreflion  for  the  Celerity  in  the  Direction  of  the  Or- 

Ordinate  PBR  ;    whence  —  x/HLt    or    its  Equal, 

*-3=,  mult  be  the  true  Mcafurc  of  the  abfolute  Ce~ 
knty 
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letity.  In  the  Direction  BN:  Whicfi  being  a  conftairt 
Quantity  (by  Hypothecs)  ijj  Square  inuft  alio  be  con- 


£/b 


flant,  and  fo,  we  have  "j  =*i  and  confeouently  » 

But,  in  order  to  the  Solution  .of  the  liquation  thus 
given,  make  h  :  i  ::  x:j,  or  irzuj;  then  *^*>,  and, 
by  Subflitution,  «y  +  jm  =:«Wf .-  Hence,  ^  being::: 

,K  +  I»  »nd  *  =  BH  +  I»  we  gety=flX^«A,wl»ofc 

•Art.  141.  Tangent  is  h  *  (and  Secant  x/i+kk)  ;  and  *•  =  i«X 

t  Art  116.  Hyp.  Log.  1  +«»  =  <iX  Hyp.  Log.  x/T+au  f. 

Therefore,  as  the  Hyp.  Log.  of  \Zl*+  uu  is  =  — 

the  Common  Logarithm   of   v^i  +  **  will  be  = 

whole 


^4343944-  f'X*;       an(f     C0|,fC(jHently    ^,=tfX/fr(J) 


Radius  is  Unity,  and  Log.  Secant  °-*342944«r.  X  jt_ 

u 
Moreover,  with  refpeft  to  the  Denfity  of  the  Medium  j 
if  the  abfolutc  Force  of  Gravity,  in  the  Dire&ion  QB, 

be 
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be  denoted  by  Unity,  ib  Efficacy  in  the  Direcrton  BN, 
whereby  the  Body  is  accelerated,  will  be  cxprefled  by 

-r-,  or  its  Equal  — ■ — sac  ■ :  Which,  as  the  Velocity 
*  y/i  +  uu 

is  fuppofed  to  remain  every  where  the  fame,  rauft  alio 
exprefs  the  Force  of  the  RcfiftaDce,  in  the  oppolite  Di- 
rection, or  the  true  Meafure  of  the  required  Denfity. 
This,  therefore,  if  M  be  put  for  the  abfolute  Number 
whofe  Hyperbolical  Logarithm  is  Unity,  may  be  bad  in 


Terms  of  x,    and  will  be 

Hyp.  Log.  Hfo'  /"=  -^)beihg=H 

* 
we  have  \/l  +*a= jji*  i  whence  u=iM'  — il ,  and 

«       ~^f- 

confcquently      .-_—-=  1  —  iWm    ].      QE.l. 

FROfi.    XXXVII. 

481.  Let  a  Liru,  or  an  inflexible  Rod  OP  (tmJfJer'd 
ivitbout  rtgard  to  Tbhknefs)  be  fuppofed  to  rwve 
about  one  of  its  Extremes  O,  as  a  Center,  with  a  Mt- 
Vm  regulated  according  to  any  given  Law ;  xubilfl  a 
Ring,  or  Bali,  carry' d  about  with  it,  and  finding  to  the 
Center  O  with  any  given  Force,  is  fujfer'd  to  nave  or 
fide,  freely  aUng  the  [aid  Lrhe  or  Rod;  'Tis  prsfofed  to 
determine  the  Vtlocity  of  the  Ring,  and  Us  Prejfure  upon 


f*  the  Curve  ADL  dejersted  by  mtam  of  that  com*. 


the  Rod,  in  any  propofed  Ptfttisn,  together  with  the  Na- 
ture of  the  Curve  ADL  dejeribt 
pound  Motion. 

Let  ODP  be  afiy  Pofttion  of  the  revolving  Line, 
and  D  the  correfponding  Volition  of  the  Body ;  More- 
over, foppofing  ACK  to  be  the  Circumference  of  a 
Circle 
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Circle  dcfcribed  from- the  Center  O,  thro'  the  given 
Point  A,  let  the  Meafure  of  the  angular  Celerit*  of 
that  Line,  in  the  laid  Circumference  ACK,  be  rcpre- 


fented  by  u  \  alfo  let  v  denote  the  Celerity  of  the  Ring 
at  D  in  the  Direction  DP ;  and  w  the  true  Meafure  of  the 
centripetal  Force :  Call  O A,  a  ;  OD,  x ;  and  AC, 
x ;  and  let  the  given  Values  of  u  and  v,  at  A,  be  de- 
noted by  h  and  c  refpeflively.     Then  it  will  be,  at  a  : 

*::»:  I — )  the  paracentric  Velocity  of  the  Body,  at 

D  ;  whole  Square,  divided  by  the  Diflance  OD,  gives 

tAtt.au — _   for  the  ^  Meafure  of  the  Centrifugal  Force  t 

arulng  from  the  Revolution  of  the  Rod :  From  which 
the  centripetal  Force  w  being  deducted,  the  Remainder, 

— t"  — t»,  is  the  true  Force  whereby  the  Velocity  in  the 

Line  OP  is  accelerated.    Therefore  (by  Art.  218.)  we 

xu*  U*XX 

have  vv  =  —  —  w  X  i  =  ~~r  "  —  «w« 
a*  * 

Moreover,  becaufe  the  Fluxion  of  the  Time  is  ex- 

preffed  either  by  —  or  by  — ,  theje  two  Values  muft, 

there* 
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therefore,    be  equal  to  each  other,    and  confequently 

v  sa  -r :  From  which,   and   the  preceding  Equation 

(when  a  and  to  are  exhibited  in  Termi  of  x  or  z.)  the 
quired  Relation  of  v,  x  and  x  will  alfo  become  known — 
But  now,  in  order  to  determine  the  Action  of  the  Rod 
upon  the  Ring  ;  let  OdP  be  indefinitely  near  to  ODP, 
interfering  ADL  and  ACK  in  d  and  t ;  and  put  0</:= 

*-f-*.  Then,  beraufe  a  Body,  afled  on  by  no  other 
Force  beiides  That  tending  to  the  Center,  about  which 
it  revolves,  defences  Areas  proportional  to  the  Times*, ,Art*  *■ 
and  the  angular  Celerity  of  a  Ray  revolving  with  the 
Body,  is,  in  that  Cafe,  as  the  Square  of  the  Diftance 
of  the  Body  from  the  Center,  inverfely  {vid.  Art.  478.) 
it  follows,  that,  if  the  Rod  was  to  ceafc  to  act  upon  the 
Ring,  at  the  Petition  ODP,  the  angular  Celerity  at  c, 

would  then  be-  ■ :r  X  »,  inltead  of  u+u.    There- 

fore  the  Excels  of  «+*  above  JS-CiXK,  which  is 


=  «+— 

gular  Celerity,  at  the  Diftance  OC,  arifing  from  the 
Acton  of  the  Rod.  Therefore  it  will  be,  as  OC  (a) :  OO 

{*)  r.  the  fald  Increafe  to  (  ~.\.~—~ -  igc .  J 
Velocity,  arifir 

xvu     a 
Time  wherein  /'  «  produced,  gives  — -  +  - 


the  Alteration  of  the  Ring's  paracentric  Velocity,  arifing 
from  the  fame  Caufe.     Which,  divided  by  i  —  J  the 


XVU  2UV 
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- &c  for  the  Meafure  of  the  Force,  by  which  It 

ax  ' 

is   produced.     From  whence,   by  fuUHtabng  —  in  the 

Room  of  — ,  and  ncglcitiog  all  the  Terms  after  the  two 

•  Art.134.nift  (in  order  to  have  the  limiting  Ratio*)   we  get 
xvi      2tn>  xv*      aim 

_-  +  _      Therefore  it  will  be,  as  ^r- +  —    to 

4-  Art  .11   W  XVU         2UV 

tail  hi.      ^  W1S_^.__  w  rjrfiy,  fo  is  the  Afln  of 

the  Red  upon  the  Ring,  to  die  (given)  Centrifugal 

Force  at  A  (or  the  Force  that  would  retain  a  Body  in  the 
Circle  ACK,  with  the  Velocity  b.)  3.  £.  I. 

COROLLAKY     I. 

482.  If  the  angular  Motion  be  uniform,  the  Equations 
h*xx 
found-  above,  will  become  vb  ;=  — 1 -toi,  and  v= 

It 

-T-.    From  the  latter,  of  which,  by  taking  the  Fluxion, 

we  have  v  =  -p  whence  {by  Subftitution)  -n-  = 

V**           ,                                          ***             «** 
"T^-  —  «w,  and  confequently  *  — •  — 5-  = jr"  > 

from  the  Solution  of  which,  the  Relation  of  *  and  s 

will  be  given.    And  then,  the  Value  of  v  (-?)  being 

alfo  known,  the  Action  upon  the  Rod,  which  in  this  Cafe 

is  barely  =  —  {—  -~^-\    wi»  be  given  likewife, 

being 
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being  to  f  ~)    the  centrifugal  Force  in  the  Circle 

ACK,  M  jf  to  Unity. 

Corollary  it 
483.  Bflt  if  the  Angular  Celerity  be  proportional  to 
any  Power  (**)  of  the  Difiance,  and  the  Centripetal 
Force  w  be,  alio,  fuppofcd  to  vary  according  to  Tome 
Power  (jf)  of  the  fame  biftance :  Then,  putting  p  to 
denote  the  Centripetal,  and  f  the  Centrifugal,  Force,  at 
the  given  Point  A,  the  Value  of  w  will,  here,  be  ex- 

'  #  V* 

pounded  by  -xp,  and  That  of*  by  —X*:  Andtfaere- 

4r  r 

fore,  the  paracentric  Velocity  of  the  Ring  at  D  beings 

"V— SjXf,  the  Centrifugal  Force  uD*.    Hence*"-*", 
w  =  *^s;   —  ""7"  J  whereof  the  (corre£cd)  Fluent 

1,iM'-}"=2»+2x^-»'TT^:—  =T. 

J-  ■**—  !   From   whence  ti  i«  found  =s 


More- 
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Moreover,  by  fubftituting  for  k,  and  its  Fluxion,  we 

«t^r+  —  =  m+2  X?f^,  exoreffingtbcAaioo 

.B     ax   '     a  ^ti     ^        = 

of  the  Rod  upon  the  Ring :  Which,  therefore,  when 
m  is  expounded  by  —  2,  wilt  iurircly  vanifb :  And, 
in  that  Cafe,  x  will  become  2 


J 


«  +  f*  + 


tpa 


expraffing  the  Nature  of  the  Toyeflory  defcribed  by 
means  of  a  Centripetal  Force,  varying  according  to  any 
Power  (Vi  of  the  Pittance.  But  this  Eqftatkn  will 
bcrender'd  fomewhat  more  commodious,  by  fubftituting 
the  Values  of  b  and  r;  For,  if  OQ.  ({■rpeneticular  to 
the  Tangent  at  A)  be  denoted  by  fr,  it  will  be,  b  : 
V**-*  ( AQ)  ::  *  (the  Celerity  in  the  Dirc&en  AC) 

*Art.3>  toe=-^-'C~     =  meCeletityintbeDireclionAH*. 

y—  fl'f 

t  Ait.  hi.  Therefore,  b  being=  %r aq  +,  we  have  t*  =  ^ «p; 


«ys+^x"-«--# 


A*  4  w+t.f  n  +  i.pr'*1 

Which  Equation  is  the  fame,  in  effect,  with  thiE  given 
in  An,  242.  by  a  different  Method. 

Corollary  III.    . 

'-  484.  If  the  Angular  Celerity  be  hppofed  uniform,  and 
the  Ring  to  have  no  other  Motion  along  the  Rod  than 
what  it  acquires  from  its  Centrifugal  Force ;  then  r,  m  aad 
p  being  all  of  them  equal  to  Nothing,  i  will  here  be-  - 

bi                         ei 
come,  barc!y=  -    , ==  =  ■    , :  And 


Digilzedby  GOOglt' 


of  various  Kinds.  563 

therefore  g=<i  *  Hyp.  Log.  * 7*"  Y^*  "^  ** .  Hence 
if  the  Number  whofc  Hyp.  Log.  is  — -  be  denoted  by 
AT,  we  {hall  have  i±^EE5=tf:  Fromwhich 


*  is  found  a  sX  - 

•*-4  «  fL-JU  M  £  =  i).  The-     ' 

2  Xtf?  2  2.V  l  N  "/ 

N        1 
fore,  it  will  be  (if  Corel.  1.)  aa  Unity  is  to  —  —  ^ , 

To  ia  the  Angular  Velocity  (&)  in  the  Arch  ACK  to  the 
Velocity  with  which  the  Body  recedes  from  the  Center 
of  Motion :  And  fo,  liktwife,  is  the  Centrifugal  Force 
in  that  Arch  to  half  the  PrcJTure  upon  the  Red — By 

taking  z  =  the  whole  Periphery,  or  —  ~  %  x  3  .  145 

■Cft.  A?  will  come  otttss  535,5,  *^  *!=  267,7  X  *: 
From  whence  it  appears  that  the  Diftance  of  the  Ring 
from  the  -Center  at  the  End  of  one  irrtire  Revolution 
will  be  almofl  268'  times  as  great  as  at  firft. 

Corollary  IV. 
4A5.  If  a  Body  be  fappofed  to  defcend  from  thePointO, 
(jutht  next  Fig.)  by  tie  Force  of  its  own  Gravity,  along 
an  inelin'd  Plane  OOP  j  wbiHt  the  Plane  itfdf  moves  uni- 
formly about  that  Point,  from  an  horizontal  Pofit  ion  OEH ; 
then  the  Place,  and  the  Preffiirc  of  the  Body  upon  the 
Plane,  in  any  given  Pefidon  OCP,  may,  alfo,  be  derived 
from  the  Equations  in  Corollary  1 .  Fqr  let  CB  (perpen- 
dicular to  OH)  be  put  =Svj  and  let  the  Ratio  of  the  Cen- 
trifugal Force  in  the  Circle  ECK,  to  the  Force  of  Gra- 
vity {givm  by  Art.  217.)  be  as  r  to  Unit) :  Then,  as 

the  Meafure  of  the  former  Force  it  exprefied  by  -~, 
Oo  a  That 
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u 

That  of  the  latter  mult  be  reprefentsd  by  —  ;  and, 
confcquently,  its  Efficacy  in  the  Direction  PO,  07 
/,A?    /     W      CB\ 

^  \T  «  x  oXj :  WWch  VJuc  beiDE  fo^***1 

for— -if,  in  the  aforelaid  Corollary,  we  have  *  — 


Equation,  put  the  Radius  OC  (a)  =  1  (that  the  Ope- 
ration may  be  as  fimplc  as  poffiblc)  alfo,  inftcad  of  /, 

»Aft.»»s-fctitsEqua]g— ~  +  a  ,  *'         itft,  btftbft- 

tuted,  and  let  x  be  uTumed  aA>-|<  Ac)  4-  Cx?  + 
Z>z»  tfr. 

Then,  by  proceeding  as  is  taught  in  Art.  267,  the 
t  a1  x7 

Value  of*wttlco»eoui=—  into  ^~£  +  2.3.4.3,6.7 

■f zr—o +  Ws.     Whence 

~  2. 3. 4. 5. 6. 7. 8. 9.10. 11  T 

the  Velocity  f  -r-  J   in  the  Plane,  it,  alfo,  found  =s 

A  zl  *« 

—  into  -y  +  ■    .        r~£  &V.  Which,  therefore,  is 

r  a        3.3.4.5.0 

to 
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to  (I)  the  angular  Velocity  of  the  Plane,  in  the  Arch 

ECK,  as  —  -i — 2  +  Wf  ■ »  »"■  Moreover, 

"^        a;    1  2.3.4.5.6* 

the  Centrifugal  Force  in  the  iaid  Arch  being  denoted  by 

r  (the  Force  of  Gravity  being  Vnity)  it  will  likewife  be 

2*       /*r*      \ 

(by  the  abovc-mentioo'4  Ctnl)  as  1 ;  -^  ::  *" :  \-*-  =  / 

■"+3.4. 5.6  +  3.+  S-6-7  -8-9-  »  '  &ff*==the 
Force  fuffident  to  keep  the  Body  upon  the  Plane,  fiat 
the  Force  of  Gravity  in  a  Direction  perpendicular  to 
the  Plane  (the  Weight  of  die  Body  being  repreftnted 

which  deducting  the  Quantity  lafl  found!  there  reft)  I— 

3£  +  _*t_„ £---&.  for  Ae  true  Pref- 

2  Ta-3-4  13-4-5-6 
fure  of  the  Body  upon  the  Plane.  By  putting  of  Which 
equal  to  Nothing,  as*  will  -be  found  =  0.67715  ;  an- 
fwering'toanAngle  (EOC)  of  47°  >  9'=  Which  Angle 
h  therefore  the  Inclination,  when  the  Force  of  Gravity 
Is  no  looger  fuftWent  to  k*ep  Ae  Body  upon  the  Plane. 

Though  die  Value  of  *,  given  above,  U  found  bf 
an  Infinite  Series,  y«  the  Sum  of  that  Series  is  eafily 
exhibited  by  the  Meafures  of  Angles  and  Ratios.  For, 
putting  Vto  denote  the  Number  whofc  hyperbolical 
Logarithm  U  z, 

I 


Half  the  Difference  of  which  two  Equations  is  z  + 

«'    .        «'         ■  g  £f.--N       -■ 

*-jT2'3-4.5      2'3-4-S.6.7      '      »       gJtf- 

Oo  3  From 
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From  which  uking  x 


a*3    *-3-4-5      a-34-5-6-7 

Wf .  =  j>  i  and  dividing  the  Remainder  by  ar,  there  re- 

folts   (±-x  —  -L "'    ,       (Tc J    i  X 

V  r         2.3  T  2.3.4.5.6.7         /     *f 

^ L  — r,  for  the  true  Value  of  *.     Which,  if 

required,  may  be  expreficd  independent  of  r  j  hy  put- 
ting i  for  the  Dittance  thro'  which  a  Bddy,  freely,  de- 
scends in  the  firft  Second  of  Time,  and  taking  b  to  de- 
note the  Velocity  of  the  Plane,  (ftr  Stand)  in  taw 
Arch  ECK  :  For  then,  the  Ratio  ef  the  Centrifugal 
Force,  in  the  faid  Arch,  to  the  Force  of  Grant/  (or 
ti  {  bb  \ 
*.»n.  That  of  r  to  1)  being  «  7*  \  =  QiC /    *  **    » 

M  „  d 

we  ftiall  have  r  xa  -*$ ,    and  confequentfy  *=ttK 


a  ^aW      * 

By  Computation*,  not  very  unuknThoft  above,  the 
Motion  Of  the  Moon's  Ajtgtt,  and  the  r^tpcipal  Equa- 
tions oi  4he  Lunar  Orbit  nj*y  be  exhibited  ;  by  meant 
of  pioptr  Approxi»atiin*i  derived  from  the  general 
Equations  in  Art,  48 1.  But  this  it  a  CoiifideratJoo 
that  Wtmld  require  a  VoliirW  of  Jtfclf,  to  treat  it,  from 
firft  Principles,  with  all  the  Attention  and  Peffctcuity 
luitable  to  the  Importance  of  the  Subject  I  {haul  con- 
clude this  Work  with  the  following  fliort  Table  of 
Hyftrbolital  Logarithm*  drawn  up  and  communicated 
by  my  ingenious  Friend  Mr.  John  Timor :  Whereof 
the  Ufe,  in  finding  Fluents,  wifi  fufficieody  appear  from 
the  foregoing  Pages.  In  the  laid  Table  ws  have  given  the 
Hyperbolical  Logarithms  of  every  whole  Number  and 
hundredth  Part  of  an  tTnit,  from  1  to  10  (which  Form 
is  bed  adapted  to  the  Piirpofcs  above-mentjon'd)  by 
Help  whereof,  and  the  following  Obfervations,  the  Hy- 
I  '  perbolical 
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perbolical  Logarithm  of  any  Number,  not  exceeding 
fcvtn  Places  of  Figures,  may  be  found  with  very  htde 
Trad*. 

1°,  If  tbt  Numbtr  given  be  bttwttn  I  and  10  (jo  at 
to  fall  within  tbt  Limits  of  the  Table.) 

Then  take  from  it  the  next  inferior  Number  in  the 
Table*  and  divide  die  Remainder  by  the  faid  inferior 
Number  increafed  by  half  the  Remainder ;  and  let  the 
Quotient  be  added  to  the  Logarithm  of  the  laid  inferior 
Number,  the  Sum  will  be  the  Logarithm  fought. 

Thus,  let  the  Hyperbolical  Logarithm  of  3.45678 
he  required  ;  then  the  Operation 
wttHrand tfras :    3-45330). OQ%bj${. 0016442:  Which 
added  to  1.2385742,  the  Log.  of  3.45,  gives  1.1400184 
for  the  Logarithm  fought. ' 

2°.  When  tbt  Number  prtyeftd  exceeds  10. 

Find  the  Logarithm  thereof,  roppofing  all  the  Fi- 
gures after  the  Firft  to  be  Decimals ;  then  to  the  Lo- 
garithm, To  found,  let  2.3025851,  4.6051702,  or 
6.9077553  V&  be  added,  according  ai  the  whole  Num- 
ber conhfls  of  2,  3,  or  4  &c.  Places :  The  Sum  will 
be  the  Logarithm  fought* 

Thus,  the  Hyperbolical  Logarithm  of  345.678  will 
be  found  10005.8451686:  For  That  of  3.45678  being 
1.2400184;  the  lame,  added  104.6051702,  gives  the 
very  Quantity  above  exhibited.  The  Reafon  of  which, 
as  well.as  of  the  Operation  in  the  preceding  Cafe,  is  evi- 
dent from  the  Nature  and  Conftruction  of  Logarithms, 


Oo  4 
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N 

Logarithm 

N 

Logarithm 

N' 

[.ogarichm 

l.OI 
1.02 
I.03 
1.0, 
I.oS 

.OI99S93 
.0198016 
.029;J88 
.03J2207 
.0487901 

'■34 
■•35 

•■i" 

"■3V 
|.J« 

.2926696 
.300104$ 
.3074846 
.3148107 
.3220834 

..67 
1.68 
I.6S 
1.70 
1.71 

.5.18136 

■s"mt 

■!**!£? 

.5306282 

•5364933 

106 
i.07 
1.08 
1,09 
1. 10 

\05S2689 
.o6>6cg6 
.076961c 
.0861777 
•0953102 

1J9 

1.40 
1.41 
1.41 
1-43 

'■44 
'-45 
■  .46 
'■47 
148 

.3293037 
.3364721 
•3435897 
.3506568 
■3576744 

1.7a 

'■73 
'■74 
■■75 

'■7t 

■S4*3*4« 
.5481214 
.5538851 
•S596I57 
.5653138 

1,11 
1.12 

••■* 

1. IS 

.1043600 
.1133287 
.1222170 
.1310283 
.1397619 

.3646431 

■37'5»35 
.3784364 
•3«5>6»4 
■  3920410 

,-7! 

'.78 

I.79 
1. 8c 
■  81 

•5705795 
.5766m 
.5822150 
.5877866 
-593}i68 

1.16 
"•■7 
■■It 
1. 19 

1. to 

.1484100 
•■570OJ7 
■  1655144 
•■739535 
•  1813215 

■49 
1.50 
1.51 

1.51 
i.ii 

.3987761 
.4054631 
.412109! 
■4187103 
•415"677 

1.82 

'!' 

'•? 

1.8, 

1.86 

.5988365 
■J043' 59 
■0097655 
.6151856 
.6105764 

1.21 
Ma 
■>3 
'•«♦ 
■«5 

.190620] 
.I98850E 
.2070141 
•*'S'"3 
■223>43S 

'■54 
■•IS 

i.s6 
'■57 
i.s8 

.4317814 
.4382549 
•444*858 
.4510756 
■4574148 

1.87 
1.88 
1.89 
lot 
■91 

■6159384 
.6311717 
.6365768 
-StaBjjB 

.647103a 

1.26!    .2311117 

1.27  .2390169 

1.28  .2468600 
1.29;    .2546422 
1.30    .2623642 

1.61 

■62 
..63 

•463734« 
■470003* 

•4824261 
•4885800 

■  ■91 
■93 
t-94 

■6!»J»S! 

.6575100 
.6626879 
.6678193 

•6719444 

«■!■ 

1.32 
■  33 
■•« 

.2700171 
■•77'3>7 
.185178c 
-291669c 

■.64 

..6S 
1.66 
167 

.494696a 
.5007752 
.5068175 
.5128230 

2.001 

.6780335 
.6830968 
■6881346 
•693"47* 

y,  Google 


B/perUical  Logarithm. 


sh 


N 

Logarithm 

N 

Logarithm 

N   [Logarithm 

2  .OI 
3.01 

*.03 
B.04 

2.0S 

.6981347 
•7<>3.974 
■7"*>3S7 
■7'»9497 
•7'7S397 

'■34 
'■35 
..36 
'•37 
1.J8 

.8586616 
.8628899 
.8671004 

I.67 
z.68 

2.69 
1.70 

1.71 

.9820784 
.9858167 
.989541 1 
.9932517 
.9969486 

2.06 
*°7 
2.08 

3.0£ 
2.10 

.7127059 

•7»7S4»S 
.7313678 
.737164c 
-74'9373 

139 
■  40 
1.41 
1.42 
1.4S 

■87iaoj3 
.8754687 
.8796267 
.883767s 
.8S78912 

1.72 
z.73 
1.74 
i.7j 

2.76 

1.0006318 
1.0043015 
1.0079579 
1. 0116008 
1.0152306 

2.11 

2.13 
3.13 
?-M 

2.1S 

.7466879 
.7514160 

.7608058 
.7654678 

■44 
.46 
■•47 
■•48 

.8919980 

.8960880 
,9001613 
.9*41.8 1 
.9082585 

1.77 

1.79 

1.80 
1.81 

1 .01 8  847  3 
1.0224509 
■  .026041  5 
1.0296194 
1.0331844 

Z.l6 
2.17 
3.18 

?-'9 
2.20 

.7701081 
•7747»7! 
■7793H8 
.7839015 
•7884573 

"■49 
1.50 
2.51 
1.52 

"■53 

.9,12826 
.9162907 
.9202827 
.9242589 
.9282193 

1.82 
1.83 
2.84 

;3i 

1  0367368 
1.0401766 
■  .0438040 
1. 0473 1 89 
1. 05081 16 

2-21 
2.22 

2.24 
2.IJ 

.7929925 
•7»7S°7i 
.8020015 
.8064758 
.8109302 

'■54 
2.56 
••57 
2.58 

.9311640 

.9360933 
.9400071 
.9439058 
•9477893 

1.88 

z.89 
1.90 
1.9 1 

10543120 
1. 057790a 
1.0611564 
1.0647107 
1.0681530 

2.26 
2.JO 

.8153648 
.8197798 
.8241754 
.8285518 
.8329091 

1.6 1 
2.62 
2.63 

.951657! 
•9SS5>'4 
•9593  S« 
.9651743 
.9669838 

1.92 
2.93 
2.94 

2.90 

1.07 15836 
1-0750024 
1. 078409 j 

(.0818051 
1.0851892 

«-3' 
»-3* 
••S3 

*S4 

•837147s 
.8415671 
.8458682 
.8501509 

z.64 
I.61 

2.66 
1.67 

•9707788 
•97+SS96 
.9783261 
.9820784 

2.97 
2.98 
1.99 
3.00 

■  0885619 
'•<*9W*33 
'■°9S*73J 
1.098611; 
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3.02 
3-°5 


10194.00 
.1052568 
1.1085626 


3.06  1 
3-07 
3-  " 


j.10 


1.1151415 


Sxi+o 

1.121677s 

.1349*95 

3.09  1.1281710 

—  ,131402- 


3->5 


1346287 
1.1378330 

:41033c 
1.1441237 

1474024 


3.16  1.150571c 

'•'5373>5 

[.156881  ] 
1 .160020Q 

3.2c  1. 1631508 


3. 33 

3- H 

3-*; 


S3' 


1.1662709 
1.1693813 
.1724821 
'•'755733 
1. 1 780549 


3.26)1.1817*7 
1.1 847809 
_  1.1878434 
3  19  1.1908875 
3.301. 1939214 


1,196948 
1. 1999647 

1  202972: 
t.  2059707 


1.2059707 
.2089603 
.2119409 
.2149127 

1.21787S7 


3  39 


3-+S 


I.23S47M 
.  .-<-*38374* 
3.46  1.2412685 
347  i-**4«StS 
I.48  1.2470321 


1.2208199 
3.401.2237754 

1.1*67123 
2296405 
3.431.2335605 


3.491.2499017 
3.5c  1.1527619 
—  1.255616c 
1.158460* 
1.261*971 


264126c 

1669475 

.269760s 

1.2725655 

.2753617 


3.591.2781521 


809338 

"37°77 

64740 

1.2892326 


1.2919836 

1.2947*71 

1.2974631 

3001916 


N  I  Logarithm 


3.6S 

369 
(.7c  1 


371  i-3i37*3« 

1. 3164082 

1.3190856 

3217558 

3144189 


3.76 


1. 30  (6164 
1.3083318 
1-3110318 


3-«7  '-353*544 
3.8S  i4S5*3S> 

3.89  1.3584091 

3.90  1.3609765 
1  363S373 


.3001911} 


.3270749 
.3297340 
.33*3660 
-3350010 

.3376*91 


1.340*™ 
134*8648 


1. 3660916 
.3686394 
.3711807 
•3737'  S* 
.376*440 


3971.3787661 


.3812818 
.383791* 


4.00  1.386*043 
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S7* 


Logarithm 


4.06 
4.07 
4.08 


6  1401 1619 

7 1-40364*9 
.    81.4060969 

4.09  1-4085449 

4. 10  1.4109869 


4,11 

4.12 


1.4134*30 
1.4158531 
1. 4181774 
1.4206957 
I.413 1083 


4.18 

us 


4.M 

4-*3 
4-*4 
4-*S 


4-«6 
4-*7 
4.18 
4.J9 
4.30 


•4*SS'S° 

1.4279160 
H 303 113 

1.4327007 


4.20 1.4350845 


1.4374636 
■4398351 

1.442202* 

'•444563* 
1.4469189 


.4492691 

i.4S'6i3« 

■-4S39J 

4586149 


1.4609379 

.  .  '-463*553 
4-3J  '-465507S 
4-341' -4678743 


. .    4793*9* 
4.401.4816045 
1.4838746 
1.4861396 
'■488399S 


4-44 

4-45 
+.461 
♦-47 
+-48 


N  Logarithm 


4678743 
4701758 
47*47" 
'•4747630 
.4770487 


1. 4906543 

1.4929040 
1.4951487 
'•4973883 
1.4996230 

1.5018517 
.5040774 
.5062971 
.5085119 
.5107219 


1.5129269 

1.515127* 

1.5173226 

519513* 

5216990 


4.59  1.5238800 
-  *-\  1 .5260567 
1.528227! 


•53*55° 


464  »S347'43 
4.6c  1.536867* 
t-66  i.539»'S4 
*-67l'S4"S90 


467 

4.6I, 
•  ■69 ' 
t-70 


4.81 


N  [Logarithm 


t.87 


5411590 
5432981 
54543*5 
S4756is 
5496879 


5518087 
5539*5* 
5560374 
5581446 
5602476 


56*346* 
5644405 
5665304 
5686159 
570697* 


57*7739 
5748464 
5769147 
57B9787 
5810384 


■S*3°939 
585145* 
S87i9*J 
?8923sa 
S9'*739 


S9J3085 
5953389 
S9736S3 
5993875 
.6014057 


.6034198 
■6054298 
.6074358 
6094379 


Digil  zed  by  GOOgle 


57* 


At  Ml  ef 


N    Logarithm 

1.611+359 
1.613430a 
I.61  54200 
1.617400c 
1.6193882 


5-o> 
5.02 
S-03 
5.04 
5-°5 


5.06 
5-°7 
S.o8 
5.091 


1.6213664 

1.6233408 

■  .6253112 

■  .6272778 
.629240; 


ill 
J.I1 

5-'3 
5- '4 
5-15 


.6311904 

■«JJiS44 
1.6351056 
1.6370530 
1.6380967 


(..6 
I- 


5- 

5.22 

'5*3 

5.24 

5.2, 


5.26 
5.28 


5-!' 


1.640936; 
1.6428726 
1.6448050 
.    9  1.6467336 

5.20  1.6486586 


1  650579! 
■6S"4974 
1 .65441  u 

1.6563214 
1.6582280 


1.6601310 

7  1.6620303 
81.6639260 
5.291.6658182 
5  3011.6677068 


.6695918 


5.32  1.6714733 
.673351. 
1.6752256 


N   I«g2rithu 

5.341.6752256 
,.31 1.6770965 
.36  1.6789635 
1.680S27S 
.6826881 


5-39' 
S401 
541 


.6863989 
■  .6882491 
5.42  1.6900958 
5-43  1-6919391 


1*937790 
1.6956155 
.  1-6974487 
j.47  1.2992786 
5.4S  1.7011051 


5.41  1.7029282 
5.5c  1.7047481 
5.51  1.7065646 
5.521.7083778 
5.531.7101878 


'■71199+4 

1.7137979 

S(  1.7155981 

!  S7171739SO 

5- ;( 1.7191887 


720979« 
■  .7227666 

5.62 1.7263316 

5.631.7281094 


5.641.7298840 
5.65 1.731655  s 

5.661.7334238 
5.67  ---■  " 


5.67 

5.68 1. 
5.691 


1.7351891 
i'7l6Ml* 

.  .  [.738710s 

5.70 1.7404661 

.7412189 


S-7'i -7439687 
S73I-7457155 
5-74  1-7474591 
5  75  1.7491998 
S-76|i  7S09374 


S-77li.75«67» 
5.781.754403* 
5-79  1.7S61J23 
5-fc  1.7578579 
■■759!8oi 


5.82  1.7613002 


5.83 


5-9! 


7630170 


5.84  1.7647308 
5-85  1.7664416 
5-86  1.7681496 


5.87  1.7608546 
5.81 1.7715507 
5-«9  >  773»S59 
5-S«  i-7749S«S 
5-91 1.7766458 


5.92^.7783364 
593 1.7800242 
5-94  1  7817091 
-  1.78339.2 
1.7850704 


S  97  i.7»«7469 
-  .7884205 
-99)1-7900914 
.00I1.7917594 


-.Google 


Hyperbolical  Logarithm. 


57i 


N  |Log*rithm 


6.ot 

6.0  z 
6.03 


6.04  1.7984040 


6.06  1.8017098 

6.07  1.8033586 

6.08  1.8050047 

6.09  1.8066481 
6.101.8082887 


6.11 


.  1.8099*67 
6.12  1.8115621 
6.131.81319+7 

6.14  1.8148147 

6.15  I.81645; 


63 


■793+H7 
.7950872 

.7967470 


6.16  1.8180767 

6.17  1 .8196988 
6.  IS  1.8213181 
6.191.82^9351 
6.20  '■  8*45493 

6.21 1. 8161608 
6.22 1.8277609 
6.2318293763 
6.24  1.8309801 
6.15;  -8325814 

6.16  1. 8341801 

6.27  1-8357763 

6.28  1  8373699 

6.29  1.838961a 

6.30  1.8405496 


1.8421356 


6.32  1.8437191 

6.33  1-8+SJOQ* 
6.5411.8468787 


y,  Google 


574 


ATM  of 


7-01 
7-02  I 
7.O31 
7.04 

7'°5 


7.06 


?■ 


7- 
7.23 

7.24 

7-*5 


7.161. 

727, 
7.281 

7-*g 
7.30J1. 

7-3 


•94733?6 
9487632 
9501866 
9S  '  " 
9530275 


9S44449 
9558604 

.9571739. 
.9586853 
.9600947 


9615012 

.9629077 
9643112 
96S7H7: 
9671123 


.9699051 
■9711993 
9726911 
9740810 


9754689 
.97^8549 
,9782390 
.9795211 
9810014 


.9823798 
9837S' 
985131 

.9865035 
9878743 

9892432 
990610: 
99' »7!4 

9933387 


z.0082140 
r .46  2.0095553 
r.47  2.0108949 
7.4R  2.0121327 


Logarithm 

9933387 

9947002 

,9960599 

'•9974 '77 

1.9987736 


.0014800 
.0028305 
.00+1790 
2.0055258 


7-S3 


2.0135687 
2.0149030 
2x161354 
2.0,7566. 

2,0188950 


2.0202221 

2.021  C47  s 


^■54 

7'H      *■<< 
7.50  2  0228711 

7.57  1.0241929 

7.58  2.02SS«3; 


g  2.02683 : , 
2.02  8*482 
.  .  1-0294631 
7.62  2,0307763 
7-^3 

7.6J2.o33397( 
765  2.034.705! 
7.662036011^ 
7.672.0373166 


N 

7.67 

7.68 
7.69 
7.70 
77' 
7.722 


1.0373166 
1.0386195 

:.03  99207 
.0412203 
.0425181 


7-7S  *- 
7.782 


7.83 

7.84 
7.8; 


0438143 
7-7^*  0451088 

7-74  1-0404016 
j  2.047*928 
6  2  0489823 

7-77  1.050J701 
7.782.0515563 
7-78  i-ojjrtljoi 

r«o  10541237 
;■»>  ^wgjg 

7-82 1.0566845 

"--057964 

2.0592388 

2.06051,5 

2.0617866 

-1^630530 

18  2.0643278 

"  2.0655961 

2.0668627 

1.0681277 

0693911 
■0700530 
.0719132 
107  J 1719 

■0744290 

.0756845 
,0769384 
'078 1 907 
*  07944*5 


7-95 
7Jt 
7-97 
7.98 
7-99 
8.00 


y,  Google 


Hyperbolical  Logarithms. 


575 


N  [Logarithm 


.&ei  1.0806907 

8.02  2  0819)84 

8.03  i.«8jr8+s 

8.04  1.0844190 
8.oj  2.085*720 


8.062.086913; 

8.07  2.0881534 

8.08  1.0893918 
•8.09  1.0906287 
8.10  1.0918640 


-8.11  2.0930984 
8.121.094)  100 

8.13  1.09556*3 

8.14  1.09079a  s 

8.15 1.0980  ir 


8.21 


8.31 
S.11 
8-3: 

8-3+ 


8.171.100*691 
8-181.10(6923 
8.192.1019140 
S.20  2.1041341 


.1198634 
.1210632 


y,  Google 


576 


A  Tablet   Sec. 


K    Logarithm 


9 

9^32 
9.03 
9.04 

9-°S 


2.19B3350 
1.1994443 
2.300c  523 

1. 2016591 
2.2017047 


9.0612.303969 
9.07  2.20*9722 
9.0S  2.3060741 

9.09  2.2071748 

9.10  2.2082744 


9.11 


1.2093727 


9.12  2.2104697 

9.13  2.  -  -  '  ' 

9.14  2. 


9.1S 


2.8  I37S38 


MS 


9.16  2.2148461 

9.18  2.1170171 
0.19  1.218116c 

9.101-2192034 


r.22021 
2.111 37  jo 

.      .  «.2«*S90 
9.I4  I. 223S4 It 


2.2246235 


9.26  2.225704O 
O.27  2.2167833 
9.1E  2.IZ78615 

9.29  I.I2B9385 

9.30  2.I3OOI44 


I.231089O 
2.I321626 
2.13323SO 
2.2343062 


1.35  1.2SS376: 

t.36  2.236445: 

>37  t*8HW 

9.38  2.2385797 


9.39  1.2396451 
1.2407096 
.  .  a-M1 77*9 
9.432,14183*0 
9-43 1.2438960 


9.44  S.2449SH 

9.45  2.2+60147 


947  2.348 1 
9.48  1  2491843 


9.49  1.2502386 

9.50  2.2511917 
9.512.2513438 

9.52  2.2533948 
9.532.2544446 


9.54  2.25J+934 
9.552.2565411 
9.56  1.2575877 
9-S7  1.258*3  ji 
9.5-8  1.2596776 


9.592.2607109 

9.6c  Z.  ID  I  763I 
9.6l  2.2628041 

9  62  2.2638441 
9.632.264883: 


9.64  1. 165921 

9.65  1.1*6957, 

9.66  2.267993* 

9.67  2.2690281 


N    1 


9.67  2.1690281 
9.6E  2.2700618 

9.69  2-2710944 

9.70  2.1711158 

9.71  1.2731561 


2.274185* 
2.17c!  1 38 


1.2772673 
9.76  1.2782924 


9-75 


9.77  1-1793I6S 
9-7<  1.2803395 
9-7S  2.281 3*1 4 
9.8c  (.1*23823- 
981  1.2834011 


9  93 

9-94  2. 
9-911 
9-96 


9.81 1.2844111 
9-*3  «-*«S+3«9 

9  84  1.1864556 


2.2874714 
2.2S84861 


9*87  t-289499S 
988  2.2905124 
9-89  1.2915241 
9-90  22925347 
»3S44J 


9,91 1.1945519 


»9S.S«* 
5670 

»-«97Srif 

1985770 


997  1.2995806 
9.98  1.3005831 

1.3015846 


FINIS, 


*  Google 


